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Abstract

Since the identification of the first cases of AIDS almost three and half decades ago,
HIV/AIDS continues to inflict major public health and socio-economic challenges. Al-
though various intervention strategies have been employed, cases of new infections are still
quite high especially in sub-Saharan Africa. At the end of 2018, nearly 37.9 million people
were infected with HIV globally. In Kenya, approximately 1.6 million people are living with
HIV with 25,000 deaths resulting from AIDS-related illness yearly. The rise in the cases of
infections obviously poses danger in the efforts to contain HIV pandemic. HIV prevention

and intervention measures need to be enhanced in order to achieve an HIV free society.

In this work, mathematical models for HIV transmission dynamics with focus on the impacts
of testing and counselling, PrEP uptake and ART treatment are formulated and analysed.
Vital analyses that include positivity, steady states and their stability conditions for the models
are precisely established. Numerical results from fitting the models to real-time surveillance
data to show the evolution of populations over time are obtained. Through Pontryagin’s

maximum principle, qualitative optimal control measure against HIV is established.

Results are indicative of the fact that combination of various control measures lead to
reduction in cases of new infections. Our findings show that the introduction of PrEP has a
positive effect on the limitation of spread of HIV when the coverage is maintained at 40%.
Furthermore, a combination of PrEP uptake, condom use and ART treatment is likely to offer
the best control measure against HIV infections. It is thus critical to devote more resources

to education on HIV preventive measures and treatment programmes.

In summary, control of new cases of HIV infections should take into account PrEP uptake
and combination of condom use and ART treatment. However, PrEP program coverage
and individual-level adherence is very critical. These results have the potential to help
in escalating programs against HIV infections in high risk populations by modifying the

implementation of current interventions, or by adding new control measures.

il
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Chapter 1

Introduction
1.1 Background to the study

HIV stands for human immunodeficiency virus; this is a virus that causes the immune system
to become defenceless against other opportunistic diseases it could normally fight off (Barley
et al., 2012). The last stage of HIV infection is acquired immune deficiency syndrome
(AIDS). Since it’s inception in the 1980s (Sharp and Hahn, 2011), HIV/AIDS continues
to inflict major public health and socio-economic challenges in many parts of the world
(Barley et al., 2012; CGD, 2016). In addition to the over 20 million people that have so far
died of HIV/AIDS, data from the UNAIDS show that nearly 37.9 million people live with
HIV/AIDS globally (UNAIDS, 2018a) as at the end of year 2018. Of these, an estimated 1.8
million are children under the age of 15 years and approximately 19.8 million are women
constituting about 60% of the new infections (AIDS, 2016b; UNAIDS, 2015a). An estimated
2.1 million individuals worldwide become newly infected with HIV each year of which about
150,000 are children below 15 years of age (AIDS, 2016b). However, AIDS-related deaths
have been reduced by more than 51% since the peak in 2004. In 2017, 940 000 people died
from AIDS-related illnesses worldwide, compared to 1.4 million in 2010 and 1.9 million in
2004 (AIDS, 2016b; UNAIDS, 2015a). Even though the interventions aimed at reducing the
epidemic globally have borne fruits through reduction in the incidence rate, the epidemic
continues to inflict major public health and developmental problem. In particular the situation
still remains a challenge in sub-Saharan African which bears more than 70% of the global
burden (Blaizot et al., 2016; Kharsany and Karim, 2016; UNAIDS, 2016a). The prevalence
of HIV globally is given in Figure 1.1.



Share of the population infected with HIV, 2017

Share of the population aged between 15 and 49 years old infected with HIV/AIDS. This is based on estimates from
the IHME, Global Burden of Disease Study.

No data 0% 0.5% 1% 2.5% 5% 7.5% 10%  125%  15%  17.5%  >20%
[ I

Source: IHME, Global Burden of Disease
CCBY

Figure 1.1: Global HIV prevalence. Souce: World Bank (2019).

The HIV epidemic has been evolving in Kenya since the detection of the first case in 1984.
Kenya has the fourth highest number of HIV infection globally (UNAIDS, 2015c). The
number of people living with HIV was estimated to be 1.6 million at the end of the year
2018 with 25,000 deaths resulting from AIDS-related illness (AVERT, 2019). Based on the
sentinel surveillance data, the HIV prevalence peaked at 10.5% in 1996 and fell to 6.0%
in 2015 (NACC, 2016). It is estimated that 30% of the new infections in Kenya is deeply
rooted among sex workers, men who have sex with men and people who inject drugs (NACC,
2014a). The young people (aged 15-24 years) significantly contribute to high HIV burden
in the country. They constitute the largest proportion of people living with HIV. Notably,
they contribute 51% of all new HIV infections showing rapid rise from 29% in 2013 (NACC,
2016). In addition, women continue to be disproportionately affected by HIV epidemic.
The most affected cohort is the young women between the age of 15 and 24 accounting for

approximately 21% of all the new infections (MOH, 2016a; NACC, 2016).
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Figure 1.2: HIV prevalence by Counties. Souce: MOH (2016a).

Although progress is being made to control new HIV infections, Kenya still remains one of
the six HIV high burden countries in Africa (UNAIDS, 2014). According to MOH (2014b),
it is reported that about 65% of the new cases of HIV infections occur in nine out of the 47
counties mainly coastal and western parts of Kenya. Western region that comprises Homabay,
Siaya and Kisumu counties are the most affected with HIV prevalence of 25.7%, 23.7% and
19.3% respectively (OPTIONS, 2016; UNAIDS, 2014). The prevalence of HIV by county is
given in Figure 1.2. Figure 1.3 shows the prevalence since the identification of HIV/AIDS

infection per former provinces.
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Figure 1.3: HIV prevalence by Provinces. Souce: MOH (2014a).

1.2 HIV life cycle

Understanding the biology of HIV infection in the body is critical in explaining how HIV
drugs work to fight the virus. HIV can be transmitted in various ways that can be classified as
either horizontal or vertical. Vertical can result from direct transfer of HIV from an infected
mother to an unborn or newborn child. Vertical transmission of HIV/AIDS can occur during
pregnancy, delivery or breastfeeding and is influenced by many factors, including maternal
viral load and the type of delivery (Janini, 1998; Schmid et al., 2004). On the other hand,
horizontal transmission of HIV can result from direct physical contact between an infected
individual and a susceptible individual. HIV is transmitted through direct contact with certain
body fluids that include blood, semen and pre-seminal fluids, rectal fluids,vaginal fluids and
breast milk from an HIV infected person with detectable viral load . Sexual intercourse is the
most common mode of HIV transmission. Blood to blood contact, such as sharing needles
for intravenous injection or blood transfusion can also transmit HIV (De Cock and Weiss,

2000; Morison, 2001).

HIV transmitted through sexual intercourse enters the bloodstream through mucous mem-

branes lining the vagina, foreskin and urethra on the penis, rectum and mouth (Doms and



Trono, 2000). Upon entry into the body, the virion binds to molecules on the surface of
the CD4 cells. It first attaches itself to a CD4 + T cell receptor then either a CCRS or
CXCR4 co-receptors on the surface of a CD4™ T-lymphocyte (UNR-Med, 2005). The virus
then fuses with the host cell after which the virus releases its RNA into the host cell. RNA
refers to Ribonucleic Acid interference which is the HIV genetic material (Capodici et al.,
2002; UNR-Med, 2005). An HIV enzyme known as reverse transcriptase then converts the
single stranded HIV RNA to double stranded HIV-DNA. Reverse transcription yields the
HIV preintegration complex (PIC), composed of double-stranded viral cDNA, integrase,
matrix, Vpr, reverse transcriptase, and the high mobility group DNA-binding cellular protein
HMGI(Y) (Cann and Karn, 1989; UNR-Med, 2005). The newly formed HIV DNA then
enters the host cell’s nucleus, where it is integrated within the host cell’s own DNA by

integrase. The integrated HIV-DNA is known as provirus.

When the host cell receives a signal to become active, the pro-virus uses a host enzyme
known as RNA polymerase to create copies of the HIV genomic material, as well as shorter
strands of RNA known as messenger RNA (mRNA). The mRNA is used as a blueprint
to make long chains of HIV proteins. The HIV enzyme protease cuts the long chains of
HIV proteins into smaller individual proteins. As the smaller HIV proteins come together
with copies of HIV’s RNA genetic material, a new virus particle is assembled. The newly
assembled virus pushes out (“buds”) from the host cell. During budding, the new virus
steals part of the cell’s outer envelope. This envelope, which acts as a covering, is studded
with protein/sugar combinations called HIV glycoproteins. These HIV glycoproteins are
necessary for the virus to bind CD4+T cells and co-receptors (UNR-Med, 2005). The new
copies of HIV can now move on to infect other cells (Kirchhoff, 2013; UNR-Med, 2005).

The summary of the life cycle of HIV is given in Figure 1.4.
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Figure 1.4: The HIV life cycle and stages of infection. Souce: AIDSINFO (2017).

1.3 HIV in Kenya

1.3.1 HIV transmission in Kenya

HIV transmission is primarily through sexual intercourse in heterosexual means and vertical
transmission (mother-to-child). Other ways through which HIV is transmitted include
homosexuality (men having sex with men) and people who inject drugs (UNAIDS, 2015b).
Men who have sex with men commonly known as males who have sex with males acronymed
as MSM, are male persons who engage in sexual activity with fellow males (Young and
Meyer, 2005). Homosexuality in Africa is widely perceived to be abnormal and against the
societal cultural norms believed as an influence from the western countries (Geibel, 2012).
In most African countries, same-sex sexual behaviour is criminalized. As a result there
exists high level of stigmatization and discrimination of the participants. This stigmatization
extends to other members of lesbian, bisexual and transgender community (KLGBTIR, 2017).
According to UNAIDS (2015b), HIV prevalence among men who have sex with men in
Kenya is estimated at 18.2%. In 2011, an estimated 18.3% of injection drug users (IDU)

in Kenya were living with HIV. The majority of people who inject drugs are concentrated



in specific geographical areas such as Nairobi and Mombasa (KLGBTIR, 2017; UNAIDS,
2015b). A summary of the prevalence by modes of transmission is given in Figure 1.5. On

the other hand Table 1.1 shows the summary of prevalence by modes of transmission in the

three worst affected provinces in terms of HIV infection.
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Figure 1.5: Prevalence of HIV infections by modes of transmission in Kenya. Souce: NACC
(2009).

Table 1.1: HIV prevalence by modes of transmission for the worst three affected provinces in
Kenya. Souce: NACC (2009).

Groups | National | Nyanza | Nairobi | Coast
Heterosexual sex within 44.1% | 38.5% | 37.4% | 37.9%
union/regular partnership

Casual heterosexual sex 20.3% | 30.5% | 23.0% | 14.9%
Sex workers and their clients 141% | 23.1% | 14.7% | 18.2%
MSM and prison 15.2% 6.0% | 16.4% | 20.5%
Injecting drug users (IDUs) 3.8% 5.8% | 6.1%
Health facility related 2.5% 1.9% 2.7% | 2.3%

HIV is also spread through transactional sex. This is defined as an exchange of gifts or money
for sex (Kwena et al., 2012; Stoebenau et al., 2016). Relationships arising from transactional
sex are described to be non-commercial (Wamoyi et al., 2016). People who take part in these
relationships consider themselves as lovers (boyfriends and girlfriends) and not sex workers

(Wamoyi et al., 2016). Exchange of sex for goods and services is believed to be a way of life



for many fishing families around Lake Victoria. The high HIV prevalence in western Kenya
in the communities living around the Lake Victoria region whose main economic activity
is fishing has been largely attributed to “Fish for Sex” (Kwena et al., 2012). The history
of “Fish for Sex” in Lake Victoria fishing communities is thought to be associated with the
prevailing socio-economic and cultural factors (Mojola, 2011). “Fish for Sex” between men
and women is a manifestation of poverty where men and women exploit unequal economic
power disparity by demanding sex for any goods or services that either person may need
(Gillespie et al., 2007). It is estimated that about 14.5% of men and 5.5% of women aged

15-49 engage in transactional sex (Robinson and Yeh, 2011).

HIV infection alters the the clinical manifestation of tuberculosis (TB). It increases the risk
of latent TB and exogenous infections (DeRiemer et al., 2007). TB and HIV co-infection in
Kenya has remained high. In 2014, it was estimated that Kenya made up 3.3% of the total
number of people living with an HIV/TB co-infection globally (NACC, 2016). It is estimated
38% of people with TB in Kenya are co-infected with HIV. However, it is reported that
83% of people with a co-infection are being treated for both illnesses (NACC, 2014a, 2016).
Nonetheless, efforts to prevent co-infection have been slower and only 11% of people living
with HIV were enrolled on TB preventative therapy in 2016 (UNAIDS, 2015a). On alcohol
use, the unhealthy consumption leads to behaviours that are risk factors for HIV infection
and spread (Jaquet et al., 2010; Wamoyi et al., 2016). Kenya in particular and sub-Saharan
Africa in general register the highest rates of heavy alcohol use and drinking globally leading
to convergence of alcohol and HIV-related diseases (Braithwaite et al., 2014; Chersich and

Rees, 2010; Hahn et al., 2011).

1.3.2 Intervention strategies

Key interventions championed by various organs of the government and non-governmental
organizations (NGOs) have been highly effective in reducing the risk of HIV transmission.

These intervention strategies include HIV testing and counselling, voluntary medical male



circumcision, uptake of pre-exposure prophylaxis (PrEP) and early initiation of antiretroviral

therapy (ART).

HIV testing and counselling

Diagnosis of HIV infection is a prerequisite for treatment. Detection of anti-HIV antibodies as
a marker of HIV exposure is the most widely used approach for serodiagnosis of HIV (Mehra
et al., 2014). Enzyme linked immunosorbent assay (ELISA) has been a preferred screening
procedure in this regard (Mehra et al., 2014; Torane and Shastri, 2008). They were the first
HIV tests available in the 1980s. However, the labour intensive and time consuming format
of the assay as well as the requirement of instrumentation and technical expertise has resulted
in a shift from an ELISA based approach to rapid diagnostic tests (RDTs), particularly in
resource constrained settings. There are four types of simple/rapid tests: agglutination assays,
comb/dipstick assays, flow-through membrane assays, and chromatographic membrane
assays (AIDS-Action, 2005). While some studies have reported the performance of RDTs
and ELISA to be comparable Lien et al. (2000), results from others have raised concerns
regarding sensitivity and specificity of the rapid assays (Claassen et al., 2006; Gray et al.,
2007). Most commercially available ELISA have a high sensitivity and specificity and are
able to detect all subtypes of HIV-1 and HIV-2 in comparison to RDTs. Another technique
of testing HIV is based on amplification of the pro-viral DNA from infected peripheral blood
mononuclear cells (PBMC) and detection by DNA. This method of testing HIV is known as
Nucleic Acid Amplification Testing (NAAT) (Medscape, 2010). Nucleic acid amplification
technologies (NAATS), such as polymerase chain reaction (PCR) tests, work by detecting the
genetic material of the virus. The HIV NAAT test is a very sensitive test designed to detect
HIV RNA in blood and is capable of detecting 1-10 copies/ml of HIV proviral DNA (RNA)
(Medscape, 2010). RNA is the viral equivalent to human DNA. The NAAT test is able to
detect HIV RNA as early as seven to 14 days after infection with HIV (Fiebig et al., 2003;
Sickinger et al., 2008; Stekler et al., 2007). Unlike the RDTs, the NAAT test will always

give a positive result as long as there is HIV in someone’s blood. Like viral culture, PCR



testing is expensive, requires sophisticated facilities and highly trained technicians, and is

not feasible in most developing countries.

In Kenya, rapid diagnostic tests (RDTs) and ELISA based testing are carried out through
voluntary counselling and testing which refers to the process initiated by an individual who
wishes to know his HIV status. According to the WHO regulations, all forms of HIV testing
and counselling should be voluntary and adhere to the five Cs namely: consent, confidentiality,
counselling, correct test results and connection to care, treatment and prevention services
(WHO, 2014). Identification of recent HIV infections and their role in driving the HIV
epidemics is critical in understanding the spread of HIV and the deployment of relevant
control measures (Quinn et al., 2000; Yerly et al., 2001). According to NACC (2014a), an
estimated 53% of the 1.6 million people living with HIV in Kenya are not aware of their
HIV status. In addition, approximately 260,000 couples in HIV sero-discordant couples
significantly contribute to new infections. Therefore, HIV testing and counselling (HTC) has

been encouraged significantly by the Kenyan government.

In its efforts to reduce HIV spread, HTC has been adopted through targeted community —
based testing and door-to-door testing initiatives. In order to boost these efforts, Kenyan
government announced plans to introduce self-test kits in 2015 (UNAIDS, 2016b) which were
subsequently approved and launched in 2017 (Kelvin et al., 2019). In 2008, approximately
860,000 people were being tested annually for HIV totalling to about 6.4 million people by
the end of 2013 (NACC, 2014b). Furthermore, the report from (NACC, 2014b) indicate that
HTC coverage among the pregnant women have risen substantially. Between 2009 and 2013,

the number of pregnant women tested for HIV increased from 68% to 92%.

Uptake of Pre-Exposure Prophylaxis (PrEP)

Pre-exposure prophylaxis (PrEP) is the prophylactic use of anti-retroviral drugs (ARVS)
by people who do not have HIV but are at high risk of acquiring it to prevent HIV infec-
tion (AIDS, 2016a; HIV/AIDS, 2016). Injectable cabotegravir (CAB) is considered better

than a combination of daily oral HIV drugs — Tenofovir disoproxil fumarate 300mg plus

10



Emtricitabine 200 mg (TDF/FTC) (McPherson et al., 2018; Oral-PrEP, 2017). The only
drug regimen currently licensed for HIV pre-exposure prophylaxis, or PrEP, in Kenya, is
the anti-HIV medication Truvada taken daily as an oral tablet (Oral-PrEP, 2017). Oral PrEP
contains two antiretroviral drugs: tenofovir disoproxil fumarate (TDF) and emtricitabine
(FTC) (Oral-PrEP, 2017). When someone is exposed to HIV through sex or injection drug
use, these pills can potentially work to keep the virus from establishing a permanent infection.
PrEP has been shown to reduce the risk of HIV infection in people who are at high risk
by up to 92% (HIV/AIDS, 2016). However, PrEP is much less effective if it is not taken
consistently (Bush et al., 2016; HIV/AIDS, 2016). In 2016, Kenyan government issued full
regulatory approval of PrEP, becoming the second country in sub-Saharan Africa to make
such approval (UNAIDS, 2016b). However, much of the successes are yet to be reported
since research into the uptake and impact of PrEP, specifically with young women and girls in
high-incidence areas is still on-going (UNAIDS, 2016b). In addition, Kenya is among seven
African countries carrying out large-scale clinical trials of a long-lasting injectable PrEP
in sexually active women. The trials, called HPTN 084 and sponsored by the US National
Institutes of Health will examine whether a long-acting form of the investigational anti-HIV
drug cabotegravir injected once every eight weeks can safely protect women at risk of HIV

infection.

Medical male circumcision

Medical male circumcision is a surgical procedure that involves the removal of the foreskin
of the penis. It is estimated that approximately 30% to 39% of the global male population
is circumcised (Morris et al., 2016; WHO, 2008). Most randomized studies conducted
in the mid-2000s established that male circumcision reduces the female-to-male sexual
transmission of HIV by 60% (Auvert et al., 2005, 2006; Bailey et al., 2007; Morris et al.,
2016; Prodger and Kaul, 2017; Weiss et al., 2008). Since then, WHO/UNAIDS recommended
that male circumcision should be considered an efficacious intervention for HIV prevention
in countries and regions with heterosexual epidemics, high HIV and low male circumcision

prevalence (Njeuhmeli et al., 2011; WHO et al., 2009). As a result, in 2008 Kenya rolled

11



out the voluntary male medical circumcision for HIV prevention prioritizing the areas with
high HIV prevalence among uncircumcised men (CDC, 2012). By 2015 this initiative had
circumcised 860,000 males between the ages 15 and 49 years (AVERTS, 2007; UNAIDS,
2016Db).

ART treatment

Antiretroviral therapy (ART) refers to the use of a combination of three or more antiretroviral
drugs (ARVs) to achieve the suppression of the viral load (WHO, 2014). According to Pau

and George (2014) the current classes of drugs included in antiretroviral therapies include:

* Entry or fusion inhibitors:- These inhibitors block the virus’s ability to enter the

body’s CD4 cells.

* Nucleoside reverse transcriptase inhibitors (NRTIs):- HIV requires an enzyme
called reverse transcriptase (RT) in order to replicate. By offering faulty versions of
RT to the virus, NRTIs block HIV’s ability to replicate. There are many approved
NRTIs that include:- Emtriva (emtricitabine or FTC), Epivir (lamivudine or 3TC),
Retrovir (zidovudine or AZT), Tenofovir alafenamide fumarate, Videx (didanosine
or ddl), Viread (Tenofovir disoproxil fumarate or TDF), Zerit (stavudine or d4T) and

Ziagen (abacavir).

* Non-nucleoside reverse transcription inhibitors (NNRTIs):- These inhibitors dis-
able a key protein that HIV requires to replicate. The approved NNRTIs include:-
Edurant (rilpivirine or RPV), Intelence (etravirine or ETR), Rescriptor (delavirdine),

Sustiva (efavirenz) and Viramune (nevirapine).

* Protease inhibitors (PIs):- This inhibitor disables the protein called protease, another
key building block required by HIV to replicate. Such approved drugs include:-
Aptivus (tipranivir), Crixivan (indinavir), Invirase (saquinavir), Kaletra (lopinavir plus
ritonavir), Lexiva (fosamprenavir), Norvir (ritonavir), Prezista (darunavir), Reyataz

(atazanavir) and Viracept (nelfinavir).
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* Integrase inhibitors (INSTIs):- Once HIV has penetrated a CD4 cell, it inserts genetic
material into the cells with the assistance of a protein called integrase. These inhibitors

block the virus’ ability to complete this crucial replication step.

* Fixed-Dose Combinations:- Although not a separate class, there are fixed-dose drugs
that combine two or more HIV drugs from one or more classes in just one pill. This
can make taking the medication easier. Fifteen combination pills have been approved
that include:- Atripla (Sustiva plus Emtriva plus Viread), Biktarvy (Bictegravir plus
Descovy), Combivir (Retrovir plus Epivir), Complera (Emtriva plus Viread plus Edu-
rant), Descovy (Emtriva plus tenofovir alafenamide (TAF)), Epzicom (Epivir plus
Ziagen), Evotaz (Reyataz plus Tybost), Genvoya (Vitekta plus Tybost plus Emtriva
plus tenofovir alafenamide fumarate (TAF)), Juluca (Tivicay plus Edurant), Odefsey
(Emtriva plus tenofovir alafenamide (TAF) plus Edurant), Prezcobix (Prezista plus
Tybost), Stribild (Emtriva plus Viread plus Vitekta plus Tybost), Triumeq (Ziagen plus
Tivicay plus Epivir), Trizivir (Retrovir plus Epivir plus Ziagen) and Truvada (Emtriva

plus Viread).

* Boosting Agents:- These drugs do not affect HIV’s lifecycle; rather, they improve, or
‘boost’, the level of other drugs in the bloodstream so that the other HIV drugs can be

taken at a lower dose. They include:- Norvir (ritonavir) and Tybost (cobicistat).

The drugs do not kill or cure the virus and are lifelong treatment for HIV patients. The
major intervention for HIV infection is that when people are infected with HIV they should
start ART treatment as soon as possible, an approach referred to as “universal test and
treat" (UTT), to reduce the risk of dying (Williams, 2014; Williams et al., 2010). The UTT
approach represents a set of strategies that aim to advance a broader project of expanding HIV
testing and scaling up access to ART, with concerns for the health and rights of those living
with HIV at its core. As this shift has taken place, HIV researchers have also increasingly
focused on developing strategies for implementing the series of steps involved in diagnosing,
treating, and keeping HIV-positive individuals engaged in ongoing care often referred to as

the “treatment cascade" or “care continuum" (Gardner et al., 2011).
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As at June 2016, an estimated 18.2 million people living with HIV were receiving antiretro-
viral treatment (ART) representing 46% of all adults and 49% of all children living with HIV
globally (UNAIDS, 2017). In its efforts to reduce HIV infections, in 2015, Kenya began
to adopt 2015 WHO recommendations to immediately offer treatment to people diagnosed
with HIV in order to increase the ART access. It is estimated that about 826,000 adults and
71,500 children were receiving ART treatment in 2015 (UNAIDS, 2016b). The fact that
ART has the potential to stop transmission of HIV, United Nations Programme on HIV and
AIDS (UNAIDS) called for an end to HIV/AIDS centred on 90-90-90 target by 2020 (United
Nations Programme on HIV/AIDS, 2014). The strategy implies that 90% of all those living
with HIV should have been tested within the last one year, unless they already know that they
are infected with HIV, 90% of these should be on treatment and 90% of these should have

plasma viral loads below 1,000 copies/mL.

There is no doubt that ART is beneficial, but it is also associated with toxicities and resistance.
Pre-clinical and clinical studies have demonstrated short-and long-term adverse events on
ART, including haematological, renal, cardiovascular, bone and metabolic abnormalities
(Nolan et al., 2005). The short term side effects are frequently observed on initiation of ART,
with dizziness and gastrointestinal disorders (diarrhoea, nausea and vomiting) (Tukei et al.,
2012). The long term effects observed are particularly important as they impact quality of
life in adulthood. Lipodystrophy, as described by abnormalities of fat loss (lipoatrophy), fat
accumulation (lipohypertrophy), dyslipidemia, insulin resistance, diabetes, lactic acidosis
or mixed forms, has been observed to occur in 20-50% of patients on ART for prolonged
periods. These abnormalities have been associated with specific antiretroviral drugs, such
as stavudine, lopinavir/ritonavir, zidovudine and efavirenz; older age; puberty; and longer
ART duration (Blazquez et al., 2015; Tukei et al., 2012). The numbers of people with drug
resistant virus has increased over time as a result of the largely growing levels of resistance to
NNRTTI drugs in sub-Saharan Africa (Gupta et al., 2012). One reason for this is that just one
mutation-notably the K103N mutation — causes high-level resistance to the NNRTIs efavirenz
and nevirapine and cross-resistance between the two drugs. This leaves few treatment options

for drugs in this class (Gupta et al., 2012).
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1.4 HIV vaccine and global efforts towards its eradication

The search for HIV vaccine to prevent HIV infections has been on since 2016 in South Africa.
The first HIV vaccine efficacy study is being tested to establish whether an experimental
vaccine regimen safely prevents HIV infection among adult South Africans (NIH, 2019).
The study named HVTN 702, involves a new version of the HIV vaccine candidate that
has been shown to provide some protection against the virus (Vaccine, 2018). This study
targets 5,400 men and women for trial effectively making it the largest and most advanced
HIV vaccine clinical trial to take place in South Africa (NIH, 2019). Development of a
safe and effective HIV vaccine will probably be essential to achieve a durable end to the
HIV pandemic. Moreover, additional HIV vaccine candidates are being pursued as the
research into HIV vaccine awaits efficacy results from HVTN 702 (Barouch, 2018). These
include adenovirus vectors expressing mosaic immunogens with an env gp140 protein boost,
cytomegalovirus vectors that induce persistent T-cell responses, native-like env trimers, and
sequential env immunisation approaches that aim to induce broadly neutralising antibodies

(Stephenson et al., 2016).

1.5 Statement of the problem

Since the detection of the first cases of HIV/AIDS in early 1980’s, it has remained one of
the global health and developmental problem. At the end of the year 2018, it was estimated
that 37.9 million people were living with HIV with approximately 770,000 deaths resulting
from HIV-related illness globally (UNAIDS, 2018a). There is no cure or vaccine against HIV
but various control programmes such as use of condoms, medical male circumcision and
PrEP uptake in addition to treatment with ART have been rolled out across the world to stop
new HIV infections. Treatment with ART has proven to have enormous benefits to the HIV
patients due to its ability to reduce the patients’ risk of dying through suppression of viral

load in the blood to undetectable levels. Due to these benefits, WHO and UNAIDS made
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recommendations for HIV treatment centred on 90-90-90 to be achieved by 2020 (United
Nations Programme on HIV/AIDS, 2014).

Despite the intense and aggressive interventions put in place, there is still growing number
of new HIV infections more so in sub-Saharan Africa where adult prevalence stands at
7.0% (AVERT, 2018). In Kenya, the number of people living with HIV was estimated to
be 1.6 million at the end of the year 2018 with 25,000 deaths resulting from HIV-related
illness (AVERT, 2019). The adult HIV prevalence was reported to be 4.7% at the end of the
same year. Furthermore, there were 46,000 new cases of HIV infection in 2018 of which
approximately 51% occurred among the young adults aged between 15 years and 24 years.
To reduce the effect of HIV pandemic, Kenyan government adopted WHO and UNAIDS
recommendations for HIV treatment centred on 90-90-90 which has seen 64% of the adults
aged between 15 years to 49 years and 65% of children (aged 0-14 years) living with HIV
receiving ART treatment. In addition to ART treatment, the Kenyan government is currently
encouraging the up-take of PrEP following its roll-out in May 2017 in order to limit the

spread of HIV and contain new infections by 2030.

Owing to the dramatic rise in the occurrence of new cases of HIV infection in Kenya
especially amongst young adults aged between 15 years and 24 years, the need to understand
the transmission dynamics and the need for eradication of further infections so as to meet
the Kenya’s vision 2030 is today greater than ever. Elimination of HIV infection offers
the potential to the government for focusing to other essential economic matters of the
society. Therefore, this research intends to provide theoretical insights on the dynamics of
HIV infection in the adults aged 15 years and above as well as sex workers and injection
drug users using real-time surveillance data. Impacts of HIV testing and counselling (HTC),
ART treatment and PrEP uptake are investigated in this study. We extend the existing HIV
models to determine the effectiveness of PrEP in containing new cases of HIV infections
and combination of these intervention measures while at the same time providing valuable

insights into shaping the intervention policies in limiting HIV spread.
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1.6 Research objectives

1.6.1 General objective

The main aim of this research is to develop deterministic mathematical models to determine
the potential impact of HIV intervention strategies that include HTC, ART treatment and

PrEP on HIV incidence in Kenya.

1.6.2 Specific objectives

(1) To develop a mathematical model for investigating the dynamics of HIV transmission
amongst the adults population aged 15 years and above in order to determine the

impact HTC and ART treatment.

(i) To extend the model to a sex structured mathematical model to analyse the impact

PrEP in limiting the spread of HIV.

(ii1) To mathematically determine the epidemiological differences of HIV infections be-

tween young adults (age 15-24 years) adults (aged 25 years and above).

(iv) To extend the sex structured mathematical model to one for the analysis of the dynamics

of HIV between commercial sex workers and injection drug users.

(v) To determine an optimal therapy for HIV transmission between commercial sex work-

ers and injection drug.

1.7 Significance of the study
In the current era mulled by significant number of new HIV infections, understanding the

transmission dynamics and potential control measures is vital in the fight to eradicate HIV.

Our study is therefore, important in the following aspects:
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(i) It adds onto the platform for research in mathematical modelling of HIV/AIDS in-
fections and gives an insight into the predictions of the cause of the epidemic given

different transmission patterns among different risk groups.

(i1) It gives an insight into shaping the intervention policies in limiting HIV spread thereby
contributing to the Kenya vision 2030 aimed at eradicating HIV infections and conse-

quently reducing the country’s disease burden.

(ii1)) The mathematical framework adds to the elaborate bank of knowledge and procedure

for carrying out analyses related to mathematical models for HIV infection.

Due to the fact that no effort towards containing diseases is insignificant, a critical look
at the aspects presented in this thesis not fully considered previously were valuable. HIV
transmission, manifestation and global spread follows a chain of events some of which
are related to human movement, lifestyle, social economic status and policies made in

communities.

1.8 Sources of data

HIV incidence and sentinel data were obtained from Kenya Health information System
available at KHIS and Kenya National AIDS Control Council (NACC). Details of the data
are explained in each chapter where data are used. Least squares and Markov chain Monte
Carlo (MCMC) methods would be used to estimate parameters with the aim of determining
the key parameters that would aid possibility of eliminating new transmissions as well as

containing HIV infection from the population.

1.9 Outline of the thesis

In Chapter 2 we provide a brief literature review of the modelling work done on the trans-

mission, spread and control of HIV/AIDS. The review consists of the highlights on the
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transmission routes of HIV/AIDS, classification of patients, control measures incorporated

as well as mathematical techniques applied in the models.

In Chapter 3, we study the general trend of HIV transmission and treatment with ART.
Mathematical analysis of the model is done and the model is fitted to surveillance data

representing the adult population aged 15 years and above.

In Chapter 4, we develop a sex structured model to study the difference in transmission
between male and female adults. Projections up to the year 2030 are made and recommenda-

tions drawn.

In Chapter 5, an age and sex-structured model is analysed with the aim of gaining qualitative
insight into the effect of age on HIV transmission dynamics and establish whether there are
statistical significant differences in HIV infection in Kenya within and between different age

groups.

In Chapter 6, a model incorporating the transmission of HIV between commercial sex
workers and injection drug users is formulated with a coupling between these risk groups.
Mathematical analysis of the model is done. Optimal control of HIV between coupled
risk groups is studied. The permissible controls are assumed to be non-linear and that
implementation of controls may contain the infection in about half the time it would take the

infection under self-limitation.

In Chapter 7, we discuss the thesis results by linking the results to the already published results
from other authors and works. We then conclude the thesis by discussing the limitations of

the study and making recommendations for future consideration.
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Chapter 2

Literature review
2.1 Introduction

Mathematical modelling plays a vital role in understanding HIV/AIDS epidemiology (Auvert
et al., 2000; Garnett, 2002). Modelling the population level impact and cost-effectiveness
of an HIV prevention method helps to inform policy (Pretorius et al., 2010). Modelling
is particularly helpful in evaluating the possible impact of a combination of prevention
methods, showing how results are likely to vary depending on levels of acceptability, product
adherence and whether there might be synergy or antagonism between prevention methods.
Modelling is also useful in the context of trial designs for multi-component prevention
methods, identifying the intervention components that are most critical to maximizing
effectiveness. It is therefore plausible to believe that with the progressive research on the
HIV infection, more factors that drive the epidemic are identified. In this chapter, we outline
and review previous studies and models that focus on HIV transmission and the various

prevention methods under consideration as well as the key results.

2.2 Mathematical models that studied the dynamics of HIV

transmission

In an attempt to study the HIV transmission pathways, various epidemiological models have
been developed. Apenteng and Ismail (2017) developed and used mathematical models
that described how to model the spread of HIV/AIDS epidemics with constant inflow of

migration into the male and female populations. They included migration to assess its effect
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on the spread of HIV/AIDS in the generation population. The model developed in their work
comprised of six differential equations within the male and female populations, depicting
the dynamics of the spread of HIV/AIDS epidemics. The basic reproduction number for
each of the two categories of the population (males and females) was separately determined
to establish the global stability of the disease-free equilibrium. However, in this model, no
account of control strategies were considered. Furthermore, this model was not tested against

real-world data to determine its fitness and accuracy.

Mathematical models in Mukandavire and Garira (2007a,b), described the heterosexual
interactions of males and females using integro-differential equations with a time delay
due to incubation period. While these two models incorporated the effects of male and
female condom use as the main mode of preventing HIV infection, there was no explicit
consideration of test and treat in addition to application of real-time surveillance data to

establish the trend of infection was not considered.

Hethcote (1989) proposed a model for transmission of HIV/AIDS. In this work, a description
of infection process by interactions within and between risk groups such as homosexual men,
bisexual men, female prostitutes, intravenous drug abusers and heterosexually active men and
women was given. The model developed in this work was proposed for suitable modification
to specifically study the transmission of HIV infection and the incidence of AIDS in risk
groups in the U.S.A. Related to this, Castillo-Chavez et al. (1989) formulated and analysed a
single and multiple group susceptible-infectious (S-I) mathematical models for the spread of
HIV/AIDS. The results from these models were stated for specific and arbitrary survivorship
functions. They established that the reproductive number is not significantly affected by the
shape of the survivorship function. It is important to note that in these studies, there were not

attempts made to fit the models to data and estimate the parameters.

Baryarama et al. (2006) proposed a model that considers the dynamics of HIV/AIDS with

gradual behaviour change. The model in this work consists of three differential equations as
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presented in (2.1)

S=pArlel(t—a)+S(t—a)] - w(ZIV)SI - ,uS,\
j= “’(INW — (vl 2.1)
A=vI—(T+p)A.

Ve

The variables S,/ and A describe susceptibles, infectives and AIDS symptomatic cases
respectively. The variable force of infection @(¢) = B(¢)c(¢) is used instead of the constant
force of infection B, to allow for incorporation of behaviour change from behavioural
surveillance data. fB(¢) represents HIV transmission probability while ¢(¢) is the average
number of sexual acts per year. The quanties p and € are proportions « is the mean age
and A, v, u, and T are constant rates. The model was used to study the dynamics of HIV
and behaviour change in Uganda. The model was used to make comparison of model
projections for urban, semi-urban and rural Uganda made against HIV prevalence trends
from corresponding antenatal clinic data. In the obtained results, the authors observed that a
decrease in the behaviour parameter directly leads to a decrease in the number of secondary
infections. This study focused on the mathematical analysis of the model with no application

of data for model validation.

Isdory et al. (2015) presented a SIR meta-population model to study the impact of human mo-
bility to the transmission of HIV/AIDS. In their model, the dynamics in each sub-population
included only individuals aged 15-64 years with the assumption that this age group are most
sexually active and hence susceptible to HIV. The model comprises of thirteen differential
equations. The basic reproduction number was computed and the parameter estimates ob-
tained from fitting the model to census data, HIV data and mobile phone data adopted to track
human mobility from different regions in Kenya. The authors established that movement
between different regions appears to have a relatively small overall effect on the total increase
in HIV infection in Kenya. The results suggest that the consequence of movement patterns is
the transmission of the disease from high infection to low prevalence areas. The authors con-
cluded that mobility slightly increases HIV incidence rates in regions with initially low HIV

prevalences and slightly decreases incidences in regions with initially high HIV prevalence.
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In as much as data were used in this study, there was no consideration of test and treat which

is critical in limiting spread of HIV.

Okongo et al. (2013) used a mathematical model to investigated the effects of social behaviour,
treatment of and vaccination against HIV. The model’s stability analysis was performed and
numerical simulations carried out. They established that treatment which does not reduce
infectivity may not reduce spread of HIV. The incorporation of practical control measures
such as behaviour change and treatment in models present an opportunity to assess the
benefits of the intervention of public health authorities (Sahu and Dhar, 2015; Yan et al.,
2007).

Liu et al. (2007) studied the psychological impact on periodic oscillations of emerging
infectious diseases. They established that an increment in the infection level decreases the
effective contacts. Kiss et al. (2010) developed a deterministic model to study the impact
of information transmission on sexually transmitted diseases. Their model accounted for
the diffusion of health information disseminated as a result of the presence of a disease and
an ‘active’ host population that can respond to it by taking measures to avoid infection or if
infected by seeking treatment early. In their findings they concluded that only a proportion of
the population chooses to respond to the risks by limiting effective contacts and subsequently
seeking immediate treatment. While these models incorporated the effects of HIV prevention
through such means as behaviour change and as well as treatment with ART, they did not
consider the immediate enrollment of new HIV infected individuals to treatment following
the WHO and UNAIDS recommendation for HIV treatment centred on 90-90-90 (United
Nations Programme on HIV/AIDS, 2014).

2.3 Mathematical models that assessed the impact of PrEP

Clinical trials have in the recent past demonstrated the effectiveness of PrEP in preventing
HIV infection. Various mathematical models have been developed to evaluate the impact of
PrEP on HIV incidence and prevalence. While investigating the impact of HIV prevention

measures including PrEP on HIV incidence in South Korea, Kim et al. (2014) formulated a
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seven state deterministic model. The basic reproduction number was computed and sensitivity
analysis of the outcome to the model parameters carried out. The model was then fitted
to HIV incidence data. The results obtained suggested that the most effective prevention
measure against HIV would be PrEP and would greatly reduce HIV incidence in South

Korea.

Simpson and Gumel (2017) developed deterministic model for HIV/AIDS that incorporated
PrEP and used to assess the population-level impact of the use of PrEP on the transmission
dynamics of the disease within an MSM population. They performed detailed mathematical
analysis. Data relevant to HIV transmission dynamics in the MSM community in the U.S.
State of Minnesota were used to carry out both uncertainty and sensitivity analysis. This
was done mainly to determine the effect of the uncertainties in the parameter values on
the outcome (response) variable (the associated reproduction number) and to identify the
parameters that have the most effect on the disease transmission dynamics. The results from
their numerical simulations showed that, if the current rate of administration of antiretroviral
treatment is maintained, HIV burden decreases with increasing PrEP coverage. This study
suggested that HIV can be effectively controlled in the MSM population if, in addition to
the current rate of administration of antiretroviral therapy in the community, at least 61-77%

(with mean of about 70%) of the susceptible members of the MSM community are on PrEP.

Li et al. (2018) developed a deterministic mathematical model to study the biomedical
interventions for HIV prevention among men who have sex with men in China. They
used the model for projection over 20 years to assess the impact of the PrEP, biomedical
interventions and their combinations. Incidence and prevalence of HIV were measured,
and cost-effectiveness was assessed using incremental cost per quality-adjusted life year
gained. They established that the optimal cost-effectiveness path is from test-and-treat to the
combination strategy of test-and-treat and PrEP. These strategies could almost eliminate new
HIV infections over the next 20 years. Thus, PrEP is an important and cost-effective addition

to current policy geared towards eliminating HIV infections.

Afassinou et al. (2017) developed a deterministic model for HIV/AIDS to be utilised to

assess the impact of combining PrEP and ARVs use interventions. Detailed the mathematical

24



analysis was carried out. Their results predicted a significant decrease in the number of
new HIV infections when PrEP and ARVs are concurrently implemented at high levels
(90%-100%). The results also reveal that PrEP drug resistance has the potential to slow down
or reverse the impact of PrEP, especially at low efficacy levels. It is important to note that the

model analysed in this study was not validated using data.

Silva and Torres (2017) developed a model for HIV/AIDS transmission including PrEP. The
existence, uniqueness and global stability of the disease free and endemic equilibria were
proved. They then calibrated the model with no PrEP with the cumulative cases of infection
by HIV and AIDS reported in Cape Verde from 1987 to 2014, showing that it predicts well
such reality. Key results from this work through numerical simulations, showed that PrEP
reduces HIV transmission significantly. While the results from this work are interesting, it
would be plausible to extend this model to include the interaction between key populations,

more specifically the interaction between sex workers and injection drug users.

2.4 Mathematical models that incorporated HIV testing,

ART and circumcision

Early diagnosis and immediate treatment of HIV infection as well as suppression of the viral
load remain the key interventions in reducing the HIV incidence. To understand the severity
of the HIV epidemics as well as establishing a baseline in Lianshan in China, Su et al. (2016)
constructed a deterministic transmission model. This model consisted of four differential

equations as given in (2.2)
. S
S=A—-A——dsS,
N
I= ;LE —ol—dl,
N

(2.2)
D=al+pT —yD—dpD,

T =vyD—pT —drT.
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In their model, S represents the number of susceptible people, I represents the number
of undiagnosed HIV positive people, D denotes the number of people who are diagnosed
with HIV but are not in a treatment program, and T denotes the number of people who
are diagnosed with HIV and are enrolled in a treatment program. The force of infection
A is expressed as A = ;1 + BpD + BrT. The model was calibrated using surveillance and
treatment data for the period 2005-2008. The authors then validated the model by comparing
its predicted value of HIV prevalence in 2010 to the prevalence data of 2010. The validated
model produced estimations on the new infections, people living with HIV (PLWHIV) and
HIV-AIDS related deaths. From their results, it is established that HIV control programs have
drastically scaled up the HIV testing and treatment. This was reflected in the new treatments
for HIV. The results affirm that population-wide screening programs has tested 50% and 99%
of the population in Jiudu and Muer townships respectively. However, the heterogeneity of

the people living with HIV was not considered hence a limitation in this model.

On the other hand, Kok et al. (2015) constructed a system of dynamic model of the continuum
of HIV care in Vancouver, Canada. This model incorporated the main activities and decisions
in the delivery of antiretroviral therapy that included HIV testing, linkage to care and
long-term retention in care and treatment. The system model developed was coupled to a non-
linear compartmental HIV transmission model. In the development of the model, the authors
considered four sub-populations namely; men who have sex with men, injection drug users,
female sex workers and the general population. Each of the models in the sub-populations
consisted of 17 compartments representing the stocks of undiagnosed and diagnosed groups.
The model was then used to find optimal allocation of testing resources which minimize
the total number of new infections. The model was fit to data obtained from public health
sources that included British Columbia Centre for Excellence in HIV/AIDS. The findings
predicted a lower than expected number of new diagnoses among MSM. Furthermore, their
findings suggested that optimal resource allocation favours routine testing in high prevalence
settings over targeted testing and that a greater impact would be achieved by allocating more

resources to routine testing in high prevalence settings for MSM.
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Elbasha and Gumel (2006) analysed a number of deterministic models for theoretically
assessing the potential impact of an imperfect prophylactic HIV-1 vaccine that had five
biological modes of action, namely “take," “degree," “duration,” “infectiousness", and
“progression," and could lead to increased risky behavior. The key findings of the study
included the idea that, if the vaccinated reproduction number is greater than unity, each
of the models considered had a locally unstable disease-free equilibrium and a unique
endemic equilibrium. Owing to the vaccine-induced backward bifurcation in these models,
the classical epidemiological requirement of vaccinated reproduction number being less than
unity would not guarantee disease elimination in these models. Furthermore, an imperfect
vaccine will reduce HIV prevalence and mortality if the reproduction number for a wholly

vaccinated population is less than the corresponding reproduction number in the absence of

vaccination.

Podder et al. (2011) developed a ten state deterministic model for evaluating the impact of
anti-retroviral drugs (ARVs), voluntary testing (using standard antibody-based and a DNA-
based testing methods) and condom use on the transmission dynamics of HIV in a community.
Effective reproduction number was determined. Their mathematical analysis showed that the
model had a globally-stable disease-free equilibrium whenever the effective reproduction
number, is less than unity. In addition, the authors conducted numerical simulations and
established that the use of the combined testing and treatment strategy is more effective
than the use of the standard ELISA testing method with ARV treatment, even for the use of
condoms as a singular strategy. Furthermore, the universal strategy (which involves the use
of condoms, the two testing methods and ARV treatment) is always more effective than the
combined use of the standard ELISA testing method and ARVs. However, application of the

model to data was not considered hence a limitation.

While evaluating the quantitative assessment of the role of male circumcision in HIV trans-
mission, Alsallaq et al. (2009) constructed a deterministic compartmental model consisting
of a system of twelve coupled non-linear differential equations for different risk groups. The
risk groups included in their study represent low, low to intermediate, intermediate to high

and high risk groups. The model stratifies the population into compartments according to
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sex, circumcision status, HIV status and disease stage and sexual risk activity for each of the
four risk groups. The model was numerically solved using data from Kisumu in Kenya and
Rakai in Uganda. The model predicted a large gap between HIV prevalence at reported level
of circumcision coverage and that in a counter-factual scenario at universal circumcision
coverage. The results of the model indicated that circumcision is an effective intervention
against HIV infectious spread and would be of utility in both high and intermediate HIV
prevalence settings. While the results from this work are interesting, it would be plausible to

extend this model to include test and treat strategy.

Hallett et al. (2008) investigated the effect of male circumcision on the spread of HIV in
Southern Africa. They used published data from eastern Zimbabwe to inform the parameters
of the model. Men and women were stratified into risk groups that form different number
of sexual partners to account for heterogeneity in the model. The numerical results from
this model suggested that circumcision alone may not halt HIV infection but reduces the
HIV incidence by 25-30% if high coverage levels are achieved. Furthermore, the findings
suggested that the indirect benefit of circumcision interventions to women is mediated by

reduction in HIV prevalence among their circumcised male sexual partners.

Boily et al. (2008) used a dynamical stochastic model of HIV and STI infections in a Kenyan
population to simulate the impact of circumcision offered to a minority of trials participants
or to a large fraction of men in order to study the protective role of male circumcision on HIV
infection at the individual-level and at the population-level, respectively. They established
that the protection of male circumcision against STI contributes little to the overall effect of
male circumcision on HIV in the trials. They suggested that additional work is needed to
identify if the protective effect of MC efficacy against STIs can have a significant incremental
benefit on the HIV epidemic. Closely related, Podder et al. (2007) presented a compartmental
model for the transmission dynamics of HIV in a community where male circumcision is
practised. Through the use of partial data from South Africa, the study showed that male
circumcision at 60% efficacy level could prevent up to 220,000 cases and 8,200 deaths in
the country within a year. Further, it was shown that male circumcision could significantly

reduce, but not eliminate, HIV burden in a community. Furthermore, they showed that the
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combined use of male circumcision and ARVs is more effective in reducing disease burden
than the combined use of male circumcision and condoms for a moderate condom compliance

rate.

Other deterministic models which have been developed by many others (Douraki, 2017;
Gumel et al., 2006; Tan and Wu, 2005), explored mathematical analysis of the dynamics of
HIV/AIDS and are pertinent to this work. Furthermore, this model considered the dynamics

of HIV/AIDS as well as its control through treatments and preventions.

2.5 Statistical models for the transmission dynamics of HIV

Statistical modelling has been instrumental in studying the dynamics of infectious diseases.
It is helpful in projection and planning. Several statistical models have been proposed
and analysed to explain the transmission and control of HIV infection. Zeh et al. (2016)
while studying the transmission dynamics of recent and long term HIV-1 infections in two
populations in rural western Kenya, used logistic regression to identify independent factors
associated with recent infections. The blood samples were obtained from participants in two
large cross-sectional surveys conducted in Asembo and Gem located on the shores of Lake
Victoria. Differences in subtype distribution between recent and long term infections were
assessed by Pearson chi-square test. In their findings, they established that recent HIV-1
infection was more frequent among the 13-19 year olds population as compared with older
age groups. This underscored the ongoing risk and susceptibility of younger persons for
acquiring HIV infection. Furthermore, their findings also provided evidence of existence of
sexual networks. The findings suggested that early infections may be contributing significant

proportions of onward transmission highlighting the need for early diagnosis and treatment.

Means et al. (2016) used a hierarchical nonlinear mixed effects (NLME) model to fit CD4*T
cell count progression following ART initiation in their attempt to investigate the impact of
age and sex on CD4+ cell count following the initiation of treatment on HIV patients. They
used longitudinal data of the HIV patient obtained from the outpatient monitoring system

of the National AIDS Control Program in Tanzania. The study restricted the analysis to

29



individuals of age 19 years and above at the initiation of ART, sex and baseline CD4 " T cell
count. Their findings suggested that earlier ART initiation is associated with greater long
term CD4 7" T cell counts. In addition, their findings suggested that immune reconstruction
in older patients is lower than that of the younger patients and there is need to initiate early

treatment in the disease progression.

Other models on HIV transmission and treatment include "Assessing evidence for behaviour
change affecting the course of HIV epidemics" (Hallett et al., 2009). This model focused on
evaluating the evidence for changes in risk behaviour altering the course of an HIV epidemic
in Zimbabwe. Bailey et al. (2007) and Amornkul et al. (2009) assesed the protective effect
of male circumcision against HIV infection as well as its safety and sexual behaviour in
Kisumu-Kenya. In both the models they established that male circumcision has a significant
reduction in the risk of HIV acquisition in young men. They recommended that voluntary,
safe and affordable circumcision services should be integrated with other HIV preventive

interventions to reduce the spread of HIV.

Okango et al. (2016) performed a spatial modelling of HIV and HSV-2 among women in
Kenya by allowing the covariate age to have a non-linear effect on HIV and HSV-2 prevalence
using random walk model. They used data from the 2007 Kenya AIDS indicator survey
where women aged 15-49 years were surveyed. They established that age has a non-linear
relationship with both HIV and HSV-2 prevalence. The findings of their research could be
used in informing tailor made strategies for tackling HIV and HSV-2 in different counties in

Kenya.

2.6 The gaps identified

Some questions to answer, observations from aforementioned models and possible modifica-

tions that can be made are highlighted below.

30



e It is clear from the aforementioned studies that substantial studies have been conducted
to model HIV/AIDS. However, most of these models have been theoretically analysed

with little calibration of the models with real-time series data.

e In the aforementioned transmission models; little consideration has been given with
regards to the interaction between the key risk populations in the HIV transmission
chain. For example, the interaction between sex workers and the injection drug users.
These interactions, if accounted for, can give a plausible basis for proper control of the

HIV infection.

e In the literature, PrEP has been given attention specific to MSM communities. This
leaves a key question as to whether this control measure can help forecast the eradi-
cation of HIV by 2030. In addition, there are concerns on the control of HIV and the

efforts needed to contain further occurrence of infections.

From the literature, it is shown that many epidemiological, mathematical and statistical
models have been used to explain and understand the dynamics of HIV transmission and
its control. Based on the problem we have described so far, our objectives are to develop
mathematical models that can specifically characterize the dynamics of HIV in Kenya with

special interest in its transmission and control.
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Chapter 3

Modelling the dynamics of HIV

transmission and treatment
3.1 Introduction

HIV epidemic has been evolving in Kenya since the detection of the first case in 1984. Kenya
has the fourth highest number of HIV infections globally (UNAIDS, 2015c). By the end of
the year 1985, about 26 cases of AIDS were reported in Kenya mainly from sex workers
in Nairobi. This placed the prevalence amongst this group at 29% (UNAIDS, 2015b). By
the end of 1987 HIV appeared to be spreading rapidly with an estimated 1-2% of adults in
Nairobi having been infected. HIV prevalence continued soaring from 6.5% to about 13%
between 1989 and 1991 (UNAIDS, 2015b). Due to the devastating effects of HIV, plans
to develop preventive measures were drawn and consequently a condom factory was built
in Nairobi in the year 2000. HIV prevalence began to decline from its peak of 10.5% in
2000 and continued to decrease steadily to 6.9 percent in 2006 (NACC, 2016; UNAIDS,
2015b,c). The decrease in prevalence coincided with the rapid expansion of preventative
interventions since 2000, which resulted in a change in sexual behaviour and the increased
use of condoms (UNAIDS, 2004). The reports from Kenyan National AIDS Control Council
(NACC) approximated that 1.6 million people were living with HIV by end of year 2015
with 36,000 deaths resulting from AIDS-related illness (OPTIONS, 2016; UNAIDS, 2015c).
Adults aged 15 to 49 years constituted about 51% of the new infections in Kenya (NACC,
2016). This is the aged group that significantly contributed to high HIV burden in Kenya
through heterosexual means (NACC, 2016). Thus, in this chapter, we aim to develop a

mathematical model to integrate to real-time series of HIV infection data amongst the people
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aged 15 years and above. We also seek to investigate the global dynamics of the developed
HIV epidemic model. We analyse the global stability of the model equilibria and fit the
model to data. Our aim is to examine the trend of HIV/AIDS in Kenya so as to propose

effective strategies that can help combat HIV epidemic in order to achieve the vision 2030.

3.2 Model formulation

A number of mathematical models have been developed to study the dynamics of HIV infec-
tion. (Baryarama et al., 2006; Okango et al., 2016; Wodarz and Nowak, 2002). These models
have focused on steady states and their stability as well as computer simulations. None of
the existing mathematical models, however, explicitly considers the HIV trends data specific
to Kenya. For example, Okongo et al. (2013) used a mathematical model to investigated
the effects of social behaviour, treatment and vaccination of HIV. The model’s stability
analysis was performed and numerical simulations carried out. Kiss et al. (2010) developed a
deterministic model to study the impact of information dissemination on sexually transmitted
diseases. Their model accounted for the diffusion of health information disseminated as a
result of the presence of a disease and an ‘active’ host population that can respond to it by
taking measures to avoid infection or if infected by seeking treatment early. While these
models incorporated the effects of HIV prevention through such means as behaviour change
and as well as treatment with ART, they did not consider the immediate enrolment of new
HIV infected individuals to treatment following the WHO and UNAIDS recommendation for
HIV treatment centred on 90-90-90 (United Nations Programme on HIV/AIDS, 2014).

We use a mathematical model to analyse the trend of HIV infection in Kenya. We propose
a five state compartmental model. The structure of the model is such that it comprises
susceptible individuals (S) who are at high risk of HIV infection. Upon acquiring infection,
individuals in class S move to infection class which is divided into two stages according
to CD4 1T cell counts in the blood. These include: stage 1 comprising of individuals with
CD4"T cell counts > 350/uL, (I). The infected individuals in (I;) are assumed to be the

new infections. The second stage of infection consists of individuals with 200/uL < CD4*T
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cell counts < 350/uL, (I). HIV positive individuals in stages I; and I enter into /4 and I
if they receive antiretroviral treatment (ART) respectively. This is consistent with the WHO
recommendation of immediate enrollment into ART irrespective of the CD4 1T cell counts in

the blood in order to achieve viral load suppression (AIDS, 2015; Williams, 2014). Figure

~

4.3 shows the schematic flow diagram of the model structure.
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Figure 3.1: Schematic diagram of HIV transmission.

The variable population denoted by N(¢) is described by (3.1).
N(t) =S@t)+ L (t) + L(t) + 1} (t) + I (t). (3.1)

The susceptible individuals are recruited into the system at a constant rate A. The susceptible

individuals then acquire infections at the rate A, expressed as

_ Bl + Bolr + B3I + Bals (3.2)
Iy .

A

Here, B;, where (i = 1, 2, 3, 4), define the effective contact rates between susceptible
individuals and infectious individuals in the classes Iy, I, I{‘ and 14, respectively. The
natural death rate for all classes is tt. The progression rate from /; stage I, is given by 9.
The progression rates from /; stage to If‘ stage and from I, stage to 15‘ stage are given by

11 and 1, upon enrollment to ART treatment respectively. The rates &, and 93 refers to the
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movement from If to Ig‘ and from Ig‘ to I‘l“. The disease related death rate is assumed to be
k1 and k3 for I and Ig‘ respectively. The summary of the state variables and the parameters

are given in Tables 3.1 and 3.2, respectively.

3.2.1 Model assumptions

e In our modelling attempt, we consider the case where HIV patients get enrolled to ART
treatment irrespective of their CD4" T cell counts in addition to studying the trend of

HIV infections.

e The movement between If‘ and I§‘ is assumed to be bi-directional due to adherence
of HIV patients to ART treatment and improvement or decline of the immunological

status of the HIV patients on ART treatment.

e The AIDS class is not considered in this model given that full blown AIDS patients
are usually hospitalized and/or sexually inactive. It is assumed that they are not able to
engage in HIV transmission activities hence do not contribute to HIV infection. Similar
assumptions were made by Yang et al. (2017) while modelling the global dynamics of

HIV among female sex workers and their senior male clients.

e Different effective contact rates are used based on the assumption that infected individ-
uals in different stages may have different effective contact rates due to difference in

CD4™T cell counts in the blood, ART treatment and behaviour change.
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Table 3.1: Symbols and definition of the state variables.

Variable | Description

S The number of susceptible individuals at time ¢
I The number of the infected individuals with CD4™ T cell
counts > 350/uL at time ¢
b The number of the infected individuals with CD4"T cell
counts < 350/uL at time ¢
If‘ The number of the infected individuals with CD4*1T cell
counts > 350/uL on ART at time ¢
1‘2“ The number of the infected individuals with CD4™1T cell
counts < 350/uL on ART at time ¢
Table 3.2: Symbols and description of the parameters.
Parameter | Description
A The recruitment rate into susceptible class
Bi Effective contact rate between susceptible and infected individuals in class I}
B2 Effective contact rate between susceptible and infected individuals in class I,
B3 Effective contact rate between susceptible and infected individuals in class I
Ba Effective contact rate between susceptible and infected individuals in class Iﬁ‘
u The natural death rate
o1 The progression rate from stage /; to stage I»
un The progression rate from /; to I’l“
P The progression rate from /, to 1‘2“
& Progression from /4 to 4
03 Progression from IQ to I{‘
K] The disease related death rate in I,
19} The disease related death rate in If
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3.2.2 Model equations

The descriptions in Section 3.2 and assumptions in sub-section 3.2.1 translate in the following

non-linear ordinary differential equations.

ds )

dl

o =M= (G,

dl

d_t2 =01 —(m+u+x)h, (3.3)
dr A A

Y il + 8610, — (6 + Iy,

dr A A

¥ & Ol +Mbh — (6 +u+K)h g

We assume that at # = 0, S(0) >0, 7;(0) > 0, L(0) >0, I#(0) > 0 and I5 (0) > 0.

3.3 Model basic properties

In this section, we explore the basic dynamical features of the system (3.3). For the system
(3.3) to be mathematically tractable and epidemiologically meaningful, it is important to
prove that all the state variables and all the associated parameters are non-negative for all

time ¢t > 0.

Theorem 3.1. The solutions of system (3.3) exist and are non-negative for any given positive

initial conditions for all t € [0,00).

Proof. Here, we prove that all the stated variables remain non-negative and the solutions
of the system (3.3) with non-negative initial conditions will remain positive for all # > 0.

Following the work in Nyabadza et al. (2013); Omondi et al. (2017a), assume that

f=sup{tr>0:5>0,1;,>0, >0, ' >0, I} >0} € (0,1].
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Thus 7 > 0, and it follows directly from the first equation of the system (3.3) that
S=A—-AS—uS=A—(A+pu)s. (3.4)
Equation (3.4) can be written as

%(Sexp{/otl(u)du—l—ul}) =AeXp{/0t/1(u)du+u(f)},

Integrating both sides from ¢ = 0 to r = 7, we obtain
7 i X
S(F) exp { / A (u)du+ uf} —5(0) = / Aexp { / A (x)dx+ uy} dy,
0 0 0

t*
then multiplying both sides by exp { — / A(u)du — w,f }, we have
0

S(7) = S(0) exp {— /0 2 () uf} - exp {— /0 (i) — uf}

7 X
X/Aexp{/ k(x)dx+/,ty}dy>0.
0 0

Since, the right-hand side of the expression (3.5) is always positive, the solution S(¢) will

(3.5)

always remain positive for all # > 0. Using the same argument, it can be shown that the

quantities Iy, I, If‘, and Ig‘ are positive for all # > 0. [

Theorem 3.2. The feasible region ) represented by the set

A
Q= {(S, I, b, ', B) €RY: S+ 1+ L+ 41§ < max {N(O),ﬁ}},

with initial conditions S(0) > 0, I;(0) >0, L(0) >0, I{(0) > 0 and I5'(0) > 0, is attracting

and positively invariant with respect to the flow of the model system (3.3).

Proof. 1f S(0), 1,(0), L(0), I1(0), I{(0) are non-negative, so are S(t), I (t), L(t), I7(t),

15‘ (¢) for all time ¢ > 0. Summing up the five differential equations of the system (3.3) with the
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condition that N(0) > 0, the total population evolves according to the following inequality.

dN(t)
dt

< A—uN(). (3.6)

Using, the standard comparison theorem as given in Smith and Waltman (1995), we solve

equation (3.6) by integrating factor technique to obtain

N(t) < %+ (N(O) — %) exp(—ut), forallt>0. (3.7)

The solution in (3.7) yields two possible scenarios in studying the behaviour of N(¢). In
the first scenario, we consider N(0) > % so that, at time ¢ = 0, the right-hand side of (3.7)

experiences the largest possible value of N(0). That is, N(¢) < N(0) for all time ¢ > 0. In the

A
m

side of (3.7) approaches % as time ¢ tends infinity. Thus, N(t) < % for all time ¢t > 0. From

second scenario, we consider N(0) < £, so that the largest possible value of the right-hand

these two scenarios, we conclude that N(7) < max {N (0), ‘%} for all time ¢ > 0.

]

The solutions in Q are all non-negative and bounded. Hence the domain of biological
significance is positively invariant and attracting. Thus, all solutions starting in €2 remain
in Q. Furthermore, the system (3.3) is well-posed epidemiologically and we will consider

dynamic behaviour of the system (3.3) in Q.

3.4 Stability analysis

3.4.1 Basic reproduction number

The disease-free steady state (DFE) of system (3.3) is given by

& = {50, 0, 0, 0, 0}
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So = %, represents the susceptible individuals when no one is infected with HIV. To obtain
basic reproduction number, denoted by %, we employ the next generation method (Van den
Driessche and Watmough, 2002). The matrices that describe the rate at which the new

infectives are produced and the transfer of infectives between compartments are respectively

given by
Bi B B3 Pa 01 0 0 0
0 0 0 O -5 0 0
F— and V= 1
0 0 0 O -m 0 Q03 —&
0 0 0 O 0 —-m —0 O

Thus, %, is the dominant eigenvalue of FV~! given by

Ry = R| + Br + R + 75, (3.8)
where
g B Bo o a B(QQumit 8103m) oy Pa(Q282m1 +Q0301m2)
o TP 0107 T T T 0100050i(1-®1) T T 01020304(1 @)
with
B B B B 5203
Qr=6+Mm+u, Q=m+u+k, B=6+U, Qu=88+Uu+K, ¢1_Q3Q4'

Note that 0 < ®; < 1. The expression for % in (3.8) is carefully written to reflect the
contribution of each stage of the infected individuals in the initiation of new infections. Here,
X is interpreted as the expected cases of secondary HIV infections arising from a single HIV
infected individual during his or her entire infectious period, in an otherwise disease-free
population (Heffernan et al., 2005; Omondi et al., 2017b; Van den Driessche and Watmough,
2002).

40



From Theorem 2 in Van den Driessche and Watmough (2002), we establish following result.

Theorem 3.3. The disease-free equilibrium of system (3.3) is locally asymptotically stable

whenever %y < 1 and unstable otherwise.

Theorem 3.3 implies that HIV infection will disappear from the population when % < 1 if
the initial sizes of the of the sub-populations of the system (3.3) are in the basin of attraction

of the disease-free equilibrium.

Theorem 3.4. The disease-free steady state, &y, of the model system (3.3) is globally asymp-

totically stable when %y < 1 and unstable otherwise.
Proof. We define a candidate Lyapunov function as follows
LIy, b, B, ) =W I +Walp + W31 + Wul5, (3.9)

where ¥, ¥, W3 and W, are non-negative constants to be determined. The derivative of

(3.9) is given by

dL dl, dbh dr i
g, W, 2 Ty, T2
dt Var T T TR
I + Balz + B 1 + Buls
:‘PlKﬁ“ B“NB“ ’342)5—Q111]+‘Pz[6111—Qzlz]

+¥; [Thh + 81 — Q31ﬂ + ¥y [521f‘ +Mbh — Q41§] :

<Y [ﬁlll + oo+ B3I} + Baly — Qlll} +¥2 (6111 — Q2] + 3 [77111 + 815 — Q31'14]
+ ¥y [521'fl + Ml — Q4lf} ;

= [W1B1 +W2b1 +¥am — V1011 + W1 B2+ Wamn — Y202
+ (P13 + PaS2 — W3 Q3]0 + 1By + 385 — VaQ4) 1
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Setting the coefficients of I, If and Ig‘ which are not primary contributors to the force of

infection to zero and solving, we get

Y1 =000304(1 =P1), W= 0304B(1 —P1)+n2(B33+ B403),
= Q2(B304+ Pab2), Wa= 02(03B4+B303).

Using these coefficients, the time derivative of (3.9) can be expressed as

dL
— <Q1Q2Q3Q4(1—¢1)[«%0—1]. (3.10)

Clearly from (3.10), when %y < 1, Zf is negative semi-definite, with equality at Zy = 1. In

addition, 9L = 0 if and only if I; = I, = I{ = I} = 0. Hence, the largest compact invariant

’ dt
setin {(S, I, b, I, B') € Q: 4L =0}, when %, < 1 is the singleton &. Thus, & is the
only steady state when %y < 1. Using LaSalle Invariance Principle La Salle (1976), this

implies that & is globally attractive in Q if Zy < 1. U

Epidemiological implications of Theorem 3.4 is that when % < 1, a small influx of HIV
infected individuals into the community will not result in an outbreak. The subsequent
numbers of those infected will be less than that of their predecessors and eventually the

disease will be contained.

3.5 Existence of endemic equilibrium

The results in Theorem 3.3, show that the system (3.3) has an disease-free steady state when
Ko < 1. When Z, > 1, the disease-free steady state (&), is unstable and the system (3.3)
has a non-trivial endemic equilibrium. Let the endemic equilibrium be represented by the
phase space

& = (S*, I, I Ig‘*) eR’.
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Therefore, solving system (3.3) in terms of the force of infection in (3.2), we obtain

A A s A

A4 o+ P 010 +p)’

A _ AL (020411 + 610312) A _ AA*(Q26:m1 + 030112)

L 010004(1- @) (A + ) P 01020304(1—P1)(AF )

*

Substituting the expressions for /7, I;,I{** and I4* into (3.2) at the equilibrium, we either

obtain A* = 0, which corresponds to the disease-free equilibrium previously obtained or

}L*: N(ﬁo—l)
010:0304(1 —®y)"

(3.11)

Since the solution of the system (3.3) is only feasible in the invariant region €2, the expression
(3.11) is only feasible when %, > 1. Hence the system (3.3) has a unique endemic equi-
librium whenever % > 1 and this equilibrium approaches zero as % tends to one. These

results are summarized in the following theorem.

Theorem 3.5. The model system (3.3) has a unique endemic equilibrium whenever %y > 1

and no positive endemic equilibrium otherwise.

We then study the global stability of the endemic equilibrium of system (3.3) by construction

of Lyapunov function. Thus, we begin by stating the following theorem.

Theorem 3.6. The endemic equilibrium, &1, of system (3.3) is globally asymptotically stable

when %y > 1 and unstable otherwise.

In order to prove the global asymptotic stability of the unique endemic steady state &7, we

linearise system (3.3) based on the assumption that N =11 + 1, + IfX + 1‘2“ so that we have
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Our new system therefore becomes

=k (Bt Bay B+ Bi)s — s
‘Z (Brx+ oy + Bsw + Paz)s — Oix,
ZI; 81x — 02y,

Cfl—v: = Mx+ 0z — 03w,

% = &w+ My — O4z.

(3.12)

Ve

Next, without loss of generality, we provide the proof to the global asymptotic stability of

the system (3.3) using system (3.12).

Proof. Let

V= (s—s —s"In— >+CI>2< —x*—x ln—>+<I>3( y*—y*lnl*)

—|—CI)4<W w'—w ln—>+CI>5 <z—z*—z*lné),
w* Z

(3.13)

be a suitable Lyapunov function such that ®;, ®3, ®, and P5 are non-negative constants to

be determined. Hence, differentiating (3.13) along the trajectories of (3.12), we obtain

dv s\ ds x*\ dx
o1 ) ey (1-2 )=
dt ( s)dt+ 2( x)dt

dz
o (1-2 )&
+ 5( )dt

*

= [u— (Bix+ Boy+ Bsw + Paz) s — ws] (1 - —) + o, [(ﬁ1x+ﬁ2y+ﬁ3w+ﬁ4z)s

_QIX} (1 —x—*> + @3 [01x — Q2] (1 _y;*) + @y [Mix+ 832 — Q3w (1 — %*)

+ @5 [Oow + M2y — 047 <1 - %) :
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d
+ s (1-%) Yo,

dw )
1— —
( w)dt

(3.14)



Using system (3.3) at endemic steady state, (3.14) admits the following set of solutions

x*

1= (Bix” + Boy* + Bow* + Biz)s” +us”, Q1 = (

Ox* 1’]1)6*+53Z*
= O=T s Qs

Bix* + Boy* + Baw* + Baz* ) e

Oow* 4+ My*
z* '

(0}
(3.15)

We now substitute the terms in (3.15) into (3.14) to obtain

dav *
= (1) o (=2 e (=25 e (1-337)
dt s s s*x s*y
+ﬁ3S*W* (1_ iW*>+ﬁ4S*Z* <1_ iz*):|+q)2 (1_x_)
s*w s*z X
% % X SX o o X S % % X sSwW
x* s*x x* sty X stw
ez ) a2
Xt stz y yooox
w* WX w *
7)) e 2] )
w w*  x wt  z z
«[ < w <
o (c- (-2
z w % L
<

S=M, =ML, S=Th, =T, — =1k (3.17)
S X w Z

/
(3.16)
Let

In order to cancel the coefficients of x, w, y and z, we set @, = 1 and substituting (3.17) into

(3.16), the derivative of V in (3.16) reduces to

av o 1
— = uSs 2———1II +F(H]7H27H37H47H5)7 (318)
dt IT;
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where

FZﬁls*X*{2—%—H1}+52S*y*{<2—i—nl) (Il — ) (I, — >] \

1 " iy
P { (Z_HLI_HI) B (H4—H21)](2H1 —1L } + Bas™ " { (2 11 )
(I —H2r)1<2nl _qu + P30 x" {(1 —1L) - <_ - 1>]

o (- (1)) s (0o (1))
oo (111001 (1) o (1m0 (1) )]

Here, I' is obtained after setting the coefficients of I, I13, I14 and Il5 to zero so that

ﬁ]S*x* +st*y* —|—B3S*W* +ﬁ4s*Z*
o1 x* k

P; = Py = 52W*, D5 = mx* + 037, (3.19)

Using the arithmetic-mean/geometric-mean inequality, we note that the following expressions

[Z—L—Hl} | [(2_L H1) N (H3—Hz)(H1—H2)} 7

I, I,

Kz_i_nl)_(H4—H21)12H1—Hz)1, Kz_i_nl>_(L—H2)r(II;1—H2) |

are less or equal to zero , with equality if and only if IT{ = 1 and I1; = I13 = Iy = I1s.
Similar conclusions can be drawn from the remaining parts of expression (3.18). Therefore
‘fl—‘; < 0 with equality if and only if s = s*, x =x",y =y*, w =w" and z = z*. By LaSalle’s
invariance principle La Salle (1976), this implies that the solution lies in an invariant set

contained in

Q:{(s,x,y,w,z):s:S*yﬁzl:_:_}_

Thus, the only invariant set contained in € is the singleton &7. This shows that each solution

that intersects Ri tends to the endemic equilibrium &. 0

The global asymptotic stability of the endemic equilibrium has serious implications on the

spread of HIV. If the population is constant and %, > 1, HIV infection will always persist
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regardless of the initial conditions. It is therefore imperative to reduce %y > 1 to a value less

than one so as to contain the spread of HIV.

3.6 Data and parameter estimation

To fit system (3.3) to data, we determine the baseline values of known parameters from the
literature that correspond to available experimental data and biological facts. The unknown
parameters are estimated on the basis of the available data. The estimation process attempts
to find the best concordance between computed and observed data. It can be carried out by
trial and error or by the use of software programs designed to find parameters that give the
best fit. Here, the fitting process involves the use of the least squares-curve fitting method.
The known parameter baseline values are approximated as follows: A which is defined as
the recruitment rate into the susceptible is estimated based on the birth rate given as 23.9
births/1,000 population (WB, 2017). Thus the constant recruitment rate A = 0.0239N per
year. The natural death rate u is estimated based on life expectancy which is reported to
be 58 years (WB, 2017). Thus u = 0.0172 per year. AIDS related death rate in , ki is

estimated at 0.089 per year while that in class If, K, per year is estimated at 0.095.
The initial conditions are estimated as follows.

(i) N =17,528,707, adult population that were found in 2000 (KNBS, 2017; KNBS2,
2017).

(i) S(0) =N —1,(0)—5(0)—F(0) — I£(0) = 17,196,488.

(iii) 1;(0) = 77,219, reported number of new HIV infections at the end of 2000 (NACC,
2013).

(iv) L(0) = 150,000 (assumed), I{'(0) = 60,000 and 4 (0) = 45,000 (assumed).

The data used in this chapter was obtained from National AIDS Control Council (NACC,

2014a) and is given in in Table 3.3. The data was extracted for the period spanning over 17
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years from the year 2000-2017. This data represents new infections for the adults aged 15

years and above.

Table 3.3: Reported new HIV infections in Kenya.

Year 2000 2001 2002 2003 2004 2005 2006 2007 2008

HIV+ | 77219 72329 71875 74074 77729 81523 85201 91082 105292

Year 2009 2010 2011 2012 2013 2014 2015 2016 2017

HIV+ | 108764 105072 98263 91949 85569 90986 71034 69491 70570

3.7 Curve fitting

Curve fitting can be defined as a process that enables us to quantitatively estimate the trend
of the outcomes. In this process, equations of approximating curves are fitted to raw data.
In order to fit the system (3.3)to data, we employ least squares method in matlab where
unknown parameters are given both lower and upper bounds from which we obtain parameter

values that provide the best fit. These set of parameter values are presented in Table 3.4.

Table 3.4: Estimated parameter ranges per year and parameter point values generated by
curve fitting.

Parameter Description Min Max Point value
B Contact for susceptible with I; 0.0 2.0 0.912
B Contact for susceptible with , 0.0 2.0 0.894
B3 Contact for susceptible with I{‘ 0.0 2.0 0.095
Ba Contact for susceptible with 1‘24 0.0 2.0 0.091
m Progression rate from /; to I{‘ 0.1 1.5 0.084
P Progression rate from /; to Ig‘ 0.1 1.0 0.091
o1 Progression rate from /; to I, 0.1 1.0 1.000
& Progression rate from If to If 0.1 1.0 0.096
& Progression rate from I to I4 0.1 1.0 0.112

The results in Figure 3.2, panel (a) presents the results of the curve fitting where the trend

of the data as reported in Table 3.3 and the curve representing the estimated values given
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the model for the new HIV infected persons. It is seen that the cases of new HIV infections
estimated by the model for the set of parameter values in Table 3.4 are closer to the reported
new HIV infection data in Kenya. The study findings in Figure 3.2, panel (b) shows HIV
incidence as estimated by the incidence function AS. It is seen that the estimated incidence
reached the peak between 2010-2014. Our results show of a short-term increase of HIV
epidemic in which there is a significant rise in new HIV infections for a considerably short
time, followed by a significant decline in the generation of new cases. Nonetheless, this
may not give a similar pattern with regards to prevalence, since recovery from HIV is not
possible due to HIV being incurable. Hence, the cases of HIV infection is projected to remain
significantly high over a long time. It is therefore suggested educational campaigns on safe

sex be increased so as to stop further spread.
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Figure 3.2: Model system (3.3) fitted to data for the reported new HIV positive cases. Panel
(a) shows the model fit to HIV data. Panel (b) gives the estimated disease incidence.

3.8 Numerical simulations

In this section, we carry out numerical simulations to see the dynamical behaviour of the
system (3.3) using the initial conditions as as given in Section 3.6. The numerical results
depend on the parameter values in Table 3.4. To investigate the contribution of linkage of

new infected individuals to ART as well as the effectiveness of ART treatment on increasing
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the CD4+T cell counts, we show the variation over time of prevalence of HIV for different
rates of 1y and 3. This is shown in Figure 3.3, panels (a) and (b), respectively. We note an
increase in the values of 1)1 decreases the prevalence of HIV. The decrease in prevalence can
be attributed to the protective effect of ART in increasing the level of CD4+T cell counts.
Similarly, an improvement in the immunological status of HIV patients in I, following
effectiveness of ART maintaining the level of CD4+T cell counts high results in a decrease in
the HIV prevalence as shown by the effect of d3. This shows that effectiveness in the up-take

of ART reduces the risk at which an infected individual may spread HIV.
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Figure 3.3: Impact of enrollment to ART and improvement in the immunological status of
HIV patient on the HIV prevalence. Panel (a) shows the impact of linkage to ART of the
new infections on prevalence of HIV and panel (b) shows the impact of improvement in the
immunological status on prevalence of HIV.

The results in Figure 3.4 indicate that % exponentially decreases with the increase in the
rate of progression from /; to I, that is, 171 and progression rate from If to I, that is, 8.
Therefore, increasing the treatment with ART and its effective up-take reduces the chances
of a susceptible person being infected with HIV through contact with HIV patients on ART
treatment. The reduction in the likelihood of infection is due to the fact that high ART
efficacy increases the level of CD4+T cell counts in the blood and as a result lowers the
disease viral load. It is imperative to note that, even though increased drug efficacy may
reduce incidence and consequently prevalence of HIV, it does not lead to its subsequent

eradication from the community.
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Figure 3.4: Effect of 1, and 3 on %.

3.9 Conclusion

In this chapter, a simple deterministic model that takes into account new cases of HIV
infections as well as HIV patients on ART was formulated to study the trend of HIV infection
in Kenya amongst adults aged 15 years and above. Important mathematical features of the
model that include the threshold for the epidemic, steady states, positivity and boundedness
of solutions as well as the region of biological significance were determined. It is shown that
when %) is less than one, the disease-free equilibrium is both locally globally asymptotically
stable. This disease-free equilibrium is unstable when the disease threshold is greater than

one. The model has a unique endemic equilibrium when %) is greater than one.

With the help of least squares method in Matlab, the model was fitted to data on cases of
new HIV infections for the patients aged 15 years and above. The parameter values obtained
from the curve fitting have been used to predict future infection trends. The results suggest
that there is a general decline in the HIV infection which is predicted to eventually converge
asymptotically over the next few years. The most important observation from our findings is
that there is a short-term rise in HIV infection in which there is a significant increase in new
HIV infections followed by a significant decline in the generation of new infections. Both

treatment of the new infected individuals and the drug efficacy/adherence is seen to greatly
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reduce HIV prevalence. Therefore, treatment applied immediately to someone who is found

to have acquired HIV as well close attention to ART efficacy and adherence is paramount.

The model presented in this chapter is not exhaustive and may be extended to involve the
study, the difference in HIV infections between adults males and females, transmission
of HIV between different risk groups as well as studying the effect of testing, roll out of
PrEP, ART up-take and epidemiological impact of media on the spread and control of HIV.
Taking into account these suggestions will undoubtedly enhance the understanding of HIV
transmission and control in Kenya. Thus, in the next chapter, proposed improvements of
the model include, consideration of a gender and use of PrEP in the control of new HIV

infections.
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Chapter 4

Sex-structured mathematical model of

HIV dynamics
4.1 Introduction

HIV remains a major global health problem affecting approximately 70 million people
worldwide causing significant morbidity and mortality (WHO, 2018). In Kenya, the number
of persons living with HIV was approximated to be 1.6 million in the year 2016, with women
accounting for 910,000 (OPTIONS, 2016; UNAIDS, 2015¢). The main transmission route is
through sexual intercourse in heterosexual means with estimated 30% of the new infections
deeply rooted among sex workers (NACC, 2014a). High HIV infections amongst sex workers
in Kenya is attributed to unprotected sex. According to Shields (2012), most sex workers
are constantly harassed by the police and/or physically and sexually abused for carrying
condoms. In addition, the sex workers have no power to negotiate for safe sex. This is
due to the fact that clients may decline to pay if they have to use a condom and hence use
intimidation or violence to force unsafe sex (Ghimire et al., 2011). Furthermore, the clients
may offer more money for unprotected sex, a proposal that is unlikely to be rejected by the
sex workers. According to NACC (2014b), an estimated 29.3% of female sex workers were
living with HIV in 2011. In addition, the findings from the Sex Workers Outreach Project
reported an HIV prevalence of 30% among female sex workers and 40% among male sex
workers in 2011 (UNAIDS, 2015b). Young women (aged 15 to 24 years) are more than
three times more likely to be exposed to sexual violence than young men (KNBS, 2015).
Among women aged 15-19 years, HIV prevalence was 23.0%, compared to 3.5% among

men of the same age (KNBS, 2015; Voeten et al., 2007). Approximately 33% of the girls in
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Kenya have been raped by the time they reach 18 years with about 22% aged 15-19 years
reporting that their first sexual encounter was forced (NACC, 2014a). In addition, women
continue to face discrimination in terms of access to education, employment and healthcare
(UNAIDS, 2018b). Consequently, men often dominate sexual relationships, with women not
always able to practice safer sex even when they know the risks involved (UNAIDS, 2015b,
2018b). For instance, in 2014, 35% of adult women (aged 15-49 years) who were or had
been married had experienced spousal violence and 14% had experienced sexual violence

(UNAIDS, 2018b).

Quite a number of mathematical models have been developed to investigate the dynamics
of HIV and spread in the population (Athithan and Ghosh, 2014; Baryarama et al., 2006;
Doyle et al., 1998; Kaur et al., 2014; Okango et al., 2016; Van Sighem et al., 2012; Wodarz
and Nowak, 2002). However, to the author’s knowledge, little attention has been given in
incorporating sexual orientation of individuals using real-time series of HIV infection trend
data. For example, the mathematical models in Mukandavire and Garira (2007a,b), describe
the heterosexual interactions of males and females using integro-differential equations with
a time delay due to incubation period. While these two models incorporated the effects of
male and female condom use as the main mode of preventing HIV infection, they did not
consider applying real-time surveillance data to establish the trend of infection. Additionally,
in our modelling attempt, we consider a scenario in which individuals with HIV are enrolled
to ART treatment. A study by Mukandavire et al. (2009) modelled a sex-structured model
for heterosexual transmission of HIV/AIDS with explicit incubation period and provided
an in-depth qualitative mathematical analysis. However, there was no numerical results to
show the effect HIV prevention intervention measures as well as trend within these two sexes.
Bhunu et al. (2011) derived an HIV model and examined the effect of counselling and testing
coupled with decrease in sexual activity on HIV spread in resource-limited communities.
The results from this model suggested that effective counselling and testing have a great
potential to partially control the epidemic especially when HIV positive individuals willingly

withdraw from sexual activities.
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While these models elucidated the importance of prevention to reduce HIV burden, they did
not take into account the fact that the immediate linkage of HIV patients to ART treatment
can reduce the risk of dying as well as preventing further occurrence of new infections. The
work in this chapter is motivated by the desire to understand HIV epidemic in Kenya by
developing a mathematical model that aims at integrating data on HIV within males and
females. In our modelling attempt, we consider a scenario in which individuals with HIV
are linked to ART treatment. We extend the modelling framework in Bhunu et al. (2011);
Mukandavire et al. (2009); Mukandavire and Garira (2007a,b) to fit into the Kenyan situation.
We consider a population model for HIV describing disease transmission between males and
females. Our main goals are: first, to develop a mathematical model that takes into account
the treatment of HIV patients with ART and carry out qualitative analysis of the model and
find the necessary threshold for controlling the spread of the disease. Second, to fit the model
to observed data of new infections to show the trend between males and females using the
parameter values that produce the best fit to the data. The model can help in planning and
designing effective control measures to reduce the risk of new infections. In addition, the
model and its predictions provide a framework for evaluating the success or failure of the

current HIV intervention measures.

4.2 Model formulation

The model proposed in this work is an extension of the previous models studied in Mukan-
davire et al. (2009); Mukandavire and Garira (2007a,b), by enrolling the HIV patients
regardless of the stage of infection or CD4™ T cell counts. It extends the models stated
by allowing for back-and-forth transitions between treatment classes thereby accounting
for treatment failure. It is worth noting that when there is one failure in one level of ART
treatment, the patients are usually placed on another level of ART treatment (WHO, 2014).
We keep the model as simple as possible consistent with the available data. The model
proposed here represents the sexually mature age group in Kenya (age 15 years and over).

It is believed that this is the age group that is responsible for the spread of HIV (UNAIDS,
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2015b). It is assumed that the male and female populations are divided into compartments
described by time-dependent state variables. These compartments are: Susceptible (S;),
infected individuals with CD4" T cell counts > 350/uL who are considered to be new infec-
tions (/;1) and infected individuals with CD4" T cell counts < 350/uL (I»). The infected
individuals are then enrolled on ART which is divided into two depending the CD4 " T cell
counts, that is, 7;; and Tj. This is consistent with the WHO recommendation of immediate
treatment with ART of HIV to attain viral load suppression (AIDS, 2015; Williams, 2014).
Here, i = m, f denoting male and female, respectively. The total variable population at time

t, denoted by N(r) is described by (4.1).
N(t) = Nu(t) +Ng(2), 4.1)
where

Ny () = Sin(8) + L1 (8) 4 Lo (1) + Tt (8) + T2 (1),

Nf(l‘) =Sf(t)—|—1f1(l)+lf2(t) —|—Tf1(l‘)—|—Tf2(t).

The recruitment in the susceptible compartment is at the constant rate A of which a proportion
o are assumed to be males and (1 — ) are assumed to be females. Each individual compart-
ment goes out from the system at natural mortality rate (. The susceptible in either male
or female populations is decreased following infection, which can be acquired via effective
contact through sexual intercourse in heterosexual means with an infectious person at the
respective rates given by A,, and A. These rates are obtained as follows: the probability that

a male or female person chooses a particular partner of the opposite sex can be assumed as

1

L . . . Cm jN f Cf ij
w and N respectively. Thus, a male or female receives in average —— and N partners

per unit of time, respectively. The total number of sexual contacts by males equals that of
the females (conservation law). Then, the infection rate per susceptible male or female are,

respectively, given by
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Here, k = 1,2, representing the two stages of infectious population, 3;;, where i =m, f and j =
L,---,4, are the probabilities of HIV transmission per partnership and c;; are the rates at
which an individual acquires sexual partners associated with the four infectious compartments,

respectively. Thus, the expressions in (4.2) can be simplified to the following

A - Bricmilsr + Bracmalya + Bracm3Tr1 + BracmaTr2
m Nm 9
A= (ﬁmlcfllm + Bmacpalma + Buac 3 Tn1 + ﬁm4Cf4Tm2)
— N, ,

4.3)

Infectious individuals in class (1;;) progress to class (I;) at rate 7, for h = 1,2. Infectious
individuals in classes (I!) and (I;2) move to (T;;) and (T}) at a constant rate T, for p =
1,---,4, as consequence of treatment with ART. The infectious individuals on ART in class
(T;1) progress to (T;») at a rate y;, as a result of decline in the immunological status. Similarly,
infectious individuals on ART in class (7j;) progress to (7;;) at a rate @y, as a consequence
of improvement in the immunological status. Infectious individuals in classes I;; and 7j; may

die as a consequence of infection, at a disease-induced death rate §; and &, respectively.

4.2.1 Model assumptions

The following key assumptions have been made.

(1) The modelling framework is purely based on the assumption that HIV infection is

through sexual intercourse in heterosexual means.

(i) The proportion of the infected individuals on treatment is bi-directional due to attrition

or adherence to ART and decline or improvement of immunological status.
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(iii) The standard HIV transmission incidence has been used to model the disease transmis-
sion. This is the form most commonly used for sexually transmitted diseases (Hethcote,

2000).

(iv) There is homogeneous mixing of both males and females so that the average number
of sexual contacts received depends on the population sizes of males and females and

the transmission of HIV is assumed to be mainly through heterosexual means.

(v) An exit due to death as a consequence of development of AIDS has been included
hence AIDS class is considered redundant and thus left out. Furthermore, AIDS
patients are usually too ill to remain sexually active and they are unable to transmit
HIV through sexual activity. Similar assumption was also made by Yang et al. (2017)
while modelling the global dynamics of an HIV model incorporating senior male

clients.

Figure 4.1 shows the schematic diagram for the compartmental model structure.
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Figure 4.1: A compartmental model for the transmission dynamics of HIV, which takes into
account treatment with ART.

In 2016, the Kenyan government issued full regulatory approval of PrEP, becoming the second
country in sub-Saharan Africa after South Africa, to make such approval (UNAIDS, 2016b).

PrEP is used by people who do not have HIV but are at high risk of acquiring it to prevent
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HIV infection (AIDS, 2016a; HIV/AIDS, 2016). The successes of PrEP use in Kenya are
yet to be reported since research into the uptake and impact of PrEP, specifically with young
women and girls in high-incidence areas is still on-going (UNAIDS, 2016b). The challenges
posed by the continued occurrence of new infections call for a better understanding of the
disease transmission and development of effective strategies for prevention and control of
the spread of HIV. Therefore, we add control 0 < ¢ < 1 to measure the effectiveness of PrEP
in the prevention against acquiring HIV infection. Thus the infection terms given in (4.3) are,

respectively, modified as follows

Amg = (1= 0)A, and gy = (1— @)A,. 4.4)

Similar modelling approach of PrEP was done by Afassinou et al. (2017) where they devel-
oped a model for HIV/AIDS which can be utilized to assess the impact of combining PrEP

and ARVs interventions.

Table 4.1: Definition of the state variables.

Variable | Description

Si The number of susceptible individuals at time ¢

I; The number of the infected individuals with CD41T cell
counts > 350/uL at time ¢

I The number of the infected individuals with CD4"T cell
counts < 350/uL at time ¢

Tx The number of the infected individuals with CD41T cell
counts > 350/uL on ART at time ¢

T» The number of the infected individuals with CD41T cell

counts < 350/uL on ART at time ¢

59



Table 4.2: Description of the parameters.

Parameter | Description

A The per capita recruitment rate of the susceptibles

(07 proportion of male susceptibles among the recruits

Bij The rate of HIV transmission per effective contact with sexual partner of opposite sex
Cij The rates at which an individual acquires sexual partners

u The per capita natural death rate

O The disease-induced death rate in I;; and Tj

Vi The rate at which infectious individuals in class J;; progress to class I
Tp Progression rate from /;; and I, to 7;; and T},

173 Progression rate from 7;; to Tj»

wy Progression rate from 7j; to Tj;

4.2.2 Model equations

The above assumptions and descriptions lead to the following ten non-linear system of

ordinary differential equations.

ds, ds
" — QA — AngSm — 1S, =L — (1— @)A—AgySs— uSy,
dt dt
dl dly
d—?lzlqu —(n+T+ ), dtl =AtgSr— (+ w3+ 1)y,
dl dl
d"tlz Yl — (T2 + 1+ 61) L2, I =2 =l — (e p ),
dT,, dTyy
7 = T1hp1 + 01 T2 — (W1 + 1) T a =0l + 0T — (Yo +u)Ty,
dT, T,
Tmz =Tl + Y1 T — (01 + 1+ 62) To, 7}‘2 =Tlp+ T — (0 +p+62)Tp2, )
4.5)
subject to the following initial conditions
$i(0) >0, 11 (0) > 0, [2(0) >0, T1(0) > 0, Tn(0) >0, fori=m,f.  (4.6)
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The total population of both male and female sub-populations, respectively, evolve according

to the following
dN, dN
_dtm = oA — UN,, andd—lf = (1 —a)A— uNy. 4.7)

The solutions to each of the equations in system (4.7) are given by

_aA

oA (I—a)A
Ny = m + [ Nom — o exp(—pt) and Ny = ——

(1—o)A cof
Hom ]ep< ),

+ [N() F—
respectively. Here, Ny, and Ny, are the initial populations for the males and females,

respectively. The solution of the equations from system (4.5) remain non-negative for all

t > 0. The total population {N,,; N} in each of the sub-populations is bounded by O‘TA and
(1—a)A

IJ b
such that the evolution of the total population over a specified period is given by

respectively. The total population in both sub-populations is given by N = N,,, + Ny

dN
— =A—UN.
dt H

A
It can easily be seen that limsupN < ﬁ Therefore, the phase space of the system (4.5) is
t—ro0

given by
A
Q=9 (Silin, I, Tit, Tip) = Si+ I +In + Ty + Tip < ik

The solutions in Q are all non-negative and bounded. Hence the domain of biological
significance is positively invariant and attracting. Therefore, all solutions starting in

remain in Q.

4.3 Equilibrium points

To better understand the dynamics of the proposed model, we begin by examining the model’s
behaviour about the steady states. This analysis is crucial for identifying the parameters of the
model that help to achieve an HIV-free state. Since the rate of change in each compartment

is constant at equilibrium, we set the right-hand side of equations in the system (4.5) to zero
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and solve for the state variables in terms of the infection terms 4,,, and Ay, and obtain the

following;
o oA o aAAy,) . anAd, )
T A A M Qi A T 0102 (M Ay
. AL, (N T2 + 020471) . ALy, (NQ3T2 + CaTi Y1)

fn1 = 010:0304(1+A5,) (1 —@1)" ™ 01020304 (1 + A5, (1 = ®1)’

o (@A O-wAy, (-amAk,

Ay, T os(utag,) P 0s06(ut A,

— (1—0)AAs (T +06Qs13) (1 -0)Ad; (nO71T+ Q6 T3¥0)

T 0506010s(A, +1)(1=®2) * /27 05060708(A},+u)(1—DP2) )
(4.8)

where

@
Qi=r+t+p, Q=n+u+d, G=vitp OG=o+u+d, QZZ;QL’
Yo

0708

Os=n+n+U, Qs=Tu+Uu+0, Q1=+l Og=m+Uu+&, D=

Substituting the expressions for the state variables I}, I;, T;} and T; in (4.8) into infection

terms in (4.4) then simplifying, the following polynomial is obtained.
AnglA1 Ay +A0] =0, 4.9)

where

Ao =—010203040506070s 1t (1 — P1)(1 — Do) (1 — ) [Z — 1],

A1 = 05060708(1 —D2)[(1 — ¢)t(Q3Q4(1 — D1)(Q2Bmicr1 + 11 Bmacy2)
+ (020471 + 10201 ) By + (2371 202 T1 W1 ) Bnacra)
+ 01020304 (1 —P1)(1 — a)].
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The expression for % is computed in (4.13). Note that the case /l,;k,q = 0 corresponds to the

disease-free equilibrium which can be expressed as

oA (I1—a)A

& = R 0,0, 0,0, ,0,0,0,0]. (4.10)

The disease-free equilibrium refers to a scenario in which HIV infection is not present in
a population. The solutions to the remaining part of (4.9), given by equation (4.11) give
possible disease-persistent state (&7).

ALY +Ay=0. 4.11)

mq

The existence of disease-persistent state refers to a scenario in which HIV infection persists
in the population. We note that Ag > 0 if Zy < 1 and expression (4.11) does not have a
positive solution. However, By < 0 if %y > 1 and expression (4.11) does have a positive

solution implying that there exists a unique endemic equilibrium if and only if Zy > 1.

4.3.1 The basic reproduction number

The basic reproduction number is defined as the average number of new infections generated
by one infected individual throughout his/her period of infectiousness, via sexual intercourse
in heterosexual means, in a completely susceptible population (Van den Driessche and
Watmough, 2002). The basic reproduction number, Ry, which is a measure of the infection
on the susceptible populations, for the system (4.5) is obtained using the next generation
method described in (Van den Driessche and Watmough, 2002). Following the explanation
given in Van den Driessche and Watmough (2002), we obtain F which is the matrix of new

infections and V which is the matrix of transfers between compartments given by
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1 0 0 0 0 0 0 0
-n O 0 0 0 0 0 0
! 0 Q3 — 0 0 0 0
F, F 0O 1o — 0 0 0 0
po |02 ave 2 —n O . (@412)
F; Fy 0 0 0 0 05 0 0 0
O 0 0 0 -p 0 0 0
0 0 0 0 -1 0 Q7 —wm
0 0 0 0 0 —©u —yr Qg
where
0 0 00O (I=¢)emBri (1—=9)cmaBr2 (1—0)cm3Brs (1 —@)cmaPra
00 0O 0 0 0 0
F, = , Fp=
0O 0 0 O 0 0 0 0
_0 0 0 0_ i 0 0 0 0
(I=9)cr1iBm (1 =0)cr2Bmx (1=9)er3Bus (1= ¢)craPma 0000
0 0 0 0 0 0 0 O
Fs—  F = .
0 0 0 0 00 00
0 0 0 0 | _0 0 0 0_

If there is an existence of an infection in the population, then the corresponding threshold

number for the persistence or eradication of HIV obtained from the spectral radius of FV~!

Ry = \/ ZomPZoy, (4.13)

is given by

where

Rom = Rom + Romz + Romz + Roms, Ko = Rop1 +Rof2 +Ropz + Xofa,

with
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1—9¢

D ml1Cf1, 74 m2 —

o ) Buicri om2

(Q204T1 +Y1T2001)(1 — @)
010203041(1 —Py)

( (
( )
B = ((Q371 4+ Oy (- ¢)>
( (
( )

010203041 (1 —Py)
1_

—st) Briem, Zopr=
(060873 + o T4) (1 — @)
050607031 (1 — D7)

(01 + QsT3y2) (1 — ‘P))
Bora = -
or4 ( 000,051 (1~ by) ) Precm

The components of the basic reproduction numbers, Ry, are explained as follows:-

ﬁf3cm37

Vs

(i) Zomj, for j=1,--- 4, represents the basic reproductive number associated with each
category of the male infected patients in compartments /,,; and 7, for k = 1,2, when

introduced into a population, respectively.

(ii) Zoyfj, for j=1,---,4, represents the basic reproductive number associated with each
category of the female infected patients in compartments Iy, and Ty, for k = 1,2,

when introduced into a population, respectively.

The term & = % represents the fraction of male individuals in compartments 7;,,; and

T, who move from either the compartments due to either improvement or decline in their

1)
0705
11

population. The values 00 0; represent the average time male individuals in compartments

immunological status. The same explanation applies to the term ®, in the female

T,,1 and T,,» stay in their respective compartments. A similar explanation is given for the
values é, é in the female population. Therefore, (1 —®;) and (1 —&,) refer to the fraction
of individuals who do not cycle between compartments 7;; and 7j; in the male and female
populations respectively. Note that the square root arises due to the fact that it takes two

generations for infected individuals to produce new infections.

From Theorem 2 in Van den Driessche and Watmough (2002), fundamental results about the

equilibria analyses of the system (4.5) are given by the following results:
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Theorem 4.1. The disease-free equilibrium point & is locally asymptotically stable when

Ry < 1 and unstable otherwise.

It is important to note that If Ry < 1, then on average, an infected individual produces less
than one new infected individual over the course of its infectious period and the infection

cannot grow. The converse is true for Ry > 1.

4.4 Local stability of the disease-persistent equilibrium

Theorem 4.2. The disease-persistent equilibrium point & given by the solution of expression

(4.11) is locally asymptotically stable in  when Ry > 1 and unstable otherwise.

Proof. The local stability of the disease-persistent equilibrium point &7 is proved based on
the centre manifold theory as described in (Castillo-Chavez and Song, 2004). We avoid
re-stating the theorem and compute the components of a and b as explained in the theorem.

Let © = Buic r1 be our bifurcation parameter so that for

: {1_(2) '@0f1+‘%0f2+%0f3+%0f4 ( Om2 0m3 0 4)
4.14)

Furthermore, to linearise the system (4.5), we define

Sn=x1, ILm=x2, ILpp=x3, T =x4, Tuo=xs,
Sr=x¢, Ip1=x7, Ipp=x3, Tpr1=x9, Tp2=x0,
and

% = f(x,9),f: R« R - Rand f € C}(R° xR).
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Thus, we linearise the system (4.5) at disease-free equilibrium with the bifurcation parameter

¥ to obtain
where
—H
0
Ji=10
0
| 0
0
0
Jo=10
0
0
0
0
J3=10
0
0

Ji D
J= (4.15)
J3 Jy
0 0 0 0 —u 0 0 0 0
-01 0 0 0 0 —-0s O 0 0
n -0 0 0|, 4a=|0 » -0 O 0
7| 0 —-03 o 0 0 -0 wm
0 Y —04 | 0 0 U Y2 —0s
(1=0)Bricmi Sy (1=0)BracmaSy  (1=9)Br3cusSy,  (1=9)BracuaSy, |
Ny, Ny N N
(1=0)Bricm Sy, (1=¢)BracmaSy (1=9)Br3cm3Sy, (1=¢)BracmaSy,
N Nn Ny N
0 0 0 0 )
0 0 0 0
0 0 0 0
(1_¢)ﬁmlcfls; | (1—¢)ﬁm20f25;3 - (1_¢')ﬁm3cf35; o (1_¢')ﬁm4cf4s}-
Ny Ny Ny Ny
(1-9)Bmicr1Sy (1-9)Bmacp2Sy (1-9)Bu3zc3Sy (1=9)BacraSy
Ny Ny Ny Ny
0 0 0 0
0 0 0 0
0 0 0 0

It is important to note that with the bifurcation parameter expressed in (4.14), the linearised

system (4.15) has a zero eigenvalue while the rest of the eigenvalues are negative. The

left eigenvector of (4.15), V = (v1,v2,v3,Vv4,Vs,V6,V7,V8,v9,v]0) and the right eigenvector

W = (w1, wp, w3, wq,ws, We, Ww7,Wws,wg,wig)” both associated to the eigenvalue zero are
solutions of the linearised system (4.15) such that VJ = [0,0,0,0,0,0,0,0,0,0], JW =
[0,0,0,0,0,0,0,0,0, O]T and VW = 1. The associated left eigenvectors are given by

67



= ve=0. vi=1, vy 0506(Q7(82 + 1) + pHan) )
’ 7 pu(l1—9)(Qo+ Q10+ 011)’
yy = L)@ (BepBrot e y3Brs) +03((82 + )eyaPma + Tacsafina))
O (uw; + Q3(02 + 1)) 7
vy = L0 QacrsPrs+¥1cpaPa) - (1= 0)(@1¢s3Pm3 +Os¢raPma)
po+Q3(6 +u) ’ pop+03(8 +u) ’
g — Os(Bracm (1 + Q7(62 + 1)) + Ta(@2Br3cm3 + Q1B racma))
(Qo+ 010+ 011) ’
_ 0506(0sBr3cms+ WaPracma) o Q506 Br3cms + Q7Bracma)
B (Qo+ Q10+ 0mn1) T (Qo+Q10+011) T

while the associated right eigenvectors are given by

w1 = __Ql wy =1 w3 = % Wy = N0 + 02047 \
M ’ Q' 0> (U + 03 (u+8))
OhT101 + 03N 5 —010506(1 @ +07(8 + 1))

T O(pe 031+ 8) T T u(1-9)(Qo+ 010+ Q1)
_0106(Qr () tpm)  (Qi0(Qr(%+p) +pan)
u(1-9)(Qo+010+01) ° p1—9)(Qs+0iw0+0n)
o = 01(ptaw +060873) oo (01(Q717 T+ Qs3y2)
u(l—=0)(Qo+Qio+011)’ u(1—9)(Qo+ Q1o+ 0i11)’)

with

Qo = (U +Q7(8 + 1)) (QsBricmt +12Br2cm2),  Qro = Bracm3(BTawr + Qs0873),
011 = Bracma (1077 + QT3 ¥2).

According Castillo-Chavez and Song (2004), the local dynamics of the system (4.5) around

zero are governed by the the signs of a and b, where

2

9 fi
VEWiW j (0,0), b= VWi (0,0). (4.16)
k’l’ZJ" . 1 9x;0x; i0x; klz’l 8x,819

To compute a and b we, respectively, evaluate the non-zero second-order mixed derivatives

with respect to variables and the non-zero partial derivatives with respect to bifurcation
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parameter. These are given by

%, 9*fr  ud ?f
8x6&xz N aX2aX6 - (1 — OC)A’ aX219 -

1. (4.17)

Now, substituting the expressions into (4.16) and simplifying, we obtain

a—

- 010506(Han +Q7(6 + 1)) [0102030405060705(1 — P1) (1 — Do) — ¥y]
0304A(1 — a)(1 = ¢)3(1 = D1)(Qo + Q10+ Q11)¥2 ’

b=1,
(4.18)

where

\

Py = (1-0)*(110304(1 — @1)c 2Bz + c£3Bm3 (N 1201 +02047T1) + € £aBna (1 03T
+0211y1))(Q6Q708Br1cm1 (1 — P2) + Br3cms (Qs 0873 + 12 T4 )
+0708Br2cm¥a(1 = D2) + Bracma(Q112Ta + QT3 ¥2)),

¥) = (Q6Q708Br1¢m1 (1 —D2) + Br3cm3(Qs 083 + 12 1a2) + Q708 Br2cma (1 — @2)

+ Bracma (0107 + Q63 Y2)).

Ve

From expressions in (4.18), it can be seen that a < 0 and b > 0 for all parameter values.
Therefore the disease-persistent equilibrium point &7 is locally asymptotically stable close to

Ho = 1. ]

4.5 Data and parameter estimation

4.5.1 Parameter estimation

Some of the parameter ranges used in this paper have been estimated from previously
published articles, while others are estimated intuitively. The baseline parameter values are
obtained through curve fitting and presented under the caption of Figure 4.4. The full list of

parameter ranges used in the simulation is given in Table 4.3.
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4.5.2 HIV data

Table 4.3: Parameter ranges of the model (4.5) given per month.

Parameter Min Max Source

A 0.0013N 0.00265N (WB, 2017)

Bij 0.0 1.0 Assumed

Cij 1.0 4.0 Estimated

a 0.35 0.60 (POP, 2017)

u 0.00119 0.00167 (POP, 2017; WB, 2017)
o 0.0069 0.0104 (Okosun et al., 2013)
Ya 0.18 1.0 Estimated

Tp 0.1 1.0 Estimated

/8 0.1 1.0 Estimated

wy, 0.1 0.8 Estimated

The data were obtained from Kenya Health Information System (KHIS) (KHIS, 2017). The

data used represent new HIV infection for both males and females in Kenya. Data are

collected routinely on a monthly basis and were retrieved for the period beginning January

2011 to December 2017. Only variables of interest were pulled out to excel spreadsheet.

Data were stored in excel and thereafter analysed in R. The pictorial representation of the

raw data is given in Figure 4.2.
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Figure 4.2: The graphical representation of the data for the new cases of HIV infections in
Kenya in the male and female populations.
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4.5.3 Initial conditions

To fit and validate model (4.5) to the data on reported cases of new HIV infections in Kenya,
the initial conditions are set as follows. The total population of Kenya at the end of 2010 was
estimated to be 41.35 million according to KNBS (2015). Of this, 57.6% was aged 15 years
and above. Therefore the total population (N) considered in this paper is 23.8176 million.
The population of male (N,) is estimated to be 49% and that of female (Ny) is estimated at
51%. The reported number of adults living with HIV in January 2011 was 1.2 million with
approximated 661,515 on ART treatment (NACC, 2013). From here, the number of new HIV
infections (/,,; and Is,,) have been estimated based on the data reported in January 2011 to
be 500 and 530, respectively (KHIS, 2017). The susceptible population for each gender is

estimated using the following relations

2 2
Sm:Nm—Z[mk—Zkaande:Nf—Zlfk—ZTfk.

2 2
k=1 k=1 k=1 k=1

The breakdown of the initial populations used in the curve fitting is given in Table 4.4. We
therefore resort to curve fitting and numerical simulation to understand the effect of PrEP on

the evolution of HIV.

Table 4.4: Estimates of the ranges of the state variables of model (4.5).

Variable Male Female Source

S 11,589,991 11,764,344 (NACC, 2013)
L 500 530 KHIS (2017)
53 35,000 40,000 Assumed

T 30,000 35,000 (NACC, 2013)
T 45,000 50,000 Assumed

4.6 Descriptive statistical analysis of the data

Input data were summarized using error bar and density plot to illustrate the extent of

variability and presented in Figure 4.3. For process indicators, the mean number of infections
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are reported and the 95% confidence intervals are presented using the error bar in Figure 4.3,
panel (a). The results suggest that there is a significant difference in HIV infections between
males and females. This is supported by the non-overlapping standard deviation error bars.
Furthermore, it can easily be seen that the mean number of new cases of infections in the
female population is higher than that in males. From results in Figure 4.3, panel (b), it can
clearly be seen that the data for the two sets do not follow a normal distribution. Thus, there
is need to perform further tests to establish any significance difference. To establish whether
there is significant difference in the male and female infections, Mann-Whitney U-test is
used. This is a non-parametric test that is used to compare means of two groups that do not
follow a normal distribution. The results in Table 4.5 show that there is significant difference
in the mean infections between male and female given that the p-value = 3.686¢ — 10 < 0.05,

performed at 95% confidence level.
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Figure 4.3: The graphical representation of the variability of the data. Panel (a) shows the
means with error bars for two variables (females and males): n = 84 for each variable. The
column denotes the data mean (M). The bars show confidence interval (CI). CI error bars
encompass 95% of the data. Panel (b) shows the density distribution of the data.

Table 4.5: Wilcoxon test results for the difference in the male and female infections

w p-value

5504 3.686e-10
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4.7 Cuve fitting

In this section, we fit system (4.5) to data to determine the trend of HIV in male and female
populations. Curve fitting is a process that allows us to quantitatively estimate the trend of
the outcomes. The curve fitting process fits equations of approximating curves to the raw
field data. However, for a given set of data, the fitting curves of a given type are generally
not unique. Thus, a curve with a minimal deviation from all data points is desired. This
best-fitting curve can be obtained by the method of least squares. In this method, the unknown
parameters are approximated through minimization of the sum of the squared deviations
between the data and the model predictions. It minimizes the sum of squared distances
between the observed values and the model predicted values. This can be mathematically

expressed as

n n
RSS= Y07 =Y (1 -9,
i=1 i=1
where 6; = (y — y) and n refers to the data points and RSS refers to the sum of square error

estimate which is assumed to follow a normal distribution.

The FME package (A flexible modelling environment for inverse modelling, sensitivity,
identifiability and Monte Carlo Analysis) in R (Soetaert et al., 2010) is used to fit the model
to data. An R code is used in which, the parameters with unknown values are given lower and
upper bounds from which the set of parameter values that produce the best fit are obtained.
The following parameters were fixed at the values: A = 0.0014N, u = 0.00139, §; =
0.00915, 8, = 0.00725, cm1 =cp1 =3, cpia =Cm3 =Cma =Cp2 =cp3 =Cp4 = 2,00 = 0.49.
The parameter ranges/values in Table 4.3 are used in the curve fitting and the resulting point

values estimated are presented under the caption of Figure 4.4.

We observe in Figure 4.4, panels (a) and (b) that the model fits well to the data. It is
important to note that the cases of new infection reached their peak in the year 2014. The
results show that there was a rise in HIV infection between 2011 and 2014, accompanied
by a noticeable decline in the occurrences of of new cases of HIV infection. The projected

trends in Figure 4.5, panel (b) show that infection will decline towards 2030 when PrEP
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uptake is maintained slightly above 40%. Note that the government of Kenya approved PrEP
uptake in 2017 and much of its successes are yet to be reported. The effect of introduction
of PrEP is seen in Figure 4.5, panel (b) where there is a sudden fall in 2017 following
the government approval. Thus, there is need to emphasise preventive measures through
educational campaigns and social programmes that ensure minimal or reduced infections.
Although, the trend shows a general fall in HIV infections, the female population will
still continue to be disproportionately affected by the epidemic compared to the the male
population as reflected in Figure 4.5, panel (a). This finding agrees with the finding in the
report by Kenya National AIDS Control Council (NACC) (MOH, 2016a; NACC, 2016).
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Figure 4.4: Model system (4.5) fitted to data for the reported new cases of HIV infec-
tion. The panel (a) shows the model fitted to the data for the male while panel (b)
shows the model fitted to data for the female. The blue dots indicate the actual data and
the red line indicates the model fit to the data. The baseline parameter values obtained
from the curve fitting are: B,,; = 0.110, B2 = 0.0031, B,;3 = 0.0062, B0 = 0.149, B =
0.243,B72 = 0.127, B3 = 0.003, B4 = 0.0014, 11 = 0.550,7% = 0.126,7; = 0.999,7, =
1.000, 73 = 0.613, 74 = 0.483, w1 = 0.005, y», = 0.002, w; = 0.540, @, = 0.002.

In order to establish the correlation between the parameters with respect to variables I,
and Iry, we present pairs plot of the markov chain monte carlo (MCMC) samples for the
model parameters. As seen Figure 4.6, the scatter plot matrix in the upper panel describes the
pairwise relationship between parameters with corresponding correlation coefficients shown
in the lower panel. The marginal distribution for each parameter is shown on the diagonal.
The scatter in blue and green correspond to 7, and /7 respectively. It is shown in Figure 4.6
that there is a negative correlation between f3,,; and @; as well as ﬁfl and @,. This implies

that that an increase in the drug efficacy (ART) results in a decrease in the infection terms.
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This is particularly true with regards to treatment of HIV due to the fact that an increase in
the drug efficacy results in an increase in viral load suppression which in turn lowers the

chances of infection through heterosexual means.
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Figure 4.5: Panel (a) shows the comparison of the new cases of infections between male
and females as fitted to the data. Panel (b) shows the projection of infection to 2030 with a
constant up-take of PrEP at 40% following its approval and its subsequent use in 2017 by the
Kenyan government.
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Figure 4.6: Pairs plot of the markov chain monte carlo (MCMC) samples for the model
parameters.
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4.7.1 Sensitivity analysis

We performed sensitivity analysis to examine the output’s (basic reproduction number)
response to the simultaneous variation of the parameter values within a range in the parameter
space is given in Table 4.3. Following the work in Marino et al. (2008); Stein (1987); Wu et al.
(2013), we use Latin Hypercube Sampling (LHS) to determine the Partial Rank Correlation
Coefficients (PRCCs) with 5000 simulations per run in Matlab. PRCC takes values between
—1 and +1 in which the sign indicates how the model output is qualitatively related to each
model parameter. The parameters are assumed to be drawn distributions of random variables
with uniform distribution with their range values given in Table 4.3 and point values given
under the caption of Figure 4.4. We observe from Figure 4.7 that the parameters with the
greatest potential to increase the HIV infection are the effective person to person contact
rates. Moreover, the uptake of PrEP, ¢ is the parameter with the greatest potential to make

the epidemic better when increased. This is supported by the results in Figure 4.5 sub-figure

(b).
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Figure 4.7: Sensitivity indices of the model parameters with 7,1 and Iz taken as baseline
PRCC analysis variables.
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4.8 Conclusion

In this chapter, we have analysed a sex-structured population model and studied the HIV
infection trends in males and females. The model assumed that the main mode of HIV
transmission is through intercourse in heterosexual means. The basic reproduction number
and equilibrium points are computed and their stability analysed. From our computation, we
deduce that the model exhibits two equilibria namely the disease-free equilibrium and the
endemic equilibrium. The data representing new cases of HIV infection for both males and
females were extracted from Kenya Health Information System (KHIS) and analysed. The
descriptive statistics of the data shows that there exists a higher number of cases of infection
in females as compared to males. This difference has been established to be significant
through Mann-Whitney U-test. The model has been fitted to data using least squares method
in R. The trend shows that the females are still disproportionately affected with HIV as
compared to males. In order to establish the impact of the recent roll-out of PrEP, we
investigated its role in limiting HIV infection. We fixed the rate of PrEP use to zero for the
period before May 2017 when the PrEP use was launched in Kenya and after May 2017, the
rate of PrEP use was fixed at 0.40 representing 40% coverage. From the trend projection to
year 2030, we conclude that PrEP plays an important role in reducing the number of new
cases of HIV. We notice that when the value of parameter (¢) is fixed at 0.40, the cases of
infection declines towards 2030 to a near complete eradication of HIV. This implies that
controlling and eventual eradication of HIV in Kenya requires aggressive campaigns by the
government in favour of PrEP use. Furthermore, sensitivity analysis has been carried out
using Latin Hypercube Sampling (LHS) technique. It is seen that the model output (basic
reproduction number) is highly sensitive to the effective contact rates suggesting that efforts
made to reduce the contacts between uninfected individuals and the infected individuals will

be most appropriate in limiting the occurrence of new cases infections.

HIV patients under ART treatment are possibly capable of aiding the eradication of HIV
by convincing their sexual partners of the need to adhere to protection via use of PrEP
or any other protection means and ART treatment. The model presented in this chapter

is a simplified description of HIV infection in Kenya and therefore it has some cogent
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limitations. The model presented in this study does not take into account the full stages of
HIV. Even though, the model recognizes the fact that there is need for immediate treatment
once an individual is found to be positive in line with WHO regulations of 2015 based on
viral load suppression, the model did not factor in the viral load levels. This limitation
can be circumvented in various ways. First, there is a need to link the model to laboratory
experiments for a clearer determination of parameter values based on the viral load of the
patients. Second, the development of mathematical models elucidating all the HIV stages
will greatly advance our understanding of HIV spread in Kenya. Despite the limitations
highlighted, the model results have significant bearings on HIV dynamics and its treatment
with ART. In the next chapter, we develop an age and sex structured mathematical model
to project future time trends in the epidemic allowing for current and future levels of ART

coverage.
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Chapter 5

A mathematical model of HIV dynamics

in two heterosexual age groups
5.1 Introduction

Kenya’s HIV epidemic is driven by sexual transmission and is generalized, meaning it affects
all sections of the population including children (aged 0-14 years), young people (aged 15-24
years), adults (aged 25 years and over), women and men (AV, 2017). While the prevalence of
HIV infection considerably reduced to 6.0% in 2010 from 10% in 1996, women still continue
to be disproportionately affected by the HIV infections since men often dominate sexual
relationships, with women not always able to practice safer sex even when they know the
risks (AV, 2017). Young women are almost twice as likely to acquire HIV as their male
counterparts. At the end of 2015, young women accounted for 33% of the total number of
new infections in comparison to young men that accounted for 16% (MOH, 2016b). Control
of HIV requires different interventions for different age groups. HIV education and awareness
is an important component of HIV prevention. In Kenya, 73% of young women and 82% of
young men in 2014 demonstrated adequate knowledge of HIV prevention (MOH, 2016b).
However, incorrect perception of HIV risk, and having unprotected sexual intercourse under
influence of alcohol or drugs have been cited as some of the factors that contribute to the rise

in HIV infection among young people (AV, 2017).

Mathematical modelling is a common tool for studying the dynamics of infectious disease,
and propose mitigation measures to control disease outbreaks (Keeling and Rohani, 2011).
As such, a number of HIV models have been constructed and analysed to understand the

transmission dynamics of the disease. Aldila (2018) studied HIV transmission dynamics
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using a compartmental model. They considered the awareness of individuals both infected
and uninfected with HIV as well as ART treatment intervention. In another study, Kim
et al. (2014) studied HIV prevention measures including PrEP on HIV incidence and es-
tablished that PrEP use was more beneficial in prevention of HIV infection in South Korea.
Mukandavire et al. (2009) modelled a sex-structured model for heterosexual transmission of
HIV/AIDS with explicit incubation period and provided an in-depth and complete qualitative
analysis. However, the model neglected stratification by age. In another study,Mukandavire
and Garira (2007a,b) considered heterosexual interactions of males and females using integro-
differential equations with a time delay due to incubation period. While they incorporated
the effects of male and female condom use as the main mode of preventing HIV infection, no
real-time surveillance data to establish the trend of infection using using MCMC technique
to infer the parameters. To the best of our knowledge, all the above research works focused
on the mathematical analysis of the models and few papers of HIV infection exist, where

gender and age is modelled using real-time surveillance data.

The work in this chapter is motivated by the desire to understand the difference in HIV
infections within and between different age groups. We develop a deterministic transmission
model to gain qualitative insight into the effect of age on HIV transmission dynamics and
establish whether there is difference in HIV infection in Kenya within and between different
age groups by extending the model in Mukandavire and Garira (2007a). A notable feature of
our model is the incorporation of two different age classes involving the young adults (aged
15-24 years) and adults (aged 25 years and over) for which data are available. The model is a
classic susceptible, infectious and treatment (SIT) model that involves infectious classes and
those who have been enrolled into treatment programme mainly ART. While both the impact
and the cost of different combinations of interventions vary, in this chapter, we are concerned
with the population impact that can be achieved for a given reduction in the individual risk of

transmission irrespective of how it is brought about.
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5.2 Mathematical model

5.2.1 Model formulation

We consider a simple mathematical model to understand the dynamics of HIV within and
between two different age categories in Kenya. A similar modelling approach was carried
out by Forouzannia and Gumel (2014) where they developed a model to assess the role
of age-structure on the transmission dynamics of malaria in a community. The population
is divided into young adults (aged 15-24) and adult (age 25 and over) sub-populations.
Each sub-population is divided into susceptible individuals (S), infected individuals (I) and
those who have been enrolled into treatment programme mainly ART (T). The total variable

population at time ¢ is described by

N(t) = Nu(t) +Ns(1), (5.1)

where the subscripts m and f denote male and female and the individual sex oriented popula-

tion described by

Nm(t) :Sdm+Sam +Idm +Iam+Tdm+Tam7 (5 2)

Np(t) = Say+Saf +lap +lap + Tayp + Toy.
Here, d and a represent the young adults (aged between 15-24 years) and the adults (aged
over 25 years), respectively. The population of the susceptible young adults is generated at
the rate II via birth or immigration of which a proportion 7 are assumed to be males and
(1 — 1) females. The population is reduced by young adults maturation at the rate & and by
natural death at the rate u;. The infection rate of the young adults in both males and females

is respectively given by

_ Ponllay & 6nluy +6:Tay +O5Tag) 5 BotoUlan+ Olam + O5Tan + O6Tam)

A
dm N, Nf
(5.3)
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The parameters B, B161, B162, B16s, B2, B264, B265 and ;64 are the probabilities of HIV
infection through contacts with individuals in /ij and 7;;, where i, j refers to young adults
and adults, respectively. The infected young adults for both males and females are connected
to ART treatment and care at the rates ¢; and 9, respectively. The male and female adults
acquire infection at the rates, respectively given by

_ Bsvs(Lag +milay +mTar +n3Tayp)

l . B4’}/4 (Idm + n4Ium + ns Tdm + rl6Tam)
am — N
m

dAr=
an af Nf s
5.4)

where the parameters 3, B3N, B3Nz, B3Nz, Ba, Bana, PBans and B4ng are the probabilities

of HIV infection through contacts with individuals in /ij and T;;, respectively. The infected
male and female adults are connected to ART treatment and care at the respective rates given
by ¢, and 0,. The adult classes are reduced by the natural death rate u,. The parameters ¥,
fork=1,---,4, are the average number of sexual partnerships formed per unit time in each

age category.

5.2.2 Model assumptions

(i) In our modelling framework, it is assumed that HIV transmission is mainly through

sexual intercourse in heterosexual means.
(i1)) We assume that all the infected individuals are connected to ART treatment.

(ii1) The AIDS class is not considered in this model given that full blown AIDS patients
are usually hospitalized and/or sexually inactive. It is assumed that they are not able to

engage in HIV transmission activities hence do not contribute to HIV infection.

(iv) Since the current study is looking at the trend of new HIV infections within and
between these two age groups, it is assumed that there is no vertical transmission or

immigration of infectious individuals; thus there is no inflow into the infectious classes.

The model compartments are schematically illustrated in Figure 5.1.

82



MaSat Malar HaTar S

D s SN ' T

n(1-t) AgtSa ; [ : =
2 ! Idf !
© ! '
[ |
& aSg et ol ATy ;

uasaf Aafsaf 3 Iaf 6Zlaf Taf

— T Wl N

[

>

o

| ©

f

@©

n

u’alam l‘laTam N

uasam Sam }\amsam% |am d)zlam Tam
anm\ algm Ty | !
[ ' i -

= Mt }‘dmsdm E ¢) Id !

2 Sdm LTS — Tam | <

) ' L &

.................................... A

P-dsdml Halgm HgTam -

Figure 5.1: Flow chart of the compartmental model.

Table 5.1: Definition of the state variables considered in the model (5.5).

Variable || Description

Sam(1) The number of susceptible male young adults at time ¢

Lim (1) The number of infected male young adults not on ART at time ¢
Tym(t) The number of infected male young adults on ART at time ¢
Sar(t) The number of susceptible female young adults at time #

Lif(t) The number of infected female young adults not on ART at time ¢
Trm(t) The number of infected female young adults on ART at time ¢
Sam(t) The number of susceptible male adults at time ¢

Ly (1) The number of infected male adults not on ART at time ¢

Tum (1) The number of infected male adults on ART at time ¢

Sar(t) The number of susceptible female adults at time ¢

Ly (1) The number of infected female adults not on ART at time ¢
T.z(1) The number of infected female adults on ART at time ¢
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Table 5.2: Description of the parameters used in the model (5.5).

Parameter | Description

B1 The probability of HIV infection by S, through contacts with infected individuals
633 The probability of HIV infection by S, through contacts with infected individuals
B3 The probability of HIV infection by S, through contacts with infected individuals
on The probability of HIV infection by S, ¢ through contacts with infected individuals
0, The modification parameter accounting for reduced infectiousness in /¢

6, The modification parameter accounting for reduced infectiousness in 7y

65 The modification parameter accounting for reduced infectiousness in 7;, ¢

0, The modification parameter accounting for reduced infectiousness in 1,

05 The modification parameter accounting for reduced infectiousness in 7y,

O The modification parameter accounting for reduced infectiousness in 7,

m The modification parameter accounting for reduced infectiousness in I, ¢

iy The modification parameter accounting for reduced infectiousness in 7y

IT The total rate of generation of the susceptible into the system

3 The modification parameter accounting for reduced infectiousness in 7;,

T The proportion male susceptible generated into the system

N4 The modification parameter accounting for reduced infectiousness in I,

Uy The natural death rate of young adults

ns The modification parameter accounting for reduced infectiousness in 7y,

Ug The natural death rate of the adults

N6 The modification parameter accounting for reduced infectiousness in 7,

N The average number of sexual partnership formed by male young adults

%) The average number of sexual partnership formed by female young adults

%) The average number of sexual partnership formed by male adults

Ya The average number of sexual partnership formed by female adults

o1 The rate at which infected young male adults are connected to ART treatment

(033 The rate at which infected male adults are connected to ART treatment

o1 The rate at which infected young female adults are connected to ART treatment

& The rate at which infected female adults are connected to ART treatment

a The maturation rate of young adults to adults
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5.2.3 Model equations

Given the above descriptions and assumptions, the dynamics of HIV in the population is

given by the following deterministic system of non-linear differential equations.

dSum das, )
d—i =17 — AgmSam — (Ma + &) Sam, Tf =II(1 —7) = AgSay — (Ha + )Say,
dl dl
d_tm = AamSam — (01 + & + Uq) L, d_tf = AagSar — (0 + 81 + ta)lay,
dT, dT,
Tm = O1lgm — (0 + Uq) Tym, Tf = O1lgy — (@ + )Ty,
ds ds

dam = 0Sgm — AamSam — MaSam; af ~ anf I ;LafSaf - “aSafa

t dt

dl, dl,

dtm = AamSam + oly, — (¢2 +.ua)lam7 d(;f ~ )vafSaf+ Oddf - (82 +.ua>laf7
dT, dT,

djm = @Oolum + Ty — o Tum, d:f = 521af W aTdf - .uaTafa

(5.5)

subject to the following initial conditions

(5.6)

5.3 Model analysis

5.3.1 Well-posedness of the model

In this section, we show that the system (5.5) is mathematically well defined and biologically
feasible. For convenience in mathematical analysis, we let Q1 = s+ @, Q> = ¢1 +a +
Ug, O3 = 9+ Uy, Q4 = A+ 01 + Wy, Q5 = 6 + Ug. The system (5.5) can be rewritten in

the following form
ax

— =AX)X+F
5 — AKX +F,
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where X = (Sdma L, Tam, Sams Lams Tam, Sdf, Idf, Tdf, Saf, Iaf, Taf)t. Thus, the matrix
A is given by

s 0 0 0 0 0O 0O 0 0 0 0 0
dam —02 O O 0O 0 O 0O O 0 0 0
O ¢ -0, 0 0O 0 0 0 0 0 0 0
@« 0 0 -0 0 0 0 0 0 0 0 0
0 @« 0 Am -03 0O 0 0O 0 0 0 0

ao| 00 @ 0 e w00 0 0 0 0
o 0 0 0 0 0 -0 0 0 0 0 0

0 0 0 0 0 0 Ay 04 0O 0 0 0

o 0 0 0 0 0 0 & -0 0 0 0

o 0 0 0 0 0 « 0 0 -0 0 0

O 0 0 0 0 0 0 o 0 Ay —05 0

0o 0 0o 0 0 0 0 0 a & -

and F = (TIt, 0, 0, 0, 0, 0, II(1 —17), 0, 0, 0, 0, 0)”. Here, Q¢ = (Ay +Q1), Q7 =
(Aam + Ua), Q3 = (Agr+01), Qo = (Aqr + Uq). It is important to note that A(X) is a Metzler
matrix, that is, a matrix such that off diagonal entries are non-negative, for all Y € Rf.
Thus, using the fact that F' > 0, the system (5.5) is positively invariant in Rf (see, Abate
et al. (2009); Berman and Plemmons (1994)). This implies that any trajectory of the system
(5.5) starting from an initial state in Rf forever remains in Rf. Using the initial condition
N(0) > 0, the evolution of the system (5.5) is described by %’ <II— uN. Solving for N(r)

using integrating factor method we get

N < g e <N(0) _ g) | 5.7)

There are two possible cases in studying the behaviour of N(¢) in (6.5). In the first case, we
consider N(0) > % so that, at time t = 0, the right-hand side (RHS) of (6.5) experiences the
largest possible value of N(0). That is, N(¢) < N(0) for all time # > 0. In the second case,

we consider N(0) < %, so that the largest possible value of the RHS of (6.5) approaches %
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as time ¢ approaches infinity. Thus, N(¢) < % for all time ¢+ > 0. From these two cases, we
conclude that N(7) < max {N (0), %} for all time ¢ > 0. Therefore, we can study the system

(5.5) in the feasible region given by

Q- {(Sijma),n,-m(r),T,-,-ma),sz-jf(t),li,-f(t), Tif(1)) € R : N(r) < max {N<o>, g} } ,

which is positively invariant with respect to systems (5.5). This implies that the systems (5.5)

is well posed epidemiologically and all the solutions starting in 2 remain in €2 for all > 0.

5.3.2 Basic reproduction number

According to Diekmann and Heesterbeek (2000); Diekmann et al. (1990), the basic repro-
duction number commonly denoted as % is defined as the number of secondary cases of
infections arising from the introduction of a single infected individual in a wholly susceptible

population. The system (5.5) has a unique disease-free equilibrium given by

7 ollt I(1—r1) all(l1—r1) )
S =(=,00 —— 00 ——2 00, ——20,0]. 5.8
’ (Ql O1Ha 01 Q1 Ha 69

Since the model system (5.5) allows for free mixing of the individuals from the two stated
age groups, there are two ways of the disease transmission. These are within age group
transmission and between age groups transmission. We begin by finding the reproduction

numbers within the age groups. For the young adults, the disease-free equilibrium is given by

n (1 —
&:Clmmfi—ﬂmm) (5.9)
Ha Ha

Following the approach given in Van den Driessche and Watmough (2002), we let F and V

be the matrices of new infections and transmission, respectively. Thus, at the disease-free
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equilibrium defined in (5.9), these matrices are respectively given by

0 0  Bin Bind Ug+¢1 O 0 0
0 0 0 0 — 0 0
F = 7 V= (Pl Ha
By, By6s O 0 0 0 & +u; O
o 0 0 0 0 0 -8 W

The young adults transmission reproduction number which is the spectral radius of the

next-generation matrix (NGM) for the epidemic of HIV given by FV ~! is obtained as

0,6 0
Ty — {517’1( 1 2+.le)} {ﬁZYZ(Nd‘i‘ 5¢1)}‘ (5.10)
Ha (ta + 1) Ha (Ua + 61)
Similarly, the disease-free equilibrium within the adult age group is defined as
IT I1(1 —
& = <—T, 0,0, 1L=%) ¢ 0). (5.11)
Ha Ha

The matrices of new infections and transmission within adult (age group 25+) evaluated at

disease-free in (5.11) are, respectively given as

0 0  Bym By Uo+dr O 0 0
0 0 0 0 — a 0 0
F = V= ) M,
Bayana Payams O 0 0 0 &+u, O
0 0 0 0 0 0 —-& U
Therefore, the transmission reproduction number is given by
By, = [ﬁs}@ (H1Ha+5zn3)} |:ﬁ4’}/4<n4.ua+r[6¢2) | s
ta (Ha+ ¢2) ta (Ha +62)

If the HIV infection exists in a single age group connected to another age group through

maturation, then the movement of the individuals must be reflected in the basic reproduction
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number. The matrices for new infection terms and the transfer terms at the disease-free

equilibrium (5.8) are given by

0 0 BB Pinbi, 0, 0 0 0
0 0 0 0 - 0 0
F= oy afaran V= "
4 Y4 4 YaTl5
O+la  Q+fg 0 0 0 0 05 O
0 0 0 0 0 0 & M

Thus, the basic reproduction number between the male young adults and the female adults

(aged 25+ years) is given by

Romdfa = \/

On the other hand, the matrices for new infection terms and the transfer terms at the disease-

(5.13)

oBays (MsP1 + Ql)} {Bm (61 14a + 6,63)
010> (Uq + @) Os(ug+a) |

free equilibrium in (5.8) for the female young adults and male adults are given by

0 0 atly  Otia g 0 0 0
0 0 0 0 — 0O O
F= BavrOspta P22 Okt V= .
2 12Y4Ha 21296 Ha
o+ O+ Ha 0 0 0 0 Q4 O
0 0 0 0 0 0 =6 O

a3y

afspn

Hence, the basic reproduction number between the female young adults and the male adults

is given by

(5.14)

\/{ﬁZYZ(94.ua+96¢2):| [Oﬂﬁﬂ@ (6im+01) ‘

'@ ma
07d 03 (U + @) 0104 (Ua+ )

The matrices of representing new infections and transfer at the disease-free equilibrium in

(5.8) are respectively by
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0 0 0 0  fBin Bn6t Pin6, ﬁ17’193_
0 0 0 0 0 0 0 0
0 0 0 0 By Bysm Bym By
Fe 0 0 0 0 0 0 0 0 7
B2 Babs Bora0s Bapbs O 0 0 0
0 0 0 0 0 0 0 0
Bays Bavana PBavans Pavane O 0 0 0
I 0 0 0 0 0 0 0 0 |
(0, 0 0 0 0 0 0 0
—a QO3 0 0 0 0 0 0
-0 0 O O 0O 0 0 0
B R R
0 0 0 0 04 0 0 0
0 0 0 O0—a Os 0 0
o 0 0 0 =& 0 0 O
I 0 0 0 0 0 -6 —o Ha |

The basic reproduction number, %, of the whole system (5.5) is given as the maximum of

between age groups specific reproduction numbers. Thus, we have

Ro = max { RBomd fa» #ofdma } -

From Theorem 2 in Van den Driessche and Watmough (2002), we establish following result.

Theorem 5.1. The disease-free equilibrium of system (5.5) is locally asymptotically stable

whenever %y < 1 and unstable otherwise.

Theorem 5.1 implies that HIV infection will be contained in the population when %, < 1 if
the initial sizes of the of the sub-populations of the system (5.5) are in the basin of attraction
of the disease-free equilibrium. To understand the trend of HIV infection, we perform data

analysis and present results in section 5.4.
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5.4 Numerical analysis results

5.4.1 Epidemiological data and Ethical considerations

To study the extent and trend of HIV infection, we analyse the confirmed cases of new
infections in Kenya from January 2011 to September 2018. The data analysed was routinely
collected on a monthly basis and retrieved from Kenya Health information System available
at KHIS. Only variables of interest were pulled out to excel spreadsheet and thereafter
analysed in R. The data analysed is publicly available. Thus, the datasets used in our study
were de-identified and fully anonymised in advance, and the analysis of publicly available

data without identity information does not require ethical approval.

5.4.2 Parameter inference and estimation

The natural death rate was estimated to be ; = 0.0013 per month,u, = 0.00128 per month
based on the life expectancy in Kenya (WHR, 2018). The young adults maturation at the
rate o = 0.0083. The rate at young adults acquire sexual partners is assumed to be 3, that is,
Y1 = % = 3, while that of the adults has been assumed to be 2 (Y3 = 74 = 2). Initiating and
staying on treatment is particularly problematic for young adults. In 2014, it was estimated
that only 34,800 out of 141,000 young adults with known HIV positive status were on ART
(AV, 2017). Thus, the rates at which adolescents (males and females ) are connected to ART
treatment are assumed to be ¢; = 0.24 per month and §; = 0.28 per month, respectively.
On the other hand, based on the estimates from AV (2017), the rates at which the male and
female adults are connected to ART treatment is assumed to be ¢, = 0.58 per month and
0, = 0.68 per month, respectively. Table 5.3 gives the description of the parameters and the
initial conditions estimates used in this work. The initial conditions for Sy, S84, Sam and S, ¢
are estimated from Kenya demographics profile of both 2010 and 2018 (see KD (2018))
while other initial conditions for Iy, Tym, laf, Trm, lam, Tam, Loy and T,y are estimated

based on the retrieved data that is used in curve fitting.
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Table 5.3: Description of the parameters and the initial conditions estimates for the system
(5.5). The parameters are given per month.

Par/var Range Value Source H Par Range Value Source
Sam(0)  4,148,153-4,552,448 Est. KD (2018) Bi 0.0-1.0 Est.

Lim(0) 0-8,000 Est. B2 0.0-1.0 Est.

Tum(0) 0-6,000 Est. B3 0.0-1.0 Est.

Sar(0)  4,147,896-4,567,894 Est. KD (2018) Ba 0.0-1.0 Est.

1;£(0) 0-11,000 Est. 0, 0.0-1.0 Est.

Ttm(0) 0-8,000 Est. 0, 0.0-1.0 Est.

Sam(0)  8,460,138-9,641,107 Est. KD (2018) 63 0.0-1.0 Est.

L (0) 0-11,000 Est. 6 00-10 Est.

Tom(0) 0-9,000 Est. 0s 0.0-1.0 Est.

Sar(0)  8,624,799-9,799,146 Est. KD (2018) 6 0.0-1.0 Est.

1,7 (0) 0-17,000 Est. n 0.0-1.0 Est.

T.r(0) 0-14,000 Est. m 0.0-1.0 Est.

IT 40,000-85,000 44,000 KD (2018) m 0.0-1.0 Est.

T 0.0-1.0 0.48 WHR (2018) || N4 0.0-1.0 Est.

1%} 0.0011-0.0017  0.0013 WHR (2018) || 15 0.0-1.0 Est.

Uq 0.0011-0.0017 0.00128 WHR (2018) || ns 0.0-1.0 Est.

N 14 3  Assumed v 1-4 3  Assumed
02 1-4 2 Assumed Ya 14 2 Assumed
()} 0.0-1.0 0.24 AV (2017) ¢ 0.0-10 058 AV (2017)
0 0.0-1.0 0.28 AV (2017) 1)) 0.0-1.0 0.68 AV (2017)
o 0.0083

The unknown parameters, that is, 81, B2, B3, Bs4, 01, 62, 63, 04, 65, 64, N1, N2, N3, N4,
N5 and 1g, were estimated on the basis of the available data. Bayesian approach that is
implemented to the Markov Chain Monte Carlo (MCMC) technique is used in parameter
estimation. We minimize the sum of the squared error between the model and data, which is
given by

$S(3) =Y (Y- P(tn, D)), (5.15)

-

i=1

where

A

I
P(ty, ¥) = /t P RamSam+AaySas + kamSam + AaySar) dt,

which is the number of new HIV cases of infection for each age group. Note that, there are D
independent observations from the dataset that represent the number of new HIV cases of

infection at the Ath month, for A =1,2,3,--- . D. Now considering € is the error of fit, which
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follows an independent Gaussian distribution having unknown variance o2, then it follows
from (5.15) that
Yy =P(ty,D)+e, €~ N(0, I;c?),

with * referring to males and females, i and j remain as earlier defined. We assume an
independent Gaussian prior specification for the unknown parameters 9, that is, O, ~
N (Vy, W), where r = 1,2,3,---  D. Furthermore, it is assumed that the inverse of the error

variance follows a Gaussian distribution as prior taking the following form
7
2 X0 *0Sg
vio )~ —, —|.

Here, x¢ and S(Z) respectively, give the prior accuracy and prior mean of 6. Considering
the conditional conjugacy property of Gamma distribution (see, Sardar et al. (2016)), the

conditional distribution of v(c2|Y, %) is also a Gamma distribution with

N R x0S%2+SS(d
v (o2, 19):1“<x();r ,xO 0+2 ( )>.

The above property makes it possible to sample and update 62 within each Metropolis
Hastings simulation step for the other parameters. Since an independent Gaussian prior

specification for 9 is assumed, the prior sum of squares for ¥ is given by

D 2
N v, —V
pr1 19 = E < h h)
h=1

For a fixed value of 62, the posterior distribution of d is given by

v (1§|Y7 (;2) o< eXp [—% (@ SSpn(é)>

with the posterior ratio needed in the Metropolis-Hastings acceptable probability given as

51y, o2 ; 9 A A
v< A Y,o ) - [_% ((SS(@I) - SS(ﬁ2)> 1 (SSpri(ﬁz)JrSSpri(ﬁl)))] |

v (192“/7 Gz) o2 o2

\9}
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The modCost, modFit and modMCMC routine in package FME package (A flexible mod-
elling environment for inverse modelling, sensitivity, identifiability and Monte Carlo Analy-
sis) in R is used to estimate the unknown ¥ for the model. A R code is used in which, the
unknown parameter values are given a lower bound and an upper bound from which the set
of parameter values that produce the best fit are obtained. The parameter estimates and other

results arising from the model fitting to data are given in sub-section 5.4.6.

5.4.3 The basic description of data

In this section, we carry out simple descriptive statistical analysis of the dataset and results
presented in Table 5.4. The mean number of new HIV infections in the male young adults age
group is 1337 (95% Confidence Intervals (CI), 1114, 1560) while the average number of new
infections in the females of the same age group is 3164.7 (95% Confidence Intervals (CI),
2775, 3554), for the period from January 2011 to September 2018. The average number of
new infections in male and female adults are given by 5319 (95% Confidence Intervals (CI),
4818, 5821) and 7693 (95% Confidence Intervals (CI), 6952, 8433), respectively. Overall,
the mean number of HIV infections in males is 3328.1 while that in females is 5429. It can
be seen that females in both age categories are disproportionately affected with HIV more
than the males. In order to establish the extent of variation in the mean number of cases of
infections in the two age categories along the gender line, an error bar is plotted and presented
in Figure 5.2. It can be seen that the non-overlapping error bars may be significantly different.
This implies that further test is required to indicate the nature of differences in the means.
Thus, in sub-section 5.4.4, we carry out probability distribution test in order to choose an

appropriate test to establish the mean differences.

5.4.4 The probability distribution of the data

The probability distribution of the given dataset plays an important role in determining which
tests between parametric and non-parametric to conduct. There are various methods used to

test for the probability distribution of a given dataset. The methods can be to test for normality
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Table 5.4: Descriptive characteristics of the dataset retrieved for the duration spanning from
January 2011 to September 2018.

Age group Male Female
Mean SD  SE 95% CI' | Mean SD  SE 95% CI!

15-24 years 1337 1082 112.2 [1114,1560] | 3165 1891 196.1 [2775, 3554]
25+ years 5319 2434 252.4 [4818,5821] | 7693 3597 373  [6952, 8433]
d’and 2> 3328 2742 201.0 [2932,3725] | 5429 3656 268.1 [4900, 5958]

1'95% Confidence Interval
2 The young adults aged 15-24 years
3 The adults aged 25 and over years

8000 -

6000
Gender

. Female
IIIIWab

4000 -

2000 -

Mean cases of new HIV infections

0-

15-24 25+
Age groups (years)

Figure 5.2: The distribution of the average number of new HIV infections in two age groups
for males and females. Error bars are 95% confidence intervals.

or any other distribution. For normality tests, methods used include kolmogorov-smirnov,
Anderson Darling, Shapiro Wilk and Lilliefors test (Shapiro and Wilk, 1965). In this study,
we use the Shapiro Wilk test. This is the most powerful test when compared to the Anderson
Darling, Kolmogorov-Smirnov and Lilliefors tests (Razali and Wah, 2011). The test statistics

proposed in Shapiro and Wilk (1965) is given by

n 2
@y? (i)
o Z:I(J’q —3)*

W =
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where a' are set of weights given by

ny—1
mV
a/:(al’...7an): - - X
V(m'V-1V=1m)
Here, y,, for g = 1,2,--- ,n, is the gth order statistics whose similarity scores are sorted in
either descending or ascending order, y is the sample mean similarity score, m = (my,--- ,my,)’

are the first moments of the order statistics which are independent and identically normally
distributed random variables, S? is the estimator for the population variance 6 and V is

the covariance matrix of the order statistics. The dataset is assumed not to follow a normal

2
distribution when the test statistics W is small, that is, 0 < % < W <1 or when p-value

< o, the significance level. Otherwise the dataset follows a normal distribution.

Table 5.5: Shapiro Wilk test for normality of the dataset.

Age group Male Female
W P-value A\ P-value

15-24 years 0.8585 0.0000 | 0.9549 0.0028
25+ years 0.9692 0.0268 | 0.9600 0.0061

Table 5.5 shows results from Shapiro Wilk test for normality of the dataset. The test was
carried out at alpha level equal to 0.05, that is, at 95% Confidence Interval. Given that the
p-value for each age category for males and females is less than 0.05, then the null hypothesis
that the data are normally distributed is rejected. Thus, there is no enough evidence to assume
that the data follows a normal distribution. Figure 5.3 shows density plot to visualise the
distribution of data. This chart uses kernel smoothing to plot values, allowing for smoother
distributions by smoothing out the noise. The peaks of a density plot help display where
values are concentrated over the interval. It can be easily seen that the data are positively
skewed. Since the results show that the data does not follow a normal distribution, we conduct
Friedman test, a non-parametric test, to establish if there exists any significant differences
in mean number number of HIV infections between the two age groups for the males and

females.
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Figure 5.3: Density distribution of the dataset.
5.4.5 Kruskal-Wallis test

Kruskal-Wallis’s test is a non-parametric method for testing the equality of several indepen-
dent samples. It is useful in analysing experimental data from completely randomized designs
(Kruskal and Wallis, 1952). To compute the Kruskal-Wallis test statistic, all the observations
are first ranked in ascending order where the smallest observation takes rank 1 and the largest
observation takes rank N. The sum and average of the ranks of the observations pertaining to
each sample are obtained next. If the sample effects are equal, then the average ranks are
expected to be the same and if there is any difference then that is due to sampling fluctuations.
The Kruskal-Wallis test statistic is based on the assessment of the differences among the
average ranks. That is, let R;; be the rank of y;;,i =1,2,3,---,b; j=1,2,---,t (Where b
refers to the samples (treatments) and the ith treatment is replicated ¢ times, i = 1,2,--- , b,
R; = Z’j:] R;; be the sum of the ranks of the observations pertaining to the ith treatment,
R = % be the average of the ranks of the observations pertaining to the ith treatment, and R

be the mean of all the R;. The Kruskal-Wallis test statistic is then given by

2 & - 2
H=——+——) ti(Ri—R)" ~X,_1- 5.16
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Since 2?21 R; = N(N;]), it follows that R = % Thus, expression (5.16) reduces to

12 sz

= N(N+1) & Z

Note that the coefficient is known as a suitable normalization factor (see, Manoukian

(N+1)
(1986)). The expressions in (5.16) and (5.17) are computed if there are no ties in the
observations. In the event there are ties, each observation is given the mean of the ranks

for which it is tied. The Kruskal-Wallis statistics in (5.17) is then divided by the correction

factor given by
T l(m —m;)
— &=

where m; refers to the number of ties in ith group of k tied groups. Hence, the corrected

Kruskal-Wallis test statistic for ties is expressed as

12 bR2 3N(N+1)2(N 1) 5

=NV & NP =) —m) R

It is important to note that the correction factor is included when there are ties to increase
the value of the test statistics so as to make the results more significant. Furthermore, the
Kruskal-Wallis test statistic has a chi-square distribution with (b — 1) degrees of freedom

under the null hypothesis. The test results obtained in R are given as:
Kruskal-Wallis chi-squared = 180.11, df = 3, p-value < 2.2¢ — 16.

The results give )(32 0—0.0s = 180.11 and p-value< 0.05, the level of significance. There is
very strong evidence to suggest a significant difference in HIV infection between at least
one pair of the groups. Since there is a significant difference in HIV infections as the results
suggest, a post-hoc analysis is performed to determine which group of the individuals differ
from each other in HIV infections. We use Nemenyi test which is appropriate for groups with
equal number of observations as in our case (Zar, 2010). The results are presented in Table
5.6. Since all the p-values are less that 0.05, the level of significance, there are significant

differences in HIV infections between the groups.
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Table 5.6: Pairwise comparisons using Tukey and Kramer (Nemenyi) test. F-15-24 and
M-15-24 means the female and male young adults while F-25+ and M-25+ means the female
and male adults, respectively. The lower triangles of the matrices respectively contain the x>
and p-values of the pairwise comparisons.

x? output P-value
F-15-24 F-25+ M-15-24 F-15-24 F-25+ M-15-24
F-25+ 10.978 F-25+ 0.0000
M-15-24  6.828 17.806 M-15-24 0.00001 0.0000
M-25+ 6.377  4.601 13.205 M-25+ 0.00004 0.006  0.0000

5.4.6 Model fitting

The results in Figure 5.4 clearly show that the model fits well with the available data points.
It is important to observe that the cases of infection peaked in the year 2013. The results
show that there was a rise in HIV infection between 2011 and 2013, followed by a significant
slow down in the occurrences of of new cases of HIV infection. In Figure 5.5, we make a
comparison of new cases of HIV infection for the two groups. Our results are indicative
of a long-term fall in cases of HIV infection in which there is a significant decline in the
cases of infection by 2030. However, it can be clearly seen that the occurrence of new
cases of HIV infection is more prominent in the adult population as compared to the young
adults’ population. The most important observation is there is high number of cases of HIV
infection amongst the female adults (aged 25 and over) in comparison to the remaining
groups. It is known that women in this group are disproportionately affected by the HIV
infections since it is men often dominate sexual relationships leaving women with no ability
to always practice safer sex despite the known risks involved (AV, 2017). The results show
that new cases of HIV infection amongst the young male adults would be contained by
2025 while that of their female counterparts is likely to be contained after 2030 should the
current interventions against HIV in Kenya be maintained. Tables 5.7-5.9 give the estimated
variable values, estimated parameter values and the transmission reproduction numbers,
respectively. The computation of the reproduction numbers within and between age groups
in Table 5.9 provides insights into control that cannot be deduced simply from observations

on the prevalence of infection. More specifically, the analysis showed that the per capita rate
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of HIV transmission was highest when there is interaction between young adults to adults

and most HIV infections occurred in adult population.

Table 5.7: Estimates of state variable values from the model fitting to data.

Male Female

Mean SE 95% CI! Mean SE 95% CI!
S; 4326140 1665 [4325114,4327166] | 4333384 548.6  [4332309, 4334459]
I 180  0.4845  [179.05, 180.95] 191 1.766 [187.54, 194.46]
T, 105 04625  [104.09, 105.91] 126 02417  [125.53, 126.47]
S, 9011930 1418  [9009150,9014710] | 9312839 1417  [9310062, 9315616]
I 665 1.671 [661.73, 668.28] 370 09102  [368.22,371.78]
T, 144 04261  [143.16, 144.84] 333 0.6121 [331.8, 334.2]
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Figure 5.4: Model system (5.5) fitted to data for the reported new cases of HIV infection.
Panel (a) shows the model fitted to the data for the young male adults (aged 15-24 years).
Panel (b) shows the model fitted to data for the young female adults (aged 15-24 years). On
the other hand panel (c) shows the model fitted to the data for the male adults (aged 25+
years). Panel (d) shows the model fitted to data for the female adults (aged 25+ years). The
blue dots indicate the actual data and the red line indicates the model fit to the data. All the
fitted curves are done with 95% confidence limits.
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Figure 5.5: The projected cases of new HIV infection within the age groups as fitted in Figure

54.

Table 5.8: Estimated parameter values of the system (5.5) obtained from model fitting.

Par  Mean SE  95% CI | Par Mean SE  95% CI

B 03743 7.8e-4 [0.3728,0.3758] | By 0.4.0le-3 5.0e-6  [4.0e-3, 4.02¢-3]
Bs  42e-5 533e-8 [4.23e-5,4.25¢-5] || Bu 07451 0.0015 [0.7421,0.7481]
6 0.1698  2.86e-4 [0.1693,0.1704] || 6;  276e-4  4.57e-7 [27e-4,2.8¢-4]
6; 1.282¢-5  82¢9 [1.28¢-5,1.29¢-5] || 64 0.0422 1.30le-4  [0.0419, 0.0425]
65 0.0248 7.531e-5 [0.0246,0.0250] | 65 02195  2.712e-4 [0.2189, 0.2202]
m 00432 1.167e-4 [0.0429,0.0434] || m  0.6256 1.0704e-3 [0.6235,0.6277]
n3  0.0680 1.078¢-4 [0.0678,0.0683] || 1y  5.18le-4  1.181e-6 [5.15¢-4,5.2¢-4]
Ns 5494e-3 1.735e-5 [5.46e-3,5.53¢-3] | M 02169  2.392e-4 [0.2165,0.2174]

Table 5.9: Estimation of young adults transmission reproduction number %, adults trans-
mission reproduction number %, basic reproduction number between the male young
adults and the female adults %4 7., basic reproduction number between the female young
adults and the male adults Z4mm, and the system (5.5) basic reproduction number %.

Statistics Rod Roa Homa fa 4 Fdma
Mean 1.135 1.921 2.432 2.432
Std. error 0.000035 0.00014 0.00089 0.00089
95% Confidence Interval 1.131-1.139 1.901-1.941 2.397-2.467 2.397-2.467
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5.4.7 Sensitivity analysis

Sensitivity analysis is introduced to study the strength of the basic reproduction numbers as
listed in Table 5.9 for the model parameters. Here, we perform sensitivity analysis to examine
the model’s response to parameter variation within a wider range in the parameter space.
Following the work by Marino et al. (2008), partial rank correlation coefficients (PRCC)
between the basic reproduction number Ry and each parameter are derived from 1,000 runs
of the Latin hypercube sampling (LHS) method (Stein, 1987). The parameters are assumed
to be random variables with uniform distributions with their mean value listed in Tables 5.3
and 5.8. Tornado plots for the normalised sensitivity index for different parameters are given

in Figure 5.6.

If the sensitivity index is positive, then the reproduction number increases along with
increasing value of the parameter. On the other hand, if the sensitivity index is negative, then
reproduction decreasing with the increasing value of the parameter. Figure 5.6, panels (a) and
(b) are produced assuming that the HIV infection is localised only the young adults (15-24
years) and adults (15+ years) age groups respectively. From the figures, the parameters
related to the probabilities of HIV transmission have reasonably significant PRCCs and
cannot be ignored. The parameters ¢;, 8;, ¢, and &, have the lowest PRCCs with respect to
the corresponding disease thresholds. However, their direction of influence is clearly visible.
In this regard, since no effort toward reducing disease spread is rendered insignificant, any
action that increases the number of individuals under ART treatment reduces the infection.
Figure 5.6, panels (c) and (d) are produced assuming that there is interaction between young
male adults (15-24 years) and adult females (15+ years) and young female adults (15-24
years) and male adults (15+ years), respectively. It is also seen that probabilities of HIV
transmission have the potential of making the epidemic worse if increased while parameters

related to treatment of infected individuals into ART have the potential of reducing infections.
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Figure 5.6: Tornado plots showing PRCCs for the different parameter values. Panels (a) and
(b) are produced assuming that the HIV infection is localised only the young adults (15-24
years) and adults (15+ years) age groups respectively. On the other hand panels (c) and (d)
are produced assuming that there is interaction between young male adults (15-24 years)
and adult females (15+ years) and young female adults (15-24 years) and male adults (15+
years), respectively.

5.5 Conclusion

In this chapter, we modelled the trend of new HIV infections in Kenya, for which a consid-
erable amount of data are available. Thus, a deterministic model for HIV dynamics within
and between age groups that takes into consideration the sexual orientation of individuals is
presented. Vital mathematical characteristics of the model have been presented. These in-
clude the invariant region of biological significance, the age group specific basic transmission

numbers and inter age group specific basic transmission numbers. MCMC method has been
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used to estimate the parameter values based on the available data. The basic descriptive and
inferential statistics of the data have been computed and presented. Our analysis of the data
shows that that females in both age categories are disproportionately affected with HIV more
than the males. This is in agreement with the Kruskal-Wallis results which are indicative of
very strong evidence that there exist significant differences in HIV infections between the

groups.

The model was then fitted to on the new cases of HIV infections with the objective of using
the model parameters that give the best fit to examine the trend of HIV infection. It has been
established that the occurrence of new cases of HIV infection is more prominent in the adult
population as compared to the young adults’ population. It is important to note that there is
high number of cases of HIV infection amongst the female adults (aged 25 and over). This
can be attributed to the fact that men often dominate sexual relationships leaving women
with no ability to always practice safer sex despite the known risks involved. The results
show that new cases of HIV infection amongst the young male adults would be contained
by 2025 while that of their female counterparts is likely to be contained after 2030 should
the current interventions against HIV in Kenya be maintained. Furthermore, computation
of the reproduction numbers within and between age groups provides insights into control
that cannot be deduced simply from observations on the prevalence of infection. More
specifically, the analysis showed that the per capita rate of HIV transmission was highest
when there is interaction between young adults to adults and most HIV infections occurred

in adult population.

Sensitivity of parameters was also considered. The results demonstrate that the transmission
probabilities and treatment rates have the greatest impacts on the reproduction numbers.
This suggests that control of HIV pivots around transmission prevention programmes. The
programmes aimed at individuals at high risks of HIV infection that encourage them to use
preventive measures such as condoms and PrEP will be particularly effective. Furthermore,
enrolling more infected individuals on ART treatment would be ideal in reducing the cases
of new infections for it is known that it helps in suppressing the viral load in the body thus

limiting further HIV infections. It is thus critical to to devote more resources to education
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on HIV preventive measures and treatment programs that are especially targeted to both the

susceptible and infected individuals.

The model considered in this chapter is consistent with the dynamics of HIV infection in
Kenya and it has some lucid limitations. In fact, lack of sufficient data on the number of HIV
patients enrolled in ART treatment and care limited the numerical analysis and interpretation.
This work has only considered the new cases of HIV infections. It is well known that the
goodness of fit measures the discrepancy between observed data and values expected from
the model. In this work, no goodness of fit tests were performed. However, we relied on the
MCMC method for the model fitting. We argue that MCMC method of fitting models to data
provides useful insights into how the model can be linked to data despite the challenge of

using statistical tools to test the goodness of fit of the model.
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Chapter 6

Optimal control of HIV transmission
dynamics between commercial sex

workers and injection drug users
6.1 Introduction

HIV is characterised as a generalised epidemic among the adult population but has a more
concentrated epidemic among commercial sex workers and injection drug users who are
considered to be at a heightened risk of HIV acquisition and transmission (KNASP, 2009).
Sex workers refers women or men and trans-gender people who receive money or goods in
exchange for sexual services and define the activities as income generating (Overs, 2002).
However, these activities are considered illegal and participants are highly stigmatised in
many countries (Musyoki et al., 2015). For instance, a sex worker may not press charges
against an attacker in the case of rape due to stigmatisation and the illegality of the activities.
Lack of protection of the sex workers makes them vulnerable to abuse, violence and rape
thereby creating an environment which facilitates transmission of HIV (Wechsberg et al.,

2005).

High HIV infections amongst sex workers in Kenya is attributed to unprotected sex. Accord-
ing to Shields (2012), most sex workers are constantly harassed by the police officers who
physically and sexually abuse them for carrying condoms. In addition, the sex workers have
no power to negotiate for safe sex. This is due to the fact that clients may decline to pay if

they have to use condom and hence use intimidation or violence to force unprotected sex
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(Ghimire et al., 2011). Furthermore, the clients may offer more money for unprotected sex a

proposal that is unlikely to be rejected by the sex workers.

In comparison to the general population, sex workers have a high number of sexual partners.
However, the risk of becoming HIV infected may be greatly reduced if there is correct and
consistent use of condoms (WHO et al., 2009). In Kenya, sex workers bear a high burden of
HIV infection compared to any group in Kenya. According to NACC (2014b) an estimated
29.3% of female sex workers were living with HIV in 2011. Furthermore, the findings from
the Sex Workers Outreach Project reported a HIV prevalence of 30% among female sex

workers and 40% among male sex workers in 2011 (UNAIDS, 2015b).

In Kenya, transmission of HIV among people who inject drugs (PWID) is becoming increas-
ingly recognised (Gelmon, 2009; Kurth et al., 2015). PWID are highly vulnerable to HIV
and considered a bridge for HIV transmission to the general population. Sharing of needles
and other high risk behaviours such as flashblood where users who cannot afford heroin
inject the blood of a PWID who recently injected are the main ways through which HIV
is spread among the participants of PWID (Beckerleg et al., 2005, 2006; McCurdy et al.,
2010; McNeil Jr, 2010). The majority of people who inject drugs are concentrated in specific
geographical areas such as Nairobi and Mombasa. According to Gelmon (2009); Kurth et al.
(2015); UNAIDS (2015b), an estimated 18% of HIV infections on the Kenyan coast and

7.5% of the national HIV infections are attributed to people who inject drugs.

Optimality, costs and cost-effectiveness of the interventions which may sometimes be limited
by availability of resources in the presence of transmission between these two risk groups is
of great concern. More precisely, carrying out comparative analysis, knowing costs and the
results of the alternative control measures is significant to the policy makers who are often
faced with challenges of resource allocation. Therefore, application of optimal control theory
can be an important tool to estimate the efficacy of various policies and control strategies
against the cost of implementation. Optimal control is a powerful mathematical tool in
decision making that involves employing appropriate strategies to eradicate epidemics from
the population (Makinde and Okosun, 2011). The application of this theory includes the

optimization of the costs of using active and passive immunization in control infectious
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diseases (Gupta and Rink, 1973). Optimal control has been used to study the dynamics of
some diseases such as malaria (Okosun et al., 2011), onchocerciasis (Omondi et al., 2017b),
West Nile virus (Blayneh et al., 2009; Blayneh, 2010) and HIV/AIDS (Silva and Torres,
2017). For instance, Castilho (2006); Sethi and Staats (1978) used optimal control theory
to investigate the best strategy for educational campaigns during outbreak of an epidemic
and at the same time minimizing the number of infected humans. It has also been applied
in modelling Leukemia (Ainseba and Benosman, 2010; Nanda et al., 2007). Okosun et al.
(2013) studied the impact of optimal control on the treatment of HIV/AIDS and screening of
unaware infectives on the transmission dynamics of the disease in a homogeneous population
with constant immigration of susceptibles. They incorporated use of condoms, screening
of unaware infectives and treatment of the infected. Other HIV models that incorporated

optimal controls include (Gromov et al., 2017; Kwon et al., 2012).

In this chapter, we propose a mathematical model of HIV transmission between sex workers
and injection drug users that takes into account treatment with ART and prevention with PrEP.
It is important to note that sex workers and injection drug users usually consist of both women
and men thus we consider the inflow from sex workers and injection drug users. We use
optimal control theory to study the effectiveness of combination of three HIV/AIDS control
measures, namely (i) use of PrEP, (ii) use of educational campaigns and condoms and (iii)
treatment with ART. For this, we consider an HIV transmission model and incorporate three
time dependent controls representing these interventions. We carry out detailed qualitative
optimal control analysis of the model and find the necessary conditions for optimal control of
the disease using Pontryagin’s maximum principle (Bohner et al., 2017) in order to determine

optimal strategies for controlling the spread of HIV/AIDS.

6.2 Model formulation

In this section, we propose a mathematical model that describes the transmission of HIV
between two different risk groups, namely:- commercial sex workers and drug injection

users as well as incorporating optimal control measures. The model we propose here is an
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extension of the previous model studied in (Silva and Torres, 2017), and is based on the
modelling approach given in (Njagarah and Nyabadza, 2014; Williams and Dye, 2018). In
this model, there is transition between these risk groups. We compartmentalise our model
into eight (8) classes. These are:- Ss, Uy, Ts, Sq, Uy, Ty, Ps and P;. The subscripts s and d
define commercial sex workers and the injection drug users, respectively. The HIV patients
in each risk group are divided into two groups, the HIV-positive individuals not on treatment
(U) and the HIV-positive individuals receiving antiretroviral therapy (ART) treatment (T) to
suppress the viral load, respectively. Note that S class represent the populations at high risk
of HIV infection and (P) class represent the population at high risk of HIV infection on PrEP.

The total populations for each risk group are governed by the following at any time, 7.

Ni(t) = Ss(t) + Us(t) + Ts(t) + Ps(t),  Na(t) = Sa(t) + Ua(t) + Ta(t) + Fu(1).

The total population is the sum of the populations of the two risk groups given by N(t) =
Ni(t)+ N»(t). The rates at which the susceptible (S and S;) acquire infection are respectively
given by

M=y

B {Us + 6T, + 6,U; + 63T,

N } , Ag =N+ A3, (6.1)

where

Uy + 61T, + 6,U, + 65T, 5U,
/lzznl//ﬁ[ e 3"], s ‘

N R

The function A3 denotes the HIV infection rate of susceptible IDUs initiated by sharing of
needles resulting in flash blood. 0 is positive and 7 is nonnegative. The parameter T accounts
for the concentration of injection drug users. It is worth noting that for small Uy, the infection
rate A3 reduces to A3 =~ 8U,, while for large Uy it reduces to A3 = %, which characterizes the
concentration phenomenon. In addition, if T = 0 the infection rate becomes A3 = dU,; which
is the usual linearly density-dependent infection rate. The rest of the parameters of the model

and other assumptions made are described as follows:

e I, II; : the recruitment rates at which individuals enter the CSW and IDU susceptible

populations, respectively. During this modelling time, we only consider individuals
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aged 15 years and above. This group of individuals is assumed to be adult population,
and hence the recruitment rate defines the demographic process of individuals attaining
age 15. In addition, all those recruited into the population of CSW and IDU are

assumed susceptible.

B,B61,B65, P65 : the probabilities of susceptible individuals acquiring HIV infec-
tion through contact with the infected HIV individuals in classes Uy, Ty, U, and Ty,

respectively.

v : the average number of contacts a susceptible individual makes with the infected

individuals per unit time.

N : modification rate for the probabilities of susceptible IDU individuals acquiring HIV

infection through contact with infected HIV individuals in classes Uy, Ty, U, and Ty.

Qq, 0y : the rates at which the HIV-positive individuals not on treatment are tested and
connected to ART treatment. This treatment is assumed to conform to WHO guidelines
on HIV treatment based on test and treat strategy to attain viral load suppression in

order to achieve the 90-90-90 plan (WHO, 2015).
u : the natural death rate of the general population at any given time.

K1, K2 : the respective rates of transition from susceptible CSW to susceptible IDU and

from susceptible IDU to susceptible CSW.

w1, 0 : the respective rates of transition of HIV-positive individuals not on treatment

in CSW to HIV-positive individuals not on treatment in IDU and vice versa.

P1, P2 : the respective rates of transition from 7 (infected sex workers on ART treat-

ment) to 7, (infected drug users on ART treatment) and vice versa.

The proportions of susceptible individuals in CSW and IDU that take PrEP are denoted
by &; and &3, respectively. The individuals that stop using PrEP become susceptible

individuals again, at rates & and &4 for CSW and IDU, respectively.
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6.2.1 Model assumptions

(1) It is assumed that HIV-positive individuals on ART treatment in IDU do not contribute
to new infections as a result of flash blood due to educational awareness on effective

HIV prevention services.

(i1) The AIDS class is not considered in this model, given that full blown AIDS patients
are usually hospitalized and/or sexually inactive. It is assumed that they are not able
to engage in HIV transmission activities, hence do not contribute to HIV infection.
Furthermore, during the modelling time we consider the asymptomatic stage of HIV
infection that includes a 2-4 week acute HIV infection stage followed by a 10 year
long clinical latency stage before the onset of AIDS. During the asymptotic stage,
individuals infected with HIV experience no symptoms or only mild ones. Thus,

HIV-related death during this stage is assumed to be negligible.

(ii1) The total population is assumed a homogeneous mixing. This means that susceptible
individuals are equally likely to be infected by an infectious individual in the case of a

contact.

The flow and interactions between the compartments is described in Figure 6.1.

K3Sq

WU,

w,Uqg

: o, Ug a,Uy '
¥,Py : ¥1Pg !

P1Ts

s P2y Ty ——

Figure 6.1: A compartmental representation of the model for HIV transmission. The dotted
lines point to the transitions between the risk groups, while a solid line points to a transition
within the same risk group.
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Our model explores the interaction between CSW and IDU in HIV spread and we have not
modelled genders separately. Including gender in the model, would add a lot of complexity
(parameters), and is not necessary for addressing our question, since evidence suggests that
the gender-specific proportion of index cases and probabilities of transmission are at least

roughly similar (Bellan et al., 2013; Boily et al., 2009; Eyawo et al., 2010).

There are several possible interventions in order to reduce or limit the proliferation of HIV
and the explosion of the number of infected HIV. Thus, we introduce three time dependent
controls to reduce the spread of HIV/AIDS. The following interventions have been added to

the model

e Following WHO, making PrEP drugs available for safe, effective prevention outside
the clinical trial setting is the current challenge. However, it is important to highlight
that PrEP is not for general use and is only meant for people who are HIV-negative
and at very high risk of acquiring infection (AIDS, 2016a). Thus, the first control
0 <uy(t) < 1 represents efforts made to protect susceptible individuals from infections.
It mainly consists of the use of PrEP. We assume that the fraction of individuals that

takes PrEP, at each instant of time, is a control function, that is, cﬁf = Euy (1), for i=1,2.

e The second control is concerned with educational campaigns and condom use on the
prevention of new infections. Thus, the infection terms given in (6.1) are modified as
follows

Af = (1 —uz(l‘)))ti, fori= 1,2,3, (62)

1

e The third control 0 < u3(¢) < 1 represents efforts made for ART treatment. It mainly
consists of up-take of ARV drugs to reduce the risk of dying (Williams, 2014; Williams

et al., 2010). Thus, we modify o; to o = ou3(t), fori=1,2.

Note that 0 < u; < 1, for i = 1, 2, 3, means that when the control is zero there is no any

effort invested, i.e. no control and when it is one, the maximum control effort is invested.

Following the above description, the following non-linear ordinary differential equations are

obtained.
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For the commercial sex workers we have

ds X )

d_ts =1L + &P+ 10Sq — AL Ss — (W +up (8)&E1 + K1)Ss,

dU

p > = A,ICSS—F Uy — (061u3(l‘) + —f—‘LL)Us,

d; CSW (6.3)
d—: = oqu3(t)Us+paTy — (p1 + )T,

dPp;
= = i (1)Ss+1Pi— (N + &+ 1P,

For the injection drug users we have

das X ! )
=Ty k1S + &aPy — (A5 +A8)Sa — (4 Ko 201 (1)63)Sa,
dU
d—d = (A4 +23)Sq+ 01Uy — (0qu3(t) + wr + 1)Uy,
! IDU (6.4)
AT,
= = ous(t)Ug+p1Ts— (P2 + 1)1y,
dP
d—td:§3M1(f)5d+}’1f§—(}’2+§4+H)Pd- )

The system of equations in (6.3)—(6.4) is subject to the following initial conditions, S;(0) >
0, Us(0) >0, 73(0) > 0, P(0) >0, S;(0) >0, Uy(0) >0, T;(0) >0, P4(0) > 0. The two
populations namely (CSW and IDU) are connected by migration of individuals from one key

population to the next and back.

6.2.2 Parameter and initial data estimation

The natural death rate was estimated to be u = 0.0161 based on the life expectancy in
Kenya (WHR, 2018). It is important to note that I1; = uN, and I, = uN,. It follows that
the in-flow per unit of time equals out-flow per unit of time. Thus, the total population
size N remains constant. According to UNAIDS (2015b), the ART coverage is markedly
lower among key populations, ranging from 15% amongst injection drug users to 34%
among sex workers. Hence the rates of ART treatment o, & have been estimated to be
0.34 and 0.15 respectively. Other unknown parameters are estimated on the basis of the

numerical simulations carried out in Section 6.7. The estimates from PKPK (2014) show
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that there are about 150,675 commercial sex workers and 18,327 injection drug users in

Kenya. The Kenya’s HIV prevalence within the key populations were reported to be 29.3%

and 18.3% for CSW and IDU, respectively, in 2013 (Bhattacharjee et al., 2015). Therefore,
the initial starting values are S;(0) = 110,000; U,(0) = 20,000; 7;(0) = 10,000; Ps(0) =
10,000; S;(0) = 12,000; U,(0) = 2,500; T,(0) = 2,000; P;(0) = 2,000.

Table 6.1: Parameter ranges and baseline values per year.

Par Min Max Baseline Source Par Min Max Baseline Source
IT, - - uUN;  WHR (2018) Kl 00 1.0 0.0055 Assumed
I, - - UN,  WHR (2018) K 0.0 1.0 0.0075 Assumed
0.0 3.0 3.0 Assumed B 0.0 1.0 0.75 Assumed
n 0.1 1.0 0.58 Assumed o] 00 1.0 0.0065 Assumed
[0)) 0.0 1.0 0.0085 Assumed o) 0.1 1.0 0.92 Assumed
0, 0.1 1.0 0.98 Assumed 6, 0.1 1.0 0.88 Assumed
63 0.1 1.0 091 Assumed P1 00 1.0 0.045 Assumed
P2 0.0 1.0 0.075 Assumed u - - 0.0161 WHR (2018)
o - - 0.34 UNAIDS (2015b) 7 0.1 1.0 0.28 Assumed
(07) - - 0.15 UNAIDS (2015b) & 00 1.0 0.40 Assumed
& 00 1.0 0.0512 Assumed & 00 1.0 0.40 Assumed
&4 0.0 1.0 0.0615 Assumed " 0.0 1.0 0.0037  Assumed
0% 0.0 1.0 0.0046  Assumed
6.3 Analysis of the model with constant controls

All the model parameters are assumed to be positive. Thus, the positivity of the solutions of
the model system (6.3)—(6.4) can easily be established provided S;(0) > 0,U,(0) > 0,75(0) >
0,P;(0) >0,8,(0)>0,U,(0) >0,7,(0) > 0,P;(0) > 0. See Huo and Feng (2013); Nyabadza
et al. (2013); Omondi et al. (2018a, 2017b) for the proof.
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6.3.1 Invariant region

The system (6.3)—(6.4) can be rewritten in the following form

dYy
—— —A(Y)+D

= A(Y)+D,
where Y = (Sy, Uy, Ty, Py, Sq, Uy, Ty, Py)T. For convenience and ease in the computation,
we define some combination of parameters of the system (6.3)-(6.4) as follows; Q| =
ptx+u b, O=oum+or+u, Q3=pi+u, Os=n+&+u, Os=u+io+
&, Q6= ouz+mm+u, Q7=pr+U, QOg=pr+E& + . Thus, the matrix A is

given by

—(lf + Ql) 0 0 52 K 0 0 0

A¢ —0, 0 0 0 w 0 0

0 oz —Q0z 0 0 0  p2 0

u 0 0o - 0 0 0

AY) = Sruy 04 2]

K1 0 0 0 —(M+A+05) 0 0 &

0 o 0 0 (A +A5) —Q 0 0

0 0O p O 0 opuy —Q7 0

i 0 0 0 " 531/!1 0 0 _QS_

On the other hand, the vector D = (I1;,0,0,0,115,0,0, O)T is positive. It is important to note
that A(Y) has all off diagonal entries non-negative. This implies that A(Y) is a Metzler matrix,
forallY € R?r. Using the fact that D > 0, the system (6.3)—(6.4) is positively invariant in
Rﬁ (see, Abate et al. (2009); Berman and Plemmons (1994)). This means that any trajectory

of the system (6.3)—(6.4) starting from an initial state in Ri forever remains in ]Rﬁ.
It is easy to see that the evolution of the system (6.3)—(6.4) is described by %’ =1IT* — uN,
where IT* = IT; 4 IT,. Thus, solving for N(¢) we get

N(t) < % +e M (N(O) - H—*) : (6.5)
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There are two possible cases in studying the behaviour of N(z) in (6.5). In the first case, we
consider N(0) > HT* so that, at time t = 0, the right-hand side (RHS) of (6.5) experiences the
largest possible value of N(0). That is, N(¢) < N(0) for all time # > 0. In the second case,
we consider N(0) < %*, so that the largest possible value of the RHS of (6.5) approaches %*
as time ¢ approaches infinity. Thus, N(¢) < %* for all time # > 0. From these two cases, we

conclude that N(7) < max {N (0), %*} for all time ¢ > 0. Therefore, we can study the system

(6.3)—(6.4) in the feasible region given by

Q= {(Ss(t),Us(t),Ts(t),Ps(t),Sd(t),Ud(t),Td(t),Pd(t)) € R% : N(r) < max {N(o), I;IL}} ,

which is positively invariant with respect to systems (6.3)—(6.4). This implies that the
systems (6.4)—(6.4) is well posed epidemiologically and all the solutions starting in 2 remain
in Q for all # > 0. Since the region Q2 is positively-invariant, the usual existence, uniqueness,
continuation results hold for the system hence, it is sufficient to consider the dynamics of the

flow generated by the system (6.3)—(6.4) in the region Q (Hethcote, 2000).

6.4 Model equilibrium points

The system (6.3)—(6.4) has the following four (4) equilibrium points

& = {8%,0,0,PF,85,0,0,P;}, (6.6)
& ={S5, U T, P;,S;,0,0,P; (6.7)
& =1{8:,0,0,P, S5, US, Ty, P; 1, (6.8)
& = {85, U T PS5 UL TS P}, (6.9)

Note that & refers to the HIV-free equilibrium whereas & and & refer to the first and second
boundary endemic equilibria. On the other hand, &3 defines the interior endemic equilibrium
in the domain Q. The HIV-free equilibrium & in the two risk populations is obtained from

the systems (6.3)—(6.4) which reduces to
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dS; )
T I} + &P+ 1S4 — Q1S
dP,
d—; = E1u1Ss + Py — Q4P
ds, (6.10)
e I + k1S5 + EaPy — O5S4,
dP,
d_td = E3u1Sq + 1P — QsPy.
Setting the right-hand side of the system (6.10) to zero and solving, we obtain
§ 85+ &P +11 P HOIP; + &y (1S5 +11))
’ 01 [ S 0104(1 — ) ’
¢ P (pxi1&+ 0104(1 —@1)&4) + 04 (k111 +11:01) — &1 6110 6.11)
d= :

04 (1 = @5) — £,6:05u1 ’
pr_ (NIl (1 —®3) + 1 &I 05 + 8304 (1111 +11,04))
T ki (1—@3) (1 —D4) + 0105 (0405 (1 —@2) —v19%) — Qo )

where Q9 = k1 k20408 + 16050311, @1 = %, D, = %, D3 = ”;f—i?, Py =
”lyf—,f“, P = % Here ®; indicates the fraction of individuals who move from either S
or P; and back. Furthermore, (1 —®;) shows the fraction of susceptible individuals who do
not cycle between S and Ps. Similarly, &, indicates the fraction of susceptible individuals
who move from S, or P; and vice versa. Furthermore, (1 —®;) shows the fraction of
susceptible individuals who do not cycle between S; and P;. @53 refers to the fraction of
susceptible individuals on PrEP who move from either P to P; or S to S; and back. (1 —®;)
shows the fraction of susceptible individuals who do not cycle from either P or P; and S
or S;. On the other hand ®4 refers to the fraction of susceptible individuals who move
from either S to P, or P to Py, or P; to S; and vice versa. (1 —®,4) shows the fraction of
susceptible individuals who do not cycle from either S to P or P to P; or P; to S;. Finally,
@5 indicates the fraction of susceptible individuals who move from either S; or S; and back
with (1 — ®s) defining the fraction of susceptible individuals who do not cycle between S

and S;.
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6.4.1 The basic reproduction number, %,

The threshold parameter % is defined as the average cases of secondary infections generated
by a single infectious individual in a completely susceptible population during his/her period
of infectiousness (Diekmann et al., 1990; Van den Driessche and Watmough, 2002). Here,
K is used to determine whether HIV will persist in the population. Thus, following the next-
generation matrix operator defined in Van den Driessche and Watmough (2002), we begin by
computing the threshold numbers for persistence of HIV in each risk group assuming that
HIV is existent in a single isolated risk group. The HIV—free equilibrium in each isolated

risk groups, that is, CSW and IDU are respectively given by

0_ [0 o | h(p+&) &1 uy
%= [SMO’O’PS] ] [N(N+§2+51u1)7 ; 7H(H+§2+§1u1)}’ 6.12)
&0 = [59,0,0,P) = { I, (1 + &) E3Ihu } '

¢ drid 48+ 8Eur) 7 u(p &4 Gu) |

Let F and V define the matrix of new infection and the transmission, respectively. At the

HIV—free equilibrium given in (6.12), the matrices F and V isolated in CSW are given by:

By(—u)(u+&)  By(1—uy)6(u+&)

F— p+ur &1 +6 ptur&1+6 i KLD ptuzon O
0 0 —u30 u
Similarly, the matrices F' and V isolated in IDU are given by:
S(utur&a+8a)+BNy(1—us)Op(u+8a) By (1—u)s(u+&)
F — Htui&3+84 H+urG3+&4 V= Htuzop O
0 0 —u3z0p u

Thus, the threshold numbers evaluated at the respective HIV-free equilibrium of the isolated

risk groups are given by

s = (L=w) By (1 +8) (1 + 01 61u3)
0 p(u+oqus) (u+E&+Eup)
o — (1 —up) By (1 +E4) (B2 + 2 63u3) 4 S (U 4 &4 + E3up)
0 — .
p (1 +onus) (U4 &4+ E3up)

(6.13)

118



Note that the threshold numbers in (6.13) correspond to CSW and IDU, respectively. How-
ever, if the HIV infection exists in a single risk group connected to another risk group through
migration, then the movement of the individuals must be reflected in the threshold number.

The matrices of new infection and transmission for CSW connected to IDU are respectively

given by
Fe (]_ui\)"llﬁss (I_MZ)]\IJIIBGISS v Q2 0
0 0 —uz0q Q3

On the other hand, the matrices of new infection and transmission for IDU connected to

CSW are respectively given by

Sa(1—up) <5 + ﬁWN‘II’92> ﬁnWSd1E]11_u2)93 | B 06 0
0 0 , —u30r Q7

Thus, at HIV-free equilibrium &, the risk group specific threshold numbers are respectively

given by

B (1 —uz) S (03 + 1 0u3)
NQO»0s

1 —up)Sq (6N1Q7 + BNy (6:07 + 0 03u3))

NQs0Q7 ’
(6.14)

Hos = : «%’Odz(

where S and S; are as defined in (6.11). To find the threshold number, %, of the system
(6.3)—(6.4), let F and V be the matrices of new infections and transmission, respectively. At

the HIV-free equilibrium, &y, of the system (6.3)—(6.4), the matrices F and V are given by

(1—w)BySs  (1—uz)By6;S; (1-u2) By6rSs (1) By65S; ]
N N N N
- 0 0 0 0
~la- s, (1— 0,5 0 - 0.5
( Mz%\’;lﬁ‘lf d( Mz)Tllvﬁllf 1Sa g, (1— ) <3+ ﬁ’}vlllf 2) ( Mz)Tllvﬁllf 1Sy
I 0 0 0 0 |
() 0 — 0
v —oquz Q3 0 —p2
— 0 O¢ 0
| 0 —p1 —opuz Q7 |
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Thus, the %, which is the spectral radius of the matrix FV ! is given as
%() = max {e@os,%()d} . (6.15)

From Theorem 2 in (Van den Driessche and Watmough, 2002), the following result is

established.

Theorem 6.1. The HIV-free equilibrium & is locally asymptotically stable whenever %, < 1
and unstable otherwise.
6.5 HIV persistent equilibrium

In this section, we determine the number of possible HIV persistent steady states as expressed
in (6.7)—(6.9).
6.5.1 HIV persistent state &)

In order to determine the possible solutions of the system around &7, we solve system (6.16)

in terms of the infection term A{.

ds )
d_[s =II; + §2Ps +KS;— )chs —01Ss,
dU,

th = A1 Ss — QoUs,

dT,

d_ts = aquzUs — Q3T;,

dar \ (6.16)
_dts = &u1Ss+ 1Py — Q4P

das

_dtd =11, + k1S + E4Py — O5Sy,

dP.

d_td = &u1Sq+ 1P — QsPy.
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Note that the existence of &7 is based on the assumption that there is no infection in IDU
population. This implies that I; = T; = 0. Thus, equating the right-hand side of (6.16) to

zero and solving, we get

_ RS+ &P+ . M (S + &P +11) . A us (1085 + &P +11h)

% AF+0 T T (A +01) T 0203 (A{*+ Q1) ’
pr Bl (A7 +01) + &u (kS5 +114) § (A{*+01) (&aPy +11y) + K1 (EPF +11))

’ 04 (A" + Q1) — §16u P Os (A +01) — k1K ’

. ur (N8I, (1 —®3) +71Ei11105 + &304 (k111 +T1h (A1 + Q1))

Fa= M Q40505 — Equy (111081 (1 — P3) +E304 (A1 + 01)) — E1820503u1 + Q1040508 + Do

with @y = 15 @19 = —114105 — 1120105 — Ki k20405 (1 — Pg) — k1528511 Sub-
stituting the expressions for U, and 7" into A{* as defined in (6.2), we obtain the following

expression

AT 0203((Q40Q508(1 — ®@2) — 1105)A™ + (N pakika (1 — P3) (1 — Py)
—0105(nr — 0408(1 —P2)) — P7)[1 — Zos)) = 0.

(6.17)

The equation (6.17) gives A{* = 0 as one of the solutions. This solution corresponds to the
HIV-equilibrium expressed in (6.6). If A{* # 0, then the following equation indicates the

existence of endemic equilibrium.

(Q40Q508(1 —D2) =71 10s5)A" + (nrkik(l —@3)(1 —Dy)
+0105(0408(1 —P2) —1172) —P7)[1 — Zos] = 0.

(6.18)

Equation (6.18) no positive solution for A{* when Z, < 1. However, if Zo, > 1, equation
(6.18) has one positive solution . Thus, we conclude that when Z; > 1 we have a unique

HIV persistent equilibrium localized in the CSW population.
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6.5.2 HIV persistent state &>

We note that with the absence of infection in CSW and IDU populations, we have the

following system of equations.

ds )
d_ts =11 + &P+ 254 — O1Ss,
dP,
d—; =& 1u1Ss+ Py — Q4P
dSy _ o, ¢ g
— =IL +x1Ss+ &Py — (A5 +A5)Sy — 0584,
de (6.19)
= (A +A9)Sa—Qels,
dTy
— = 0husU,; — 077,
I husUy — Q7114
dP,
d_td = &u1 Sy + 1Py — OgPy. )

We express all the state variables in terms of A§,A{ and Uy to obtain the following expres-

sions.

o 8+ &P +11 P LOIP; + &y (8 +11)
: 0 .- 0104(1 —Py) ’
o — P (1pKki&+ 640104 (1 —=P@1)) + Q4 (011 + T 01) — &1 E1Touy T — ousU;
(@ (AT +0s) k) — &b (A A5 0s) T 0
pi— ur (I (161 (A + A%+ 0s) + k18304) + T (V16081 + 830104 (1 — 1))
@11+ Q1 (0408 (1 — Do) (AS* + AS* + Os) — E384Qaur ) — E1E0suy (A5* +A§* + Qs)

where @11 = 1 pki K (1 —D3) (1 — Dy) — k1 K0403. Now substituting the expressions for

S5, T, A5* and A{™ into the fourth equation in (6.19), we obtain the following equation.

U [VaU? + ViU + Vo] =0, (6.20)

where

Vo =BynuQet (1 —uz) (6,07 + 2 03u3) (§16,08u1 — Q10403 (1 —Pyp)),
Vo =11"06 Q7 (1 oK1 (1 = @3) (1 = P4) — 0105 (V12 — Q408 (1 = P2)) — P7) [1 — Zoa).
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Vi = Q6(02 N 031181820511 (1 — uz)uz v + Q7 (Qs (k1 1117 Qat + &1 Souy (IT°(6 + Q5 7) + BN 62
(1=u)y)) = nhaKi kIl 7(1 — ®3)(1 = DP4))) + 01 (11%2(Q6 (Q7 (IT° (8 + O57) + B G2 (1
—u2)¥) + 0 fn63u(l —w2)usy) — Nullt(1 — u) W (6,07 + 0203u3)) + Q4(Q6 (Q7(0Qs
(=IT°(8 + Q57) — Bn6op(1 — u2) W) + E38aIT"Tur) — 02 SN O3 Q8 (1 — u2)uz ) + fully
OsT(1 —u2)Y(62Q7 + 02 63u3))) + BN t(1 — u2) W (6,07 + 02 03u3) (k1111 04 Og
—&1&IL0sur — 1k Il (1 - Py4)),

Note that the case U; = 0, corresponds to the HIV-free equilibrium described previously.

The remaining part of the equation (6.20) given by
WU+ VU +Vp =0, (6.21)

gives the existence and the number of HIV persistent equilibria for the system (6.19). Note

that when 7 = 0, equation (6.21) reduces to

VU + Vo =0, (6.22)
where

Vi = Q6(&1E05u1 — 010405(1 — @10))(Q7(8(ITy +112) + BN 6o gt (1 — uz) )
+ofnéu(l —u)usy),

so that the system (6.19) has a unique HIV persistent equilibrium if and only if %y, > 1.
These results can be summarized as follows:
Remark 6.1. When © =0, the system (6.19) has a unique positive HIV persistent equilibrium
whenever Zyq > 1 and no positive HIV persistent equilibrium otherwise.
On the other hand 7 # 0, the solution of the polynomial (6.21) depends on the signs of
V1 and V), since V, > 0. Hence the following observations are made

e When Vj < 0 (that is, when %, > 1), we have exactly one solution for all values of

Vi.
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e When Vj, > 0 (that is, when Z; < 1), we have no positive solution if V| > 0 and two

distinct positive solutions when V| < 0 expressed as

—Vi+4/VE =4V, —Vi —/VE =4V,

Lay v » lag) v,

This scenario suggests that the system (6.19) exhibits backward bifurcation phenomenon.
Epidemiologically, the existence of two positive roots when Z; < 1 implies that bringing
Hoq below unity does not suffice for the eradication of HIV. The existence of backward bifur-
cation indicates that in the neighbourhood of 1, for Z,; < 1, a stable HIV-free equilibrium
coexists with two HIV persistent equilibria, that is , a smaller equilibrium (smaller number
of infectious individuals) which is unstable and a larger equilibrium (with a larger number
of infectious individuals) which is stable. These two HIV persistent equilibria disappear by
saddle-node bifurcation when the basic reproduction %, is decreased below the critical value
%, below which the HIV-free equilibrium (6.6) is globally stable. This critical threshold is
obtained by setting the discriminant of the equation (6.21) to zero. Thus, we have

v

AW IT* 0607 (11 12K1 Ko (1 — @3) (1= @g) — 0105 (112 — QuQs (1 —Dy)) —D7)]
(6.23)

From the equation (6.23), the following results are established.

Theorem 6.2. o Whenever %oy > 1, the system (6.19) has a unique HIV persistent

equilibrium.

o If #y; < Xoa < 1, then the system (6.19) has two HIV persistent equilibria which

implies that the system (6.19) exhibits backward bifurcation.

o If Zoa < Xy < 1, then the system (6.19) has only an HIV-free equilibrium, &, which

implies that HIV infection dies out of the population.
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6.5.3 Bifurcation analysis

This is a qualitative change in the behaviour and/or dynamics of a dynamical system produced
by varying a parameter in the equation (Kuznetsov, 2013). Bifurcation occurs when %,
changes its stability at 1. We investigate the nature of the bifurcation by employing the
method introduced in Castillo-Chavez and Song (2004) which is based on the use of center
manifold theory (Guckenheimer and Holmes, 2013). Therefore, we have the following

Theorem.

Theorem 6.3. The system (6.19) has a backward bifurcation at %oy = 1 if and only if
Vi <0and Vi —4VhVo = A > 0,

Proof. We adopt the notations in Castillo-Chavez and Song (2004) and directly compute
the values of a and b whose signs determine local dynamics of the system (6.19) without
necessarily re-stating Theorem 4.1 in Castillo-Chavez and Song (2004). Let us set 8 as our

bifurcation parameter, so that

NQ7 (8 (1 —u2) Sy + Q)

= N (uz— 1) yS; (6,07 + 02 63u3)’

where S, is given in (6.11). We observe that the eigenvalues of the matrix, J(&p, ),

-0 & K> 0 0 0

Siup =04 O 0 0 ,
ki 0 —0s  —(1—u)Sy (5+ Bn%) el ws, g,
0 0 0 (1-w)S(5+L0¥) g, Enlzews
° ’ 0 Oatt3 —07 0
0 n o S 0 0 04

admits a simple zero eigenvalue and the other eigenvalues are real and negative. Therefore,
the HIV-free equilibrium &p, is non-hyperbolic equilibrium thereby verifying the assumption
A1 of Theorem 4.1 in Castillo-Chavez and Song (2004). To verify assumption A2 of Theorem
4.1 in Castillo-Chavez and Song (2004), we denote a left and a right eigenvector associated

with the zero eigenvalue as v = (v{,v2,Vv3,v4,vs) and w = (w1, wa, w3, wq,ws)T respectively,
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such that v.w = 1. It follows that the component of the left eigenvector associated with the

zero eigenvalue are given in (6.24).

Vi=vp=vs=vs=0, va=1,

vs = —=03(1 —up) (1 + 6 (uy — 1) (key (T + T (1 + &) (1 + Ga+ p2) + 1 (D8 — 12)) + 1T
(N(Q8 — 1) + Qs+ &2)) + E1r (1 (Ea(T1 + 1) + 12 (Q7 — 1)) + uI1208)) /71 (184 Qs
+1(=0s (i +&iur) — k(1 + S3ur)) + ki (Qs + E3Q7u1) + p2Qs (1 + Sy ) + Qs (1

+&1ur)) 4 1 (Ea (U Qs + E3ui (@7 — 1ot) ) + u(uQs 4 &3 Q7uy ) + (1 4 & + E1ur ) (1208
+1Qs +E07uit) + douz + @) /(uz — 1)(6207 + 2 0u3).

(6.24)
Furthermore, the components of the right eigenvector associated with the zero eigenvalue

are given in (6.25).

i — —(Q6(1208(V1 + 1+ &) +1(E83u1 — 11%2)) )l —Qeuiwa (16301 + K261 03)
D : D ’
_ —06(nQ1(Qs — 1)+ Os(ki (1 + &) +u(p+ S+ &) —1 _ Gus
w3 = D 5 wyqg =1, w5 = Q7 )
e — — Qo1 (V1 (k281 +E301) + &3 (1 (1 + &) +p(u + 8+ Ejur)))
5 .

(6.25)
where

D =y (k1 (uQg +E3Q7u1) + p2Qs(p 4 Erur ) + o (=K1 (4 E3ur ) — (4 Sruy ) (k2 + 0+ E3up))
+u(p+ &) (i + 1+ Gur ) + péa(rr + 1+ &yun)) + ki (LQs (U + &) + & (07 (1 + &2)
— &) Fu(u+& +E&iu)(Qs(k + 1)+ E07u)

We can thus compute the coefficient a and b defined in Theorem 4.1 in Castillo-Chavez and

Song (2004), i.e.

2 2

9 fi ]
k21VleWJa o, (&0, B") kZ]Vlea 8[3* (&0,B7).
gy l
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Taking into account of system (6.19) and considering in a and b only the nonzero derivatives

for the terms ailzg]; - (&0, B*) and %(50, B*), it follows that

9% f4 02 f4

= R * — * 6.26

a V4W3W4anaUd(<§o,ﬁ )+V4W3W585daTd(<§o,ﬁ ) (6.26)
0 fs ; 0 fs

b—v4W4W(é&0,/3 )+V4W5W(50,ﬁ*)- (6.27)

In view of (6.24) and (6.25), the expressions in (6.26) and (6.27) can be explicitly expressed
as given in (6.28) and (6.29), respectively.

a=—[(Q(MQ1(0s — 1)+ Os(ki (1 + &) + p(p + & + &) /(1 — ua) (1 (T + 1)
(O8N +u+&)—ny)+uIL(0s(n + 1+ &) —nr) + Eiun (11 (&I + 1T (&4 (6.28)
+07—7))+ullL0g)))].

b =[Ny (6,07 + 063u3) (k1 (I + T ) (s (11 + 1+ G2) = N¥e) + Il (Qs(Vi + M+ S2) — 1 12)
+ & (71 (&ally + T (=9 + &4 + Q7)) + uI20)))/(Q7 (T (11 (12 + K1 Q5 + 205 — 1o (K
+ Ko+ o+ Gauy) + ur (UG + 3 (k1 + p A Gy ) + ko (1 + Eo + Sy ) + Ea(p + E1uar))
+K1(Qs(1+&2) + S3ur (Y + 1 +82)) + (1 + &+ &1 )(Qs (o + 1) + E307u1))
+IL(rn(r(=01) + KOs + ko (=Yo+ 1+ 8+ pa+ Sruy) +ur (k183 + 81 (84 + p2 + E3u1))
Fu(p+8a+p2+ (81 +83)ur)) + (1 + 8+ Eur ) (Qs (i + 1) + S3un (12 + 1))

+K1(Qs(L+ &) +&ui(p+u+E)))))]
(6.29)

Thus, a < 0 and b > 0. Hence, applying item (iv) of Theorem 4.1 in Castillo-Chavez and
Song (2004), system (6.19) exhibits backward of forward bifurcation at Zy; = 1. ]

We summarize the above results in the following proposition:

Proposition 6.1. If Zy,; < 1, system (6.19) exhibits a backward bifurcation when %yq = 1.If

FHoa > 1, system (6.19) exhibits a forward bifurcation when Zog = 1.

The local dynamics in the neighbouring of the bifurcation value %Zy; = 1 is described in

the former case in 6.1 by item (i) of Theorem 4.1 and in the latter case in 6.1 by the (iv)
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of the same Theorem. These two scenarios are represented by the bifurcation diagrams
in Figure 6.2(a) and Figure 6.2(b), obtained by considering suitable numerical values for
the parameters of system (6.19). Figures 6.2(a) and 6.2(b) illustrate different bifurcations
and show the effect of increased parameter values on the disease endemicity. A change in
the qualitative behaviour of the system (6.19) is observed when %y, = 1. At Zps = 1, the
epidemic is sustained in the population since each existing infection causes one new infection.
In addition, it has been proven that sub-critical endemic equilibrium exists for values of the
reproduction number less than one, which is unusual since HIV persistent steady state in
general exists when the values of the reproduction number are above one. So the coexistence
of the HIV-free equilibrium and the HIV persistent equilibrium when Z%,; < 1 makes it
difficult to clear HIV from the population. In this case, there is no secondary transmission of
HIV but it remains persistent. This describes the backward bifurcation, as shown in Figure
6.2(b). Figure 6.2(a) is obtained from Figure 6.2(b) by decreasing the value of 7. Figure
6.2(a) shows how reduction in drug user saturation changes a backward bifurcation into a

forward bifurcation, making easier the control of HIV infection.

€<————— Stable EE

Stable EE————————>,

Stable DFE Unstable DFE

05 05

HIV-positive individuals, U ;
HIV-positive individuals, U ;

Stable DFE Unstable DFE

0

v&<— Unstable EE
A

Y

A}
0 - . . 0 - -
0 0.5 1 1.5 2 25 0 05 Rog 1 1.5 2 25
Basic reproduction number, R od Basic reproduction number, R od

(a) (b)

Figure 6.2: Forward bifurcation in (a) for T = 0.20 and backward bifurcation in (b) for
T =0.98. The other parameters were fixed at the following values; IT; = 100,112 = 100, y =
2,6, =0.0017,03 =0.0021,1 =0.17,0p = 0.0066,u; = 1,up = 0,u3 = 1,4 =0.0170,8 =
0.000083,7 =0.20, k1 = 0.00036, x, = 0.0023, &, = 0.0068, &, =0.0036, &3 =0.0016,E4, =
0.000011,y; =0.039, @, = 0.00018, p, = 0.00125, 7, = 0.00025.
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6.6 Numerical simulations

In this section, we investigate the impact of PrEP in the reduction of HIV infection. We
use the parameter values and the initial conditions presented in sub-section 6.2.2. We begin
our simulations with the assumption that at the start only 10% have been taking PrEP
(§&1 =0.1,&3 = 0.1) and the default rates leading to relapse to susceptible classes are fixed at
0.05 and 0.06 for &, and &4, respectively. The rates of PrEP uptake are increased gradually
from 0.1 to 0.4 and then to 0.9, to check any changes in the HIV infections. From the
results in Figure 6.3, we observe that PrEP reduces the number of individuals with HIV
infection (see, Figures 6.3(a) and 6.3(b)). It is important to note that with an increase in
the PrEP uptake, there is a decline in the HIV infections which consequently leads to a
decrease in the number of individuals under the ART treatment (see, Figures 6.3(c) and
6.3(d)). On the other hand, the simulation results show that the number of susceptible
individuals taking PrEP will gradually increase with its uptake. This can be seen in Figures
6.3(e) and 6.3(f). Thus, it is important to establish the optimal proportion of susceptible
individuals that should take PrEP by taking into consideration the cost of PrEP uptake. An

optimal control problem is formulated in Section 6.7. The results in Table 6.2 show that if

Table 6.2: The number of secondary cases of infection in each group as well as for the two
groups combined. The reproduction numbers are given as defined by the interaction between
the rows and columns. Note that the dash mark cells are assumed to be identically zero.

& =6=01 Ei=6=04 &i=6=09
ﬁ(b) ﬁg %0.\‘ %Os ﬁf) ﬁg %Ox ‘%OS ‘ %5 %g %Os %Os
4 15.92 - - - 5.698 - - - 2.753
R - 10.07 - - - 3.744 - - - 1.829
Ros - - 1.318 - - - 0.3081 - - - 0.1342
Roa - - - 2.055 - - - 0.5779 - - - 0.2629
R 2.055 0.5779 0.2629

the connections between groups were broken, the epidemic would still be self-sustaining in
CSW given that Z; = 15.92,5.698,2.753. Similarly, the epidemic in CSW and IDU would
each be self-sustaining but transmission in these groups is much easier to control since the
reproduction numbers are smaller with increase in PrEP uptake. Thus, controlling HIV
infection in the whole network will ultimately depend on controlling much of the infections

in CSW.
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Figure 6.3: Simulation results of the system (6.3)—(6.4). The panels (a)—(f), respectively,
show the evolution of the U; 4, T; 4 and P 4. The parameter values and the initial conditions
used are presented in sub-section 6.2.2.
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6.7 Optimal control problem

For the non-autonomous system (6.3)—(6.4), the rate of change of the total population is

given by

% =1IT" — uN.
For bounded Lebesgue measurable controls and non-negative initial conditions, non-negative
bounded solutions to the state system exist (Lukes, 1982). The objective of control is to
minimize the number of new HIV infections while keeping the costs of the control as low
as possible. To achieve this objective we must incorporate the relative costs associated with

each policy (control) or combination of policies directed towards controlling the spread of

HIV. We define the objective function as

1f
J(uy,up,u3) =/0

1 3
ArPrg +AUsa+AsToa+ 5 Y B | dt, (6.30)
=

=

and the control set
A = {(u1,u2,u3)|u(r) is Lebesgue measurable on [0,7¢],0 < u;(r) < 1,i=1,2,3}.

The terms A;, for i = 1,2,3, in the integrand J represent the benefit of P 4,Us 4 and T 4
sub-populations, describing the comparative significance of the terms in the functional.
For instance, a high value of A; means that it is more important to reduce the burden of
HIV as reduce the costs related to all control strategies (Buonomo, 2011). Non-negative
constants B;,i = 1,2,3 are weights for protection, prevention and treatment respectively,
which regularize the optimal control. In order to conform to work on optimal control studied
in Buonomo (2011); Dias et al. (2015); Moulay et al. (2012); Zaman et al. (2008), we choose
a linear function for the cost on infection, AP 4, AyUs 4, A3T; 4 and quadratic forms for the
cost on the controls Blu%, Bzu% and B3u%. This is because an epidemiological control can
be likened to an expenditure of energy by bringing to the applications of physics in control
theory, minimize u; is like minimize uiz, because u; > 0,i = 1,2,3 and quadratic controls give

rise to controls as feedback law, which is convenient for calculations.
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6.7.1 Existence of an optimal control

Consider the control problem with system (6.3)—(6.4), there exists u* = (u},u5,u3) such that

J(uj,u5,u3) = min_ J(up,uz,u3). (6.31)
(M]JAQ,M_?,)EU

Proof. To prove the existence of an optimal control, we employ the results in Fleming
and Rishel (2012). Following Theorem 4.1 in Fleming and Rishel (2012), we check if the

following conditions are met.

e The set of controls and corresponding state variables is non empty.

The control set A is convex and closed.

The right hand side of the state system is bounded by a linear function in the state and

control.

The integrand of the objective functional is convex.

There exist constants ¢; > 0,c¢, > 0, and B > 1 such that the integrand of the objective

3
functional is bounded below by ¢ (Z |u,~|2> —c.
i=1

To verify these conditions, we use the result from Lukes (1982) to give the existence of
solutions for the state system (6.3)—(6.4) with bounded coefficients, which gives the first
condition. Since by definition, the control set A is bounded , then the second condition is
satisfied. The right hand side of the state system (6.3)—(6.4) satisfies the third condition since
the state solutions are bounded. The integrand of our objective functional is clearly convex on

A, which satisfies the forth condition. There are ¢; > 0,c, > 0 and B > 1 satisfying AP, 4+

3 2
AU g +A3Ts 4+ %ZB,‘M% > ¢y lu;|* | — ¢ since the state variables are bounded hence
i=1 i=1

the fifth condition is satisfied. Thus, we conclude that there exists an optimal control problem

u* = (uj,u;,u;) that minimizes the objective functional J = (uy,up,u3). O
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6.7.2 Characterization of an optimal control

The necessary conditions that an optimal control problem must satisfy are given by Pon-
tryagin’s Maximum Principle (PMP) (Pontryagin, 1987). Pontryagin’s Maximum Principle
converts the system (6.3)—(6.4) into a problem of minimizing point wise a Hamiltonian H,

with respect to uy,uy,u3, where

1
H=A P ;+AU; g +A3T; 4+ > Y B + 31 [T + &Py + K284 — A{Sy

3
=1

— (W AHuy ()81 + 1) Ss] + x2[A1Ss + Uy — (oqus (1) + @y + 1) U] + x3[onus(t)Us
+02Ta — (p1 + )T + 2al & (1)Ss + 1aPu — (11 + &a+ 1) P] + 25 [TTa + K1 S

+ &Py — (A3 +A3)Sa — (1 + k2 +ur () 63)Sa) + X6 [(A5 + A3)Sa + 01 Us — (cu3(t)
+ @+ 1)Uqg| + x7[00us3 (1) Ug + p1 Ts — (P2 + 1) Ta) + xs[E3u1 (£)Sa + 1 Py

—(n+&+ 1Py
(6.32)

Here, x;,i =1,2,---,8 are the adjoint variables or co-state variables. The Hamiltonian H
represents the flow of controls and the change in the infection rates. The adjoint variables are
the marginal values of the state variables which measures change in infection with change in

control input. Using Pontryagin’s Maximum Principle, the following result is obtained.

Theorem 6.4. Given an optimal control
* * * *
u' = (uy, u, ”3)7

and solutions

Ssa US7 Tw PS7 Sda Ud7 Tda Pd7

of the corresponding state system (6.3)—(6.4), there exist adjoint variables X1, X2, X3, X4, X5,

X6s X7, X8 satisfying,
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=(l—w)M(x—x2)+ K100 —xs5) & (o — xa) + x1 1,

dt
dy(t
)Zt( ) — (l — I/tz)BI\;l/ (Ss(%l —Xz) + T]Sd()(5 _X6)) + al”3(%2 —13) + (XZ _X6) + ol — Ay,
dys(t 0
)S’t( ) (1 —uz)ﬁx L (Ss(x1 — 22) + 184 (X5 — X6)) +P1 (X — X7) + X3k — As,
dya(t
%;t( = &% — 21) + (s — X8) + 2alt — Ay,
dys(t)
7 (T —u2) (x5 — X6) (A2 +2A3) + 12(25 — x1) + 183 (X5 — Xs) + A5k,
dye(t 0
250 (1) P (5,30 20) 4 155 — 1)) + ot~ 10) + (6 22
01+ 1(Ua—1)) B
+ (X5 — X6) (11 U2 Sa+ Xl — Az,
dy(t 0
)Zt() =(1- Mz)BV]\,, 2 (Ss(x1 — x2) + nSa(xs — X6)) + P27 — X3) + X744 — A3,
dys(t
)i:t( ) = &a(xs — X5) + 2(Xs — Xa) + Xsht — Ay, ‘
(6.33)
with the boundary conditions
2itr) =0, i=1,2,---,8, (6.34)
as expressed as
0 l:fui < 07
wi =S u if0<u;<l, (6.35)
1 l'fl/tl' 2 1.
Furthermore, the control functions uy,u; and uz are given by
k . 1 % k
u] = max {mln{B—1 (X1 — x4)&1S5 + (x5 — x3)6355], 1} ,O} , (6.36)
k . 1 k ok % * *
u; = max {mln{B—2 (X2 = x1)A'Ss + (X6 — X5)S5 (4 +A3)], 1} ,0} : (6.37)
Uz = max {mln{B—3 oIy (X2 — x3) + ol (X6 — X7)] 1} ,O} ) (6.38)

Proof. The differential equations governing the adjoint variables are obtained by differentia-

tion of the Hamiltonian function, evaluated at the optimal control. Then the adjoint system
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can be written as

dyin  JdH dy,  JH dys  JH dya  JH
dt 9S8, dt U, dt 9T, dr 9P,/
dys ~ dH dys  JH dy;  JH dys  JH

dt an, dt 8Ud’ dt 8Td’ dt an,

with zero final time conditions (transversality). To get the characterization of the optimal
control as expressed in (6.36)—(6.38), we follow the work done in Lenhart and Workman
(2007); Omondi et al. (2017b); Rodrigues et al. (2014) and solve the equations on the interior

of the control set,
oH )
W == O, 1= 1, 2, 3.
l
Using the bounds on the controls, we obtain the desired characterization as defined in

(6.33)-(6.38). [l

6.8 Numerical results

The optimal control model is simulated with the initial data given in section 6.2.2 and detailed
parameter values in Table 6.1. We use iterative scheme to solve the optimality system. First,
we solve the system (6.3)—(6.4) with a guess for the controls over the simulated time using
fourth order Runge-Kutta scheme in Matlab (MATLAB, 2019). Next, we use the current
iterations solutions of the state equations (6.3)—(6.4) to solve the adjoint equations (6.33) by
backward fourth order Runge-Kutta scheme. Lastly, we update the controls by using a convex
combination of the previous controls and the values from the characterizations as expressed
in (6.36)—(6.38). The values chosen for the weights in the objective functional J are given
as A =A, =A3 =100, Bj; = By = B3 =1000. We simulated the system (6.3)—(6.4) in
a period of twenty five years (t; = 25). The following initial state variables are used to
illustrate the effect of different optimal control strategies on the HIV infection within and
between the two key populations. S;(0) = 2000, Us(0) =200, T74(0)=100, P(0)=
100, S,(0)=1200, U,(0)=250, T4(0)=100, Py(0)=200. We study the effect of

combining control u; on PrEP, control u, on prevention and control #3 on ART treatment. In
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Figures 6.4(a) and 6.4(b), we observe that the control strategies resulted in a decrease in the
number of infected individuals not on treatment compared to the case without control. In
Figures 6.4(c) and 6.4(d) it is seen that with the control strategies, there is an increase in the
number of infected individuals on treatment in comparison to the case without control. The
results in Figures 6.4(e) and 6.4(f) indicate that there are more susceptible individuals on
PrEP with the control strategies in place as opposed to the case without control. The results
in Figure 6.5(c) show that optimal control u3 is applied at the upper bound throughout the
simulation period. This is suggestive of the fact that more emphasis should be put on ART
treatment for the infected individuals so as to ensure the suppression of the viral load. On the
other hand, in Figures 6.5(a) and 6.5(b), both controls for #; and u, dropped gradually from
the upper bound to the lower bound after 17 years and 8 years, respectively. prevention as
well as treatment. The results are suggestive that both prevention and treatment programs

should be efficient and timely.

In Figures 6.5(d), 6.5(e) and 6.5(f) we give a comparison of infected individuals not on
treatment, infected individuals on treatment (ART treatment) and susceptible individuals on
PrEP for the optimal control model. There is observed higher severity of the infection in the
injection drug users population compared to the commercial sex workers as shown in Figure
6.5(d). Thus, the infection reaches a self-limiting phase much earlier in the commercial sex
workers population than in both the injection drug users. Furthermore, with the controls,
more injection drug users could be enrolled on treatment (ART treatment) as compared to
the commercial sex works according to the findings in Figure 6.5(e). Our model predicts that
in the long term, higher proportion of susceptible individuals in the commercial sex workers,
may be, may take up PrEP as a measure to protect themselves from acquiring infections, see

Figure 6.5(f).
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6.9 Conclusion

In this Chapter, a deterministic model for HIV dynamics between two key risk population
(CSW, and IDU) is presented. Vital mathematical features which include; the invariant region
of biological significance, key population specific disease thresholds for isolated, non-isolated
key risk population connected by migration as well as the model disease threshold were
presented. The analytical results indicate that %, is indeed the threshold for injection drug
user when 7 = 0. When the saturation parameter T > 0, the system exhibits the phenomenon
of backward bifurcation where a HIV-free equilibrium and two non-trivial equilibria coexist.
A change in the qualitative behaviour of the system is observed when %y, = 1. At Zyg =1,
the epidemic is sustained in the population since each existing infection causes one new
infection. The appearance of backward bifurcation indicates that it is not sufficient to decrease
the basic reproduction number below unity for the containment of HIV in the population.
Thus, to effectively control the spread of HIV infection one has to reduce %, below another
threshold referred to as the critical value of the basic reproduction number %, . This is to
mean that, HIV can be contained if Zy; < Zoq < 1. It is important to note that although
the parameter T might be present in the model, not every value of 7 will lead to bi-stability.
Instead 7 has to be greater than a certain threshold 7, = 0.20. The results suggest that the
saturation parameter 7 is the one responsible for backward bifurcation. Thus, interventions
that aim at limiting the accumulation of injection drug users in the community coupled with

HIV treatment will be ideal in containing the proliferation of HIV.

We considered three time dependent controls as a way out, to ensure the control of the
disease in a finite time. We performed optimal control analysis of the model. From the
numerical results we concluded that the optimal strategy to effectively control HIV is the
combination of PrEP, educational campaigns on the prevention of new infections and ART
treatment. However, this conclusion must be taken with caution because of the uncertainties
around the parameter values and to the budget/resource limitation. These results have the
potential to help in the control programs against HIV infections within and between the key
risk population by modifying the implementation of current interventions, or by adding new

control mechanisms. The model presented in this chapter is a very simplified caricature
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of a complex interaction of key risk populations and hence it has some cogent limitations.
For example, the model does not take into account the ages of the individuals in the key
risk populations. There is also paucity of experimental data for model verification. There
are several ways to circumvent these limitations. First, there is a need to link the model to
data for a clearer estimation of parameter values. Second, the development of mathematical
models elucidating ages of the individuals in the key risk population will greatly advance our
understanding of HIV dynamics within and between the key risk populations. Despite the
highlighted limitations, the model results have significant bearings on HIV dynamics in the

key risk populations.
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Chapter 7

Discussion and Conclusion
7.1 Introduction

In this thesis, mathematical models have been used to study HIV dynamics in Kenya with the
main aim of determining the potential impact of HIV intervention strategies that include HTC,
ART treatment and PrEP. Four key factors were considered, that is, the importance of PrEP
uptake, HIV dynamics with movement between key populations that include commercial
sex workers, injection drug users and males who have sex with males, sex orientation of the
HIV patients and optimal control of the infection. Our study of HIV infection with focus on
its control and eventual containment, HIV dynamics between key populations and optimal
control of the infection in the model of HIV infection between key population is the first of

the kind.

7.2 Discussion and conclusion

In Chapter 3, a mathematical model is presented to study the overall trend of HIV infection
in Kenya factoring the main HIV intervention that mainly involves the use of ART. Based on
the definition in Van den Driessche and Watmough (2002) and the subsequent computational
procedure therein contained, the basic reproduction number, denoted by %, for the model
was computed. Global stability analysis of the disease-free equilibrium was carried out to
prove that the infection would be contained if the basic reproduction number is less than unity
and the infection would persist if it is greater than unity. Routine data from national survey is
used to assess the variation of the new HIV infections in Kenya. Based on this data, least

squares method was used to estimate the unknown parameters. The HIV incidence shows of
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an infection at an endemic state implying of ceaseless problem. Furthermore, improvement
in immunological status of the HIV patients on ART due to attrition, may lead to decline in
HIV infection and be beneficial to the disease control. When comparing our model results
to other models, we focused on the impact of test and treat. Most studies have modelled
the impact of ART treatment on the spread of HIV (Isdory et al., 2015; Kiss et al., 2010;
Podder et al., 2011; Sahu and Dhar, 2015). For example, Kiss et al. (2010), modelled HIV
transmission and established that a proportion of the population that can respond to HIV by
taking measures to avoid infection or if infected by seeking treatment early. Kok et al. (2015)
findings suggested that optimal resource allocation favours routine testing in high prevalence
settings over targeted testing and that a greater impact would be achieved by allocating more
resources to routine testing in high prevalence settings. Our findings suggested that treatment
with ART greatly aids the decline in HIV infections hence strengthening its intensity will

effectively contribute to the disease control.

A mathematical model describing the dynamics of HIV transmission by incorporating sexual
orientation of individuals is developed in in Chapter 4. Equilibrium points and the basic
reproduction number are derived. The basic reproduction number provides a threshold that
determines whether or not the disease fades away. The model, described by non-linear ODEs,
shows existence of unique disease-free and disease-persistent equilibria. Least squares curve
fitting is presented to quantitatively investigate the trend of infection within each gender. We
further investigated the effect of the introduction of pre-exposure prophylaxis (PrEP) on the
dynamics of the HIV. Other studies that have modelled the impact of PrEP have suggested
that HIV can be effectively controlled if in addition to the current rate of administration of
antiretroviral therapy in the community, at least 61-77% (with mean of about 70%) of the
susceptible are on PrEP (Afassinou et al., 2017; Kim et al., 2014; Li et al., 2018; Podder et al.,
2011; Silva and Torres, 2017; Simpson and Gumel, 2017). Our model results are indicative
of a higher infectivity in the female population. Our findings show that the introduction
of PrEP has had a positive effect on the limitation of spread of HIV when the coverage is
maintained at slightly above 40%. Although our study assumes the same efficacy for both
the males and females. Sensitivity analysis results show that control of effective contacts

can result in control of the disease across gender divide. The model provides a unique
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opportunity to influence policy on HIV treatment and management. A model by Simpson and
Gumel (2017) showed that, if the current rate of administration of anti-retroviral treatment is
maintained, HIV burden decreases with increasing PrEP coverage. This is, thus comparable
to the reduction estimated by our model. What is new in our study is that we have considered

test and treat as well as PrEP up-take.

In Chapter 5, we formulated and analysed a mathematical compartmental model of HIV
transmission within and between two age groups in Kenya. We fitted the model to data using
MCMC technique and inferred the parameters. Models that have used similar techniques in
estimating parameters include (Sardar et al., 2016; Sasmal et al., 2018). We also estimated
the reproduction numbers, namely within age group transmission and between age groups
transmission basic reproduction numbers. When comparing our model to other models,
we explicitly considered sex-oriented model stratified by age as motivated by the available
Kenyan data. For instance, Mukandavire et al. (2009), modelled a sex-structured model for
heterosexual transmission of HIV/AIDS with explicit incubation period and provided an
in-depth and complete qualitative analysis. However, the model neglected stratification by
age. In another study, Mukandavire and Garira (2007a) considered heterosexual interactions
of males and females using integro-differential equations with a time delay due to incubation
period. While they incorporated the effects of male and female condom use as the main
mode of preventing HIV infection, no real-time surveillance data to establish the trend of
infection. In addition, the model was not stratified by age. The analysis of the data revealed
that there is significant difference in mean number of new HIV infections between males
and females within the two age groups. More, particularly, females are highly infected with
HIV as compared to their male counterparts. These results are comparable to the results
obtained in (Ross et al., 2018). Calculation of the reproduction numbers within and between
age groups provides insights into control that cannot be deduced simply from observations
on the prevalence of infection. More specifically, the analysis showed that the per capita rate
of HIV transmission was highest when there is interaction between young adults to adults
and most HIV infections occurred in adult population. Furthermore, the sensitivity analysis
demonstrated that the reproduction numbers depend mainly on the probabilities of infection.

This results can be used to guide HIV interventions, PrEP distribution and antiretroviral
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therapy. Precisely, the results can be used to educate the young adults on practising safe sex

with their partners in order to contain the occurrence of new infections.

Our work in Chapter 6 attempts to study the transmission trend between commercial sex
workers, and injection drug users. We formulated a deterministic model for the spread of
HIV between these risk groups. The model is designed in such a way that it allows for free
transition between the risk groups. The analytical results indicate that %, is indeed the
threshold for injection drug user when 7 = 0. When the saturation parameter 7 > 0, the
system exhibits the phenomenon of backward bifurcation where a HIV-free equilibrium
and two non-trivial equilibria coexist. A change in the qualitative behaviour of the system
is observed when %y, = 1. At %4 = 1, the epidemic is sustained in the population since
each existing infection causes one new infection. The appearance of backward bifurcation
indicates that it is not sufficient to decrease the basic reproduction number below unity for
the containment of HIV in the population. These results are similar to the ones in Elbasha
and Gumel (2006). Using data from literature related to the transmission dynamics of HIV,
we carried out numerical simulations. The result showed that there is persistence of HIV in
the populations when the basic reproduction number is greater than unity. This suggested that
the control of the epidemic of HIV should be enhanced through a combination of PrEP use,
individual protection, and treatment of infected with ART. Furthermore, we formulated an
optimal control problem with the aim to determine the PrEP strategy that satisfies the mixed
state control constraint and minimizes the number of HIV infection. We then considered
three time dependent controls as a way out, to ensure the containment of HIV infection in a
finite time. We performed optimal control analysis of the model. In this regard, we addressed
the optimal control by deriving and analysing the conditions for optimal containment of HIV
and in a situation where eradication is impossible or of less benefit compared to the cost
of intervention, we also derived and analysed the necessary conditions for optimal control
of the disease. We then provided numerical simulations, which show that it is possible to
reduce the HIV incidence through PrEP and having into consideration the limitations related
to the implementation of PrEP that include cost, epidemic context, program coverage and
individual-level adherence. These results have the potential to help policy makers escalate

programs against HIV infections in high risk populations by modifying the implementation
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of current interventions, or by adding new control measures. It is also important to note that
from many work on the optimal control of infectious diseases (see for instance Blayneh et al.
(2009); Silva and Torres (2017)), and more particularly HIV infection (Gromov et al., 2017;
Kwon et al., 2012; Okosun et al., 2013), optimal control analysis taking into consideration
interaction between risk groups, to our knowledge, has not been done. This, therefore,

represents a contribution to the study of optimal control models of HIV infection.

7.3 Policy recommendations

In spite of the intense and aggressive interventions from various governmental and non-
governmental organisations, there is still growing number of new infections in Kenya es-
pecially amongst the youths aged 15-24 years. HIV/AIDS burden in Kenya accounts for
approximately 29% of the adult deaths annually, 20% of the maternal mortality and 15% of
deaths of children aged below five years. The findings from this research could be useful
to organisations such as National AIDS Control Council (NACC), National AIDS and STIs
Control Programme (NASCOP), Kenya Medical Research Institute (KEMRI), Centers for
Disease Control and Prevention (CDC-Kenya) and the Ministry of Health (MoH), which
are at the forefront in the fight against HIV/AIDS. These results have the potential to help
in escalating programs against HIV infections in high risk populations by modifying the
implementation of current interventions, or by adding new control measures. The following

specific recommendations could be considered.

1. The uptake of PrEP is necessary for quick protection of individuals at high risk of HIV
infections. This should not be limited to the key risk populations (commercial sex

workers, males who have sex with males and injection drug users).

2. To reduce the chances of infections through sexual contacts with infected individuals
at high risks of HIV infection, educational campaigns that encourage them to use

preventive measures such as condoms should be particularly enhanced.
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3. To achieve the WHO target of 90-90-90, the self test kits should be availed in all
medical facilities and those who find themselves positive be immediately enrolled into

ART treatment programmes.

4. The possibility of resistance to PrEP uptake provides a unique chance to monitor
individual adherence. This provides an opportunity to look into the quality and

standards of PrEP.

7.4 Study limitations

In the models used, stochasticity of the occurrence of HIV infection was not factored.
Stochasticity that may be attributed to the environmental conditions that could influence the
infection pattern. The noise resulting from such stochastic consideration may give a more
realistic picture of the fluctuating non constant disease transmission rates. Furthermore, it is
well known that the goodness of fit measures the discrepancy between observed data and
values expected from the models. In this work, no goodness of fit tests were performed.
Considering the importance of goodness of fit in fitting models to data, it can be an area of

future research.

The models we used do not put into account the time delay between the time infection and
when the infected person becomes infectious. It may be plausible to investigate the effect
of delay on the transmission dynamics of the HIV in the presence of PrEP up-take. In
addition the infection rate may not necessarily be constant throughout the epidemic period.
We acknowledge the fact that considering time dependent parameter may give more insights
into the HIV dynamics. The model that incorporates the key populations does not put into
account the possibility of cross risk infection. This aspect may have a significant effect on

the transmission dynamics and severity of the HIV and can be considered for future research.
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Appendix A

MATLAB

The MATLAB code used for curve fitting and simulations in Chapter 3 and Chapter 6.

A.1 Matlab curve fitting code

function HIVfit(do_estimation)
warning off;
%%% ::::::::::::::::::::1oading data from excel ===================

Data=xlsread (’HIV.xlsx’);

bty ========== The initial guess of the parameters=================
lambda = 1/30; mu = 1/60; kappal = 1/13; kappa2 = 1/14;

betal = 0.0523; beta2 = 0.0380; beta3 = 0.027; betad = 0.0120;
etal = 0.282; eta2 = 0.0282; deltal = 0.0054; delta2 = 0.00465;
delta3 = 0.00613;

hhty ============== The initial conditions ========================
S0 = 20000000; I0 = 40702; TO = 130000; WO = 000; X0 = 000;
y0=[S0,10,T0,W0,X0] ;

hihly=============== year to start the model simulation ============
Istart=2000;

Iend=Istart + 17;

options=odeset (’AbsTol’,0.001,’RelTol’,0.001, ’MaxStep’,1);
hllhy=============== The estimated parameters ======================

do_estimation=1;
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if (do_estimation)

xdata=Data(:,1)’; ydata=Data(:,2)’;

x0(1,1) = 1/30; x0(1,2) = 1/60; x0(1,3) = 1/13; x0(1,4) = 1/14;

x0(1,5) = 0.0523; x0(1,6) = 0.0380; x0(1,7) = 0.027; x0(1,8) = 0.0120;
x0(1,9) = 0.0282; x0(1,10) = 0.0282; x0(1,11) = 0.0054; x0(1,12) = 0.00465;
x0(1,13) = 0.00613;

Dbty ====================== The upper and lower bounds =====================
LB=[0.025 0.014 0.0083 0.0083 0.0 0.0 0.0 0.0 0.060 0.05 0.0008 0.003 0.005];
UB=[0.050 0.020 0.0145 0.0145 1.9 1.9 1.9 1.9 0.9 0.8 0.052 0.09 0.05];
hihly=========================The least squares method ======================
x=1lsqcurvefit (@Model_Inc,x0,xdata,ydata,LB,UB,optimset);
hhfhy======================== The estimation of parameters ==================
’estimated parameters’

lambda = x(1)

mu = x(2)

kappal =x(3)

kappa2 = x(4)
betal = x(5)
beta2 = x(6)
beta3 = x(7)
betad = x(8)
etal = x(9)
eta2 = x(10)
deltal = x(11)
delta2 = x(12)

delta3 = x(13)

[t y] = ode45(@HIVfit, [000:1:(Iend-Istart)], yO);
S=y(:,1); T =y(,2); T=y(:,3); W=y(:,4); X =y(,5);
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NN=sum(S+I+T+W+X) ;

incidence= y(:,2);

close all;

figure(1)
plot(Istart+t,incidence,’-r’,’LineWidth’,1.5), hold on,
plot(Data(:,1),Data(:,2),%0?,’LineWidth’,2.0),

xlabel (’Time (year)’,’fontsize’,12),

ylabel (’New HIV infections ’,’fontsize’,12),

hold off

legend(’Model output’,’HIV data (aged 15+ years)’,’FontSize’,8,’Location’

,’east?)
ylim([0 80000])
x1lim([xdata(1) 2018])
figure(2)
plot(Istart+t,I,’-r’,’LineWidth’,1.5),
xlabel (’Time (year)’,’fontsize’,12),
ylabel (’New HIV infections projection (aged 15+ years) ’,’fontsize’,12),

ylim([0 80000])

xlim([xdata(1) 2030])

figure(3)

plot(Istart+t, (I*100)/N,’-r’,’LineWidth’,1.5),

xlabel (’Time (year)’,’fontsize’,12),

ylabel (’Estimated HIV incidence in % (aged 15+ years) ’,’fontsize’,12),
y1im([0 0.35])

xlim([xdata(1) 2030])

Wl ================= The model system ==============================
function [ydot]=HIVfit(t,y)

S=y); I =y(2),; T=y@); W=y); X=y(5);
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N=sum(y) ;

ydot (1) = lambdax*N -(betalxy(2)+beta2*y(3)+beta3*y(4)+betad*y(5))*y(1)/N -

. muxy(1);

ydot (2) = (betal*y(2)+ beta2*y(3)+beta3d*y(4)+betadxy(5))*y(1)/N -...

(deltal+etal+mu) *y(2) ;

ydot (3) = deltal*y(2)-(eta2+mutkappal)*y(3);

ydot (4) = etalxy(2) + delta3x*y(5)-(delta2+mu)*y(4);
ydot(5) = eta2xy(3) + delta2*y(4)-(delta3+mutkappa2)*y(5);
ydot=ydot’;

end

function Inc=Model_Inc(x0,xdata)

hht ====== initialization of incidence not to have an empty array
Inc=0;
%kl ============== The order of the parameters

lambda = x0(1);
mu = x0(2);
kappal =x0(3);

kappa2 = x0(4);
betal = x0(5);
beta2 = x0(6);
beta3 = x0(7);
betad = x0(8);
etal = x0(9);

eta2 = x0(10);
deltal

x0(11);
delta2 = x0(12);
delta3 = x0(13);

S0 = 20000000; IO = 40702; TO = 130000; WO = 000; X0 = 000;

y0=[S0,I0,TO,W0,X0];
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[t y] = ode45(@HIVfit, [0:1:Iend-Istart], yO0);
S=y(:,1); I=y(:,2); T=y(:,3); W=y(:,4); X=y(:,5);
incidence= y(:,2);

for i=1:length(xdata)

ind=find(xdata(i)-Istart==t);

S=y(ind,1); I=y(ind,2); T=y(ind,3); W=y(ind,4); X=y(ind,5);
Yhh============== The incidence state variable ===================
Inc(i)= I;
end
end

end

A.2 Simulation code

function [yul=risks

clc,

Istart=0;

Iend=Istart + 50;

J============= Fixed parameters ==================================
Pil = 0.0161; Pi2 = 0.0161; psi = 3; mu = 0.0161; alphal = 0.39;
alpha2 =0.15;

J============ Transmission probabilities =========================
beta = 0.75; thetal = 0.98; theta2 = 0.88; theta3 = 0.91;

tau = 0.28; eta = 0.58; deltal = 0.92;

h============= Transition parameters ============================
omegal = 0.0065; omega2 = 0.0085; kappal = 0.0055; kappa2 = 0.0075;
rhol = 0.045; rho2 = 0.075; gammal = 0.0017; gamma2 = 0.0026;

%:::::::::::::::: PrEP uptake parameters =—=========================

168



Ji================ PrEP relapse parameters =========================
xi2 = 0.0512; xi4 = 0.0615;

YYj==================== Initial conditions==========================
Ss0=110000; Us0=20000; Ts0=00000; Ps0=10000; Sd0=12000; Ud0=2500;
Td0=2000;Pd0=2000;

y0=[Ss0,Us0,Ts0,Ps0,5d0,Ud0,Td0,Pd0] ;

function dy=system(t,y)
dy=zeros(8,1);
N = y(D+ y(2)+y(3)+ y(4)+y(B)+y(6)+ y(7)+y(8);

lambdal = psix*betax(y(2)+thetal*y(3)+theta2*y(6)+thetal3*y(7))/N;
lambda2 = psix*betaxetax(y(2)+thetal*y(3)+theta2*y(6)+theta3*y(7))/N;
lambda3 = deltalxy(6)/(1+tauxy(6));

N1 = y(1)+ y(2)+y(3)+ y(4); N2 = y(5)+y(6)+y(7)+y(8);
dy (1)

Pil1xN1+xi2%y(4)+kappa2+*y(5)-lambdal*y (1) - (mu+tkappal+xil) *y(1);

dy(2) = lambdalxy(1)+omega2+y(6)-(alphal+omegal+mu)*y(2);

dy(3) = alphalxy(2)+rho2xy(7)-(rhol+mu)*y(3);

dy(4) = xilxy(1)+gamma2+y(8)-(gammal+xi2+mu)*y(4);

dy(5) = Pi2*N2+kappal*y(1)+xid*y(8)-(lambda2+lambda3)*y(5)-. ..
(mutkappa2+xi3) *y(5) ;

dy(6) = (lambda2+lambda3)*y(5)+omegal*y(2)-(alpha2+omega2+mu)*y(6) ;

dy(7) = alpha2xy(6)+rholxy(3)-(rho2+mu)*y(7);

dy(8) = xi3*y(5)+gammal*y(4)-(gamma2+xid+mu) *y(8) ;

end

options = odeset(’RelTol’,le-4,’AbsTol’,le-5*ones(1,8));

[T,Y] = ode45(@system, [000:1:(Iend-Istart)],y0,options);

Ss=Y(:,1);Us=Y(:,2);Ts=Y(:,3); Ps=Y(:,4); Sd=Y(:,5);Ud=Y(:,6); Td=Y(:,7);



% figure(1)

% hold on

% plot(Istart+T,Ss,’-b’,’LineWidth’,1.5)

% hold on

% xlabel(’Time (years)’,’fontsize’,12);ylabel(’Susceptible individuals,

%S_s’,’fontsize’,12);

% % ylim([0,1000])

figure(2)

hold on

plot(Istart+T,Us,’--m’,’LineWidth’,1.5)

hold on

xlabel (’Time (years)’,’fontsize’,12);ylabel(’Infected individuals,
U_s’,’fontsize’,12);

figure(3)

hold on

plot(Istart+T,Ts,’--m’,’LineWidth’,1.5)

hold on

xlabel (’Time (years)’,’fontsize’,12);ylabel(’Infected individuals on ART,
T_s’, ’fontsize’,12);

figure(4)

hold on

plot(Istart+T,Ps,’--m’,’LineWidth’,1.5)

hold on

xlabel (’Time (years)’,’fontsize’,12);ylabel(’Susceptible individuals on
PrEP, P_s’,’fontsize’,12);

% figure(5)

% hold on

% plot(Istart+T, (Us+Ts)/N1,’-b’,’LineWidth’,1.5)

% hold on

% xlabel(’Time (years)’,’fontsize’,12);ylabel(’Prevalence of HIV’,
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%’fontsize’,12);

% figure(6)

% hold on

% plot(Istart+T,Sd,’-b’,’LineWidth’,1.5)

% hold on

% xlabel(’Time (years)’,’fontsize’,12);ylabel(’Susceptible individuals,

% S_d’,’fontsize’,12);

% ylim([0,1000])

figure(7)

hold on

plot(Istart+T,Ud,’--m’,’LineWidth’,1.5)

hold on

xlabel(’Time (years)’,’fontsize’,12);ylabel(’Infected individuals,
U_d’,’fontsize’,12);

figure(8)

hold on

plot(Istart+T,Td,’--m’,’LineWidth’,1.5)

hold on

xlabel (’Time (years)’,’fontsize’,12);ylabel(’Infected individuals on ART,
T_d’,’fontsize’,12);

figure(9)

hold on

plot(Istart+T,Pd,’--m’,’LineWidth’,1.5)

hold on

xlabel (’Time (years)’,’fontsize’,12);ylabel(’Susceptible individuals on
PrEP, P_d’,’fontsize’,12);

% figure(10)

% hold on

% plot(Istart+T, (Ud+Td)/N2,’-b’,’LineWidth’,1.5)

% hold on

171



% xlabel(’Time (years)’,’fontsize’,12);ylabel(’Prevalence of HIV’,
%°’fontsize’,12);

h=====================Compasiron plots ===========================
% figure(11)

% plot(Istart+T,Ss,’-b’,Istart+T,Sd,’-r’, ’LineWidth’,2.0)

% xlabel(’Time (Years)’)

% ylabel(’Infected individuals not on ART’)

% legend(’S_s’, ’S_d’)

hhfh==========Computations of basic reproduction numbers ==========

Q1 = mu+tkappal+xil; Q2 = alphal+omegal+mu; (3 = rhol+mu; Q4 gammal+xi2+mu;

Q5 = mu+kappa2+xi3; Q6 = alpha2+omega2+mu; Q7 = rho2+mu; Q8 rho2+xi4+ mu;

Q9 = kappalxkappa2+Q4+Q8+xil*xi2*Q5+Q8; Phil = (xil*xi2)/(Q1*Q4);

Phi2 = (xi3*xi4)/(Q5*Q8); Phi3 = (xi2xxi3)/(gammal*kappa?2) ;

Phi4 = (xil*xi4)/(gamma2+kappal); Phi5 = (kappal*kappa2)/(Q1*Q5);
Phi6 = gammal*gamma2*(kappa2*Pi2*(1-Phi3)+Pil1*Q5) ;

Phi7 = kappalx*xkappa2*Q4*Q8-xil*xi2*Q5*Q8;

Phi8 = deltal*(Pil+Pi2)*Q7+beta*eta*mu*xpsi* (theta2xQ7+alpha2*theta3);
RO1 = (beta*psi*(mu +xi2)*(Q3+alphalxthetal))/(Q2*Q3*(mu +xi2+xil1))
RO2 = ((mu +xi4)*(Q7*deltal+betaxpsi*eta*(Q7*theta2+alpha2*theta3)))

/(Q6*Q7* (mu +x14+xi3))

ROs = (betaxpsi*mu*(Q3+alphal*thetal)* (Q4*Q8* (kappa2*Pi2+Pi1*Q5%(1-Phi2))
-Phi6))/((Pi1+Pi2) *Q2*Q3* (gammal*gamma2*kappal*kappa2* (1-Phi3) * (1-Phi4)
-Q1*Q5* (gammal*gamma2-Q4*Q8* (1-Phi2))-Phi7))

ROd = (Phi8*((gammalxgamma2+kappal*Pil*(1-Phi4)+Q4*Q8* (kappal*Pil+Pi2x*Q1)
+Pi2* (gammal*gamma2*Q1+xil1*xi2*Q8))))/ ((Pi1+Pi2)*Q6*Q7* (gammal*gamma?2
xkappal*kappa2*(1-Phi3)*(1-Phi4) -Q1*Q5* (gammal*gamma2-Q4*Q8* (1-Phi2))-Phi7))
RO = max([ROs,R0d])

end
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Appendix B

R code

The R code used for descriptive analysis, curve fitting and simulations in Chapter 4 and

Chapter 5.

B.1 Descriptive analysis code

setwd("C:/Users/eomondi/Desktop/PHD-code/Sex-model")

dir()

# =============== Loading the necessary packages====================
library(deSolve) # library for solving differential equations
library(reshape2) # library for reshaping data

library(ggplot2) #library for plotting

library(minpack.1lm)

library(gridExtra)

library(tidyr)

library(rcompanion)

library(FSA)

Hit#

#====== Loading the data===========================================
MyData <- read.csv("Adults.csv", header = T)

colnames(MyData) = c("time",'"Male","Female","Total")

MyData.long <- gather(data = MyData, key = Gender, value = Number,
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-c(time))

#H##### ======== Plots for the row data of the HIV infections =======
Raw.data<-MyDatal[,c(1,2,3)] # Subset of the main data

Raw.long.data <- gather(data = Raw.data, key = Gender, value = Number,

-c(time))
Plot1<-ggplot(data=Raw.long.data,aes(x=time,y=Number,color=Gender))+
geom_point(size=2) +theme_bw() +theme(axis.title
= element_text(face = "bold")) + xlab("Time in years")

+ylab("Cases of new infections")+ x1im(2000,2020)+ylim(0,80000)

Plot1
#i## ==========Error bar/ ggplot to describe the data ==================
Sum = groupwiseMean(Number ~ Gender,data = MyData.long,conf = 0.95,
digits = 3)
Sum
bari<-gplot (x = Gender,y = Mean,data = Sum) +
geom_errorbar (aes(ymin = Trad.lower,ymax = Trad.upper,width = 0.15))
+theme_bw() +theme(axis.title = element_text(face = "bold"))+

ylab("Mean number of new infections'")+ylim(0,100000)
barl
bar2<-ggplot(Sum, aes(x = Gender, y = Mean)) +
geom_errorbar (aes(ymin = Trad.lower,ymax = Trad.upper), width = 0.05,
size = 0.5) + geom_point(shape = 15,size = 3) +theme_bw()
+theme (axis.title = element_text(face = "bold"))
+ ylab("Mean number of new infections")+ylim(0,100000)
bar2
## =========01mple error bargraph of the mean ====================
Table = as.table(Sum$Mean)
rownames (Table) = Sum$Gender
par (mfrow=c(1,1))

barplot(Table,ylab="Mean number of new infections",xlab="Sex")
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bar3<-gplot (x = Gender,y= Mean,data = Sum)
+ geom_bar (stat ="identity",fill = "gray")
+ geom_errorbar(aes(ymin = Trad.lower, ymax = Trad.upper,
width = 0.15))+ geom_point(shape = 15,size = 3)+theme_bw()
+theme (axis.title = element_text(face = "bold")) +
ylab("Mean number of new infections")+ylim(0,100000)
#dev.off ()
bar3
#### =============The density plot ==============================

data.den<-MyDatal[,c(1,2,3)]

data.den.long<-gather(data = data.den, key Gender, value = Number,

-c(time))

ggplot(data.den.long, aes(x = Number, fill = Gender))+
geom_density(alpha=.5)+ scale_fill_manual(values=c("red","blue"))+
theme_bw() +theme(axis.title = element_text(face = "bold"))+
xlab("Number of new cases of HIV infection")
###f ============ The statistical test for the difference===========
wiltest<-wilcox.test(data.den.long$Number ~ data.den.long$Gender,
paired=FALSE)

wiltest

sum(rank (c (MyData$Female, ,MyData$Male)) [1:17])

B.2 Curve fitting code

setwd("~/0OneDrive - Strathmore University/Documents/PhD/PHD-code/Sex-model")
H# ============ Load_ing the necessary packageS::::::::::::::::::::::
library(deSolve) # library for solving differential equations

library(reshape2) # library for reshaping data (tall-narrow <-> short-wide)
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library(ggplot2) #library for plotting
library(minpack.1lm); library(gridExtra); library(tidyr); library(rcompanion)
library(FSA); library(FME); library(stargazer); library(plotly)
library(dplyr); library(devtools); library(Rmisc); library(data.table)
library(DescTools); library(agricolae); require(PMCMR); library(pastecs)
### Loading the data========================================
HIV.data <- read.csv("HIVA.csv", header = T)
##========== Subsetting the data of interest and plotting===========
HIV.datal<-HIV.datal[,c(5,11,12)] # Subset of the main data
HIV.long.data <-gather(data=HIV.datal, key=Gender, value=Number,-c(Year))
HIV.plot<-ggplot(data=HIV.long.data,aes(x=Year,y=Number,color=Gender))+
geom_point (size=2)+theme_bw()+theme (axis.title = element_text(face="bold"))
+xlab("Year")+ylab("New cases of HIV infection")+x1im(2010,2018)
+y1lim(0,30000)

HIV.plot
#================== FSW function ===================================
FSW.ode = function(t,y,p){

with(as.list(c(y,p)),{

#===========The baseline model parameters (fixed parameters) ===========
Lambda = 0.001245; mu =0.00139; delta_1 = 0.009125; delta_2 = 0.00725
c_ml = 3; c_m2 = 2; c_m3 = 2; c.m4d = 2; c_f1 = 3; c_f2 =2

c_f3 = 2; c_f4d = 2; alpha = 0.49
#=============PrEP intervention introduced in May 2017 ==============
if (t<=2017.333333){ #
phi=0
Yelse {
phi=0.40

N.m= S_mtI_ml+I_m2+T_mi+T_m2; N_f = S_f+I_f1+I_f2+T_f1+T_£2
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#==================The infection terms ============================
lambda_m =(1-phi)*((beta_fil*c_mi*I_fl+beta_f2xc_m2*I_f2+
beta_f3*c_m3*T_fl+beta_fd*xc_mé4*T_£2)/N_m)
lambda_f =(1-phi)*((beta_ml*c_f1*I_ml+beta_m2*c_£f2*I_m2+
beta_m3*c_f3*T_ml+beta_méd*xc_£f4*T_m2)/N_f)
#========== 0DE system of equations =============================
dS_m = alphaxLambda*N_m-lambda_m* S_m- muxS_m

dI_ml =lambda_m*S_m-(gamma_1l+tau_1+mu)*I_ml

dI_m2 = gamma_1*I_ml-(tau_2+mutdelta_1)*I_m2

dT_ml = tau_1*I_ml+ omega_1*T_m2-(psi_1+mu)*T_ml

dT_m2 = tau_2*I_m2+psi_1*T_ml-(omega_l+mu+delta_2)*T_m2
dS_f =(1-alpha)*Lambda*N_f-lambda_f*S_f-muxS_f

dI_f1 = lambda_f*S_f-(gamma_2+tau_3+mu)*I_f1

dI_f2 = gamma_2xI_f1-(tau_4+mut+delta_1)*I_£2

dT_f1 = tau_3*I_fl+omega_ 2*T_f2-(psi_2+mu)*T_f1

dT_f2 = tau_4*I_f2+psi_2%T_f1-(omega_2+mu+delta_2)*T_f2

#=========== packagin the 0ODES as a list ======================

list(c(dS_m,dI_ml1,dI_m2,dT_m1,dT_m2,dS_f,dI_£1,dI_£f2,dT_£f1,dT_£2),
N_m,N_f, lambda_m, lambda_f)})

#========= model parameters to be fitted ========================
prm=c(beta_ml =2.232372e-01,beta_m2 =6.861681e-03,beta_m3=2.840410e-03,
beta_m4=2.358015e-01, beta_f1=8.415809e-01, beta_f2 =9.512583e-03,
beta_f3 =1.109097e-02,beta_f4=3.322502e-03, gamma_1=5.038317e-01,
gamma_2 = 9.881907e-01,tau_1=9.886510e-01,tau_2=9.992431e-01,

tau_3 =9.895523e-01,tau_4=9.987893e-01,psi_1=1.822176e-04,

psi_2 =9.998650e-01,omega_1= 9.999946e-01,omega_2=2.166125e-05)

# prm=c(beta_ml = 0.8703, beta_m2 = 0.703, beta_m3 = 0.6703,beta_m4 = 0.5703,
# beta_f1 = 0.8703,beta_f2 = 0.703, beta_f3 = 0.6703,beta_f4 = 0.5703,
# gamma_1 = 0.5231,gamma_2 = 0.5231,tau_1 = 0.623,tau_2 = 0.623,
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# tau_3 = 0.623, tau_4 = 0.623, psi_1 = 0.271, psi_2 = 0.271,
# omega_1l = 0.057, omega_2 = 0.036)

init = ¢(z0=12000000,z1=500,22=35000,2z3=30000,2z4=45000,2z5=11000000,2z6=530,
z7=40000,2z8=35000,z9=50000)

inits=c(S_m=init[[1]],I_ml=init[[2]],I_m2=init[[3]],T_mi=init[[4]],
T_m2=init[[5]],S_f=init[[6]1],I_f1=init[[71]1,I_f2=init[[8]],T_f1=init[[9]],
T_£2=init[[10]11)

f==============output times ==================================

tm = seq(2011,2030,by=1/12)

##tm = HIV.datal$Year

pra = as.data.frame(lsoda(inits,tm,FSW.ode,prm))
resultsi<-pral,c(1:11)]
results2<-pral,c(1,12,13)]
results3<-pral,c(1,14,15)]

HIV.pra <- gather(data=resultsl, key=Population, value=Number,-c(time))

HIV.pral <- gather(data=results2, key = Total, value = Number,-c(time))

HIV.pra2 <- gather(data=results3, key = Force, value = Number,-c(time))

HIV.pra.plot<-ggplot(data=HIV.pra,aes(x=time,y=Number,color=Population))+
geom_line(size=1.2)+theme_bw() +theme(axis.title=element_text(face="bold"))
+xlab("Time in years")+ylab("Population profile")+ x1im(2010,2030)
+y1lim(0,15000000)

HIV.pra.plot

##### ======The plots to the total population and forces of infection=====

ggplot (data=HIV.pral,aes(x=time,y=Number,color=Total))+

geom_line(size=1.2)+theme_bw() +theme(axis.title=element_text(face= "bold"))

+xlab("Time in years")+ylab("Total population")+ x1im(2010,2030)
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ggplot (data=HIV.pra2,aes(x=time,y=Number,color=Force))+
geom_line(size=1.2)+theme_bw() +theme(axis.title=element_text(face="bold"))
+xlab("Time in years")+ylab("Force of infection")+ x1im(2010,2030)
#==============HTV incidence data ===============================
Data<-HIV.datal,c(5,12,11)] #5,11,12
colnames(Data) = c("time","I_mi1","I_f1")
DataF<-as.data.frame(Data)
### =======The objective function for fitting the data =============
Objective = function(x, parset = names(x)) {
prm[parset] = x
## ===================== output times =============================
###ttout <- HIV.datal$Year
tout = seq(2011,2030,by=1/12)
##f ==================]nitial conditions =====================
inits0=c(S_m=init [[1]],I_mi=init[[2]],I_m2=init[[3]],T_mi=init[[4]],
T_m2=init[[6]],S_f=init[[6]],I_f1=init[[7]],I_£f2=init[[8]1],T_f1=init[[9]],
T_f2=init [[10]])
out = lsoda(initsO,tout,FSW.ode,prm)
## ====================Model cost ==========================

return(modCost (obs = Data, model = out))

#l=============== fitting the model ==========================
LL = ¢(0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0)
UL=c(2.0,2.0,2.0,2.0,2.0,2.0,2.0,2.0,1.0,1.0,1.0,1.0,1.0,1.0,1.0,1.0,1.0,1.0)
parms = c(beta_ml =2.232372e-01,beta_m2 =6.861681e-03,beta_m3=2.840410e-03,
beta_m4=2.358015e-01, beta_f1=8.415809e-01, beta_f2 =9.512583e-03,
beta_f3 =1.109097e-02,beta_£f4=3.322502¢-03, gamma_1=5.038317e-01,
gamma_2 = 9.881907e-01,tau_1=9.886510e-01,tau_2=9.992431e-01,
tau_3 =9.895523e-01,tau_4=9.987893e-01,psi_1=1.822176e-04,
psi_2 =9.998650e-01,omega_1= 9.999946e-01,omega_2=2.166125e-05)
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# ,2z0=12000000,z1=500,2z2=35000,z3=30000,

# z4=45000,z5=11000000,2z6=530,z7=40000,2z8=35000,z9=50000

Fit = modFit(p = parms, f = Objective,lower = LL,upper=UL)

betafit = Fit$par

prmfitl = c(betafit)

print (prmfitl)
inits1=c(S_m=init[[1]],I_mi=init[[2]],I_m2=init[[3]],T_mi=init[[4]],
T_m2=init[[6]],S_f=init[[6]],I_f1=init[[7]],I_£f2=init[[8]],T_f1=init[[9]],
T_f2=init[[10]1)

Male<-praF[,c(1,3)]

colnames(Male) = c("time","Model")
Malel<-HIV.datal,c(5,12)] #5,11,12
colnames(Malel) = c("time","Data")
Female<-praF[,c(1,8)]

colnames (Female) = c("time","Model")
Femalel<-HIV.datal,c(5,11)] #5,11,12

colnames(Femalel) = c("time","Data")

# =======0verlay predicted profile with experimental data ===========
####E Male
base = ggplot(data=Male, aes(x=time,Model)) + geom_line(color=’#CC0000’,size=1)
base = basetgeom_point(data=Malel,aes(time,Data),size=1,colour="blue")
base = base+ theme_bw() +theme(axis.title=element_text(face="bold")) +

xlab("Time (years)")+ylab("New cases of infection (male)")+ x1im(2010,2018)
+ y1im(0,20000)

print(base)

## Female
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basel=ggplot(data=Female, aes(x=time,Model)) + geom_line(color="#CC0000’,size=1)

basel = basel+geom_point(data=Femalel,aes(time,Data),size=1,colour="blue")

basel =basel+theme_bw() +theme(axis.title=element_text(face="bold"))

+ xlab("Time (years)")+ylab("New cases of infection (female)")+ x1im(2010,2018)
+ y1im(0,30000)

print(basel)

Comp_data<-praF[,c(1,3,8)]

colnames (Comp_data) = c("time","Male","Female")

Comp_data2 <- gather(data=Comp_data, key = Gender, value = Number,-c(time))

ggplot (data=Comp_data2,aes(x=time,y=Number,color=Gender))+
geom_line(size=1.2)+ theme_bw() +theme(axis.title=element_text(face="bold"))
+xlab("Time (years)")+ylab("New cases of infection ")+ x1im(2010,2030)
+ y1im(0,20000)

p_st<-coef (Fit)
SF<-summary(Fit)
Var0 <- SF$modVariance # model variance

covIni <- SF$cov.scaled*2.4~2/2 # model covariance

## =========Generating the table of the parameters ================
stargazer (SF$par)

###======= Sensitivity analysis ============s=====sss=s=s====
##======== Global sensitivity amnalysis ================

min = ¢(0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,
0.0,0.0,0.0)

max =c¢(2.0,2.0,2.0,2.0,2.0,2.0,2.0,2.0,1.0,1.0,1.0,1.0,1.0,1.0,1.0,
1.0,1.0,1.0)

parRanges <- data.frame(min, max)

rownames (parRanges) <- c("beta_ml", "beta_m2", "beta_m3","beta_m4","beta_f1",

"beta_f2","beta_£3","beta_f4","gamma_1","gamma_2",
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lltau_lll’ lltau_2ll, Iltau_sll, lltau_4ll’ Ilpsi_lll,
"psi_2","omega_1","omega_2")

parRanges

tout = seq(2011,2030,by=1/12)
print(system.time(
sR <- sensRange(func = Objective, parms = prm, dist = "grid",

sensvar =c("I_ml1","I_f1"), parRange=parRanges[1,],num=84)))

head (summary (sR))

summ.sR <- summary(sR)

par (mfrow=c(2, 2))

plot(summ.sR, xlab = "Year", ylab = "Cases of infection",
legpos = "topright", mfrow = NULL)

plot(summ.sR, xlab = "Year", ylab = "Cases of infection", mfrow = NULL,
quant = TRUE, col = c("lightblue", "darkblue"), legpos = "topright")

mtext (outer = TRUE, line = -1.5, side = 3, "Sensty to beta_ml", cex = 1.25)

par (mfrow = c(1, 1))

###t======global for all the parameters ===========s===============
Sens2 <- summary(sensRange(func = Objective, parms = prm,dist = "latin",
sensvar = "I_ml", parRange = parRanges, num = 1000))
plot(Sens2, main = "Sensitivity of all params", xlab = "Year",
ylab = "Number of infections")
#f#f============Local sensitivity analysis ==================

HIVfit<-sensFun(func = Objective,parms=prm,sensvar =c("I_mi","I_f1"),
varscale = 1)

head (HIVfit)

plot (HIVfit,which = c("I_m1", "I_f1"), col = c("blue", '"green"))

summary (HIVfit)

summary (sensFun(Objective, prm, varscale = 1), var = TRUE)
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corl<-cor (HIVfit[ ,-(1:2)]1)
corl

collin(HIVfit,parset = 1:18)
Coll <- collin(HIVfit)

Coll

par (mfrow=c(1,1))
plot(Coll,log = "y")
abline(h=20,col="red")
ident<-co0llin(SF)

head (ident,n=20)

pairs (HIVfit, which = c¢("I_m1", "I_f1"), col = c("blue", "green"))

LB = ¢(0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,
0.0,0.0,0.0)
UB=c(2.0,2.0,2.0,2.0,2.0,2.0,2.0,2.0,1.0,1.0,1.0,1.0,1.0,1.0,1.0,
1.0,1.0,1.0)

MCMC <- modMCMC (p=p_st,f=0bjective,niter=5000,lower=LB,upper=UB,
jump = NULL,var0=VarO,wvar0 = 1,updatecov=40,burninlength=100)
#============analysing the MCMC chain ===========================

plot (MCMC,cex = 1.25)

plot (MCMC, Full = TRUE) #Results of the MCMC application
par (mar=c(4, 4, 3, 1) + .1)

plot (MCMC, Full = TRUE)

#===============plots of the posterior distributions===================
hist (MCMC)

#=========plotting correlations of your parameterg=============

pairs (MCMC)

pairs(MCMC,cex.labels=1.4,cex=0.7)

#=========== Sample parameters from the MCMC chain ==============
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q_par<-summary (as.mcmc (MCMC$par) )

q-par

stat.desc (MCMC$par)

#===========The best parameter from MCMC ==================

p_mcmc<-MCMC$bestpar

inits2=c(S_m=init[[1]],I_mi=init[[2]],I_m2=init[[3]],T_ml=init[[4]],
T_m2=init[[6]1],S_f=init[[6]],I_f1=init[[7]1],I_f2=init[[8]],
T_fi1=init[[9]],T_f2=init[[10]])

pra2 = lsoda(inits2,tm,FSW.ode,p_mcmc)

praF2 = as.data.frame(lsoda(inits2,tm,FSW.ode,p_mcmc))

par (mfrow=c(1,1))
plot(tm, (praF$I_ml1) ,type="1",col =c("blue"),lwd=c(2),1lty = 1,
xlab = "Time (years)", ylab = "HIV prevalence",xlim=c(2010,2030))

lines(tm, (praF2$I_m1),col =c("red"),lwd=c(2),1lty = 1 )

points(DataF$time,DataF$I_m1)

legend ("topright", c("Least squares","MCMC"),1lty = c(1,1),bty="n",
col =c("blue","red"), lwd = c(2,2),cex = 0.6)

par (mfrow=c(1,1))

UBg<-q_par$quantiles[1:1length(p_mcmc) ,5]
Median=q_par$quantiles[1:1length(p_mcmc),3]
LBg<-g_par$quantiles[1:1length(p_mcmc) ,1]

praF3 = as.data.frame(lsoda(inits2,tm,FSW.ode,LBq))
praF4 = as.data.frame(lsoda(inits2,tm,FSW.ode,Median))
praF5 = as.data.frame(lsoda(inits2,tm,FSW.ode,UBq))

plot(tm, (praF3$I_ml) ,type="1",ylim=c(0,20000),col =c("black"),lwd=c(2),
1ty = 1,xlab = "Time (years)", ylab = "HIV prevalence",x1lim=c(2010,2030))
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lines(tm, (praF5$I_m1),col =c("black"),lwd=c(2),1ty = 1 )
polygon(c(tm, rev(tm)), c(praF3$I_ml, rev(praF5$I_ml1)), col = "grey",
border = NA)

lines(tm, (praF4$I_m1),col =c("brown"),lwd=c(2),1lty = 2 )

points(DataF$time,DataF$I_m1)
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Abstract

HIV infection remains a major contributor to disease burden and a global leading cause of
death. Although progress is being made to control HIV infections, Kenya still remains one
of the high HIV burden countries in Sub-Sahara Africa. A deterministic model was proposed
to describe the trend of HIV infection in Kenya and suggest some control strategies. The
basic reproduction number, Ry, is derived and global asymptotic stability analysis of the
disease-free equilibrium carried out. We proved that HIV infections will be contained if the
reproduction number is kept below one. Routine data from national survey is used to assess
the variation of the new HIV infections in Kenya. Based on this data, least squares method
was used to estimate the unknown parameters. The HIV incidence shows of an infection at an
endemic state implying of ceaseless problem. Furthermore, improvement in immunological
status of the HIV patients on ART due to attrition, may lead to decline in HIV infection and
be beneficial to the disease control. The findings suggested that treatment with ART greatly
aids the decline in HIV infections hence strengthening its intensity will effectively contribute
to the disease control.

Keywords HIV transmission - Reproduction number - Least squares curve fitting -
Simulations

Introduction

HIV epidemic has been evolving in Kenya since the detection of the first case in 1984. Kenya
has the fourth highest number of HIV infections globally alongside South Africa and Nigeria
[28]. The reports from Kenyan National Aids Control Council (NACC) approximated that
1.6 million people were living with HIV by end of year 2015 with 36,000 deaths resulting
from AIDS-related illness [25,28]. Based on the sentinel surveillance data, the highest HIV
prevalence was reported to be at 10.5% at the end of the year 1996 and fell to approximately
6.0% by end 2015 [12]. Adults aged 15—49 years constitute about 51% of the new infections
in Kenya [12].
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A lot of research has been carried out on transmission of HIV using mathematical models
[3,17,33]. These models have focused on steady states and their stability as well as computer
simulations. None of the existing mathematical models, however, explicitly considers the HIV
trends data specific to Kenya. For example, Okongo et al. [18] used a mathematical model to
investigated the effects of social behaviour, treatment and vaccination of HIV. The model’s
stability analysis was determined and numerical simulations carried out. They established that
treatment which does not reduce infectivity may not reduce spread of HIV. The incorporation
of practical control measures such as behaviour change and treatment in models present an
opportunity to assess the benefits of the intervention of public health authorities [26,34]. Liu
et al. [11] studied the psychological impact on epidemic outbreaks. They established that an
increment in the infection level decreases the effective contacts. Kiss et al. [7] developed a
deterministic model to study the impact of information transmission on sexually transmitted
diseases. Their model accounted for the diffusion of health information disseminated as a
result of the presence of a disease and an ‘active’ host population that can respond to it by
taking measures to avoid infection or if infected by seeking treatment early. However, in
their findings they concluded that only a proportion of the population chooses to respond to
the risks by limiting effective contacts and subsequently seeking immediate treatment. Other
models pertinent to this study include [2,4,6,15,20,22]. While these models incorporated the
effects of HIV prevention through such means as behaviour change and as well as treatment
with ART, they did not consider the immediate enrolment of new HIV infected individuals
to treatment following the WHO and UNAIDS recommendation for HIV treatment centred
on 90-90-90 [29]. In our modelling attempt, we consider the case where HIV patients are
linked to ART treatment irrespective of their CD4™T cell counts in addition to studying the
trend of HIV infections.

To our knowledge, no deterministic model has focused on the study of trend of HIV
infection in Kenya. Thus, in the current paper, we aim to develop a mathematical model to
integrate to real-time series of HIV infection data amongst the people aged 15 years and
above. This is the aged group that significantly contributes to high HIV burden in Kenya
through heterosexual means [12]. Our aim is to examine the trend of HIV in Kenya so as to
devise effective strategies to combat HIV epidemic in order to achieve the vision 2030. Under
this vision, Kenya aims to eradicate HIV infections so as to end AIDS epidemic. Furthermore,
we aim to examine the global behaviour of the proposed HIV transmission model.

We organise the work in this paper as follows, second section introduces the model used.
We carry out analysis of the mathematical model in third section. In fourth section, we fit the
model to data and provide further numerical results. In fifth section, the findings of the study
are discussed and conclusions drawn.

Model

Model Formulation

To study the trend of HIV infection in Kenya, we propose a five state compartmental model.
The structure of the model is such that it comprises susceptible individuals (S) who are at high
risk of HIV infection. Upon acquiring infection, individuals in class S move to infection class
which is divided into two stages according to CD4" T cell counts in the blood. These include:
stage 1 comprising of individuals with CD41T cell counts > 350/nL, (I1). The infected
individuals in (/1) are assumed to be having lower viral load hence considered to be the new
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Fig. 1 Schematic diagram of HIV transmission

infections. The second stage of infection consists of individuals with 200/uL < CD4*T cell
counts < 350/L, (I>). Individuals in this stage are assumed to be having high viral load.
HIV positive individuals in stages I; and /> enter into [ lA and 12A if they receive antiviral
therapy treatment (ART) respectively. This is consistent with the WHO recommendation of
immediate enrolment into ART irrespective of the CD4 1T cell counts in the blood in order to
achieve viral load suppression [1,32]. The AIDS class is not considered in this model given
that full blown AIDS patients are usually hospitalised and/or sexually inactive. It is assumed
that they are not able to engage in HIV transmission activities hence do not contribute to HIV
infection. Figure 1 shows the schematic flow diagram of the model structure. The variable
population denoted by N(t) is described by (1).

N(t) = S(t) + L (1) + L(t) + I (1) + I3 (1). (1)

We assume that the susceptible individuals are recruited into the system at a constant rate
A. The susceptible individuals then acquire infections at the rate A, expressed as

AL+ B + B3It + Balst )
— ~ _

A

Here, B;, where (i = 1, 2, 3, 4), define the effective contact rates between susceptible indi-
viduals and infectious individuals in the classes I, I, IA and IZA, respectively. Different
effective contact rates are used based on the assumption that infected individuals in different
stages may have different effective contact rates due to difference in CD4™ T cell counts in
the blood, ART treatment and behaviour change. The natural death rate for all classes is u.
The progression rate from /; stage I, is given by §;. The progression rates from /| stage
to [ lA stage and from [, stage to IzA stage are given by 1 and 1, upon enrolment to ART
treatment respectively. The rates §, and 83 refers to the movement from / IA to IZA and from
12A to/ lA. This movement is assumed to be bi-directional due to adherence of HIV patients to
ART treatment and improvement or decline of the immunological status of the HIV patients
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on ART treatment. The disease related death rate is assumed to be «; and «» for I, and 12A
respectively.

Model Equations

The following non-linear ordinary differential equations are obtained.

dS—A AS S

dt - I'L 9

dh _ ;¢ 61+ +wl

dr = 1 ni iy,

dl

a7 =611 — (m+u+«)h, ! 3)
dI?

d—; =mli + 815 — 6+ Wi,

dIZA A A

7=5211 + ol — (83 + e+ k2)15 .

We assume thatatr = 0, S(0) > 0, 1;(0) > 0, 1>(0) > 0, 7{1(0) > 0 and 1;!(0) > 0.

Model Basic Properties

In this section, we explore the basic dynamical features of the system (3). For the system (3)
to be mathematically tractable and epidemiologically meaningful, it is important to prove
that that all the state variables and all the associated parameters are non-negative for all time
t > 0.

Theorem 1 The feasible region S2 represented by the set
A
2= {(S, Lo Y eR:S+ L+ L+ 1+ 13 < max{N(O), —}} :
n

with initial conditions S(0) > 0, 1,(0) > 0, I(0) > O, IIA(O) > 0and IzA(O) > 0, is
attracting and positively invariant with respect to the flow of the model system (3).

Proof 1f S(0), I1(0), I»(0), I{*(0), 1;*(0) are non-negative, so are S(t), I,(t), Ir(t), I{ (1),
12A (t) for all time ¢ > 0. The total population evolves according to the following expression.
dN(t)
dt

Using, the standard comparison theorem as given in [27], we can easily deduce that the
solution to the expression (4) is given by

= A — uN(@). “4)

A A
N(t) < E + (N(O) — ;) exp(—ut), forallr > 0. (&)

The solution in (5) yields two possible scenarios in studying the behaviour of N(z). In
the first scenario, we consider N (0) > ﬁ so that, at time ¢ = 0, the right-hand side of (5)
experiences the largest possible value of N (0). Thatis, N(¢) < N(0) for all time ¢ > 0. In the

second scenario, we consider N (0) < ﬁ so that the largest possible value of the right-hand
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side of (5) approaches ﬁ as time ¢ tends infinity. Thus, N () < ﬁ for all time ¢ > 0. From

these two scenarios, we conclude that N () < max {N 0), ﬁ} for all time ¢ > 0.
O

The solutions in §2 are all non-negative and bounded. Hence the domain of biological
significance is positively invariant and attracting. Thus, all solutions starting in 2 remain
in §2. Furthermore, the system (3) is well-posed epidemiologically and we will consider
dynamic behaviour of the system (3) in £2.

Theorem 2 The solutions of system (3) exist and are non-negative for any given positive
initial conditions for all t € [0, 00).

Proof Here, we prove that all the stated variables remain non-negative and the solutions of the
system (3) with non-negative initial conditions will remain positive for all # > 0. Following
the work in [16,23], assume that

f=sup{t >0:5>0,1; >0, >0,I{ >0, I3 > 0)} € (0, 1].
Thus 7 > 0, and it follows directly from the first equation of the system (3) that
S=A—-AS—puS=A—-0O+ws. (6)

Equation (6) can be written as

t t
i (S exp {/ Mu)du + ,ut}) = Aexp {/ Au)du + M(t)} ,
dt 0 0

Integrating both sides from t = 0 to t = 7, we obtain

~ ~

S(f) exp {/ A(u)du + Mf} — S(0) = f Aexp {/xk(x)dx - ;Ly} dy,
0 0 0

t*

then multiplying both sides by exp {— / Au)du — oyt } , we have
0

~ ~

t 1
S(f) = S(0) exp {—/ A(u)du — Mf} + exp {—f Ao (u)du — pf}
0 0

t X
X / Aexp {f Alx)dx + ,uy} dy > 0.
0 0

Since, the right-hand side of the expression (7) is always positive, the solution S(z) will
always remain positive for all t+ > 0. Using the same argument, it can be shown that the
quantities 1, I, IlA, and 12A are positive for all # > 0.

(7)

O

Stability of Analysis
Basic Reproduction Number

The disease-free steady state (DFE) of system (3) is given by
& = {50,0,0,0,0}.
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So = ﬁ, represents the susceptible individuals when no one is infected with HIV. To obtain
basic reproduction number, denoted by R, we employ the next generation method [30].
Adopting the matrix notations as given in [30], we have

B1 B2 B3 Ba o 0 0 O
o000 =80 0 0
F=loooo| ™ V=1_, 0 05 —s

0000 0 —m —8 O4

Thus, Ry is the dominant eigenvalue of FV~! given by

Ro=Ri+ Ra+ R + RY, (8)
where
B1 B261 A B3(0204 +8183m2)
Rl = —, Rz = s 1 = .
01 010> 010203041 — &y)
RA _ Ba(Q282m1 + Q38112)
27 010203041 — @)
with
82683
Ql = 51+771+M, Q2 == 772+IL+K1, Q3 == 82+/,L, Q4 = 53+/,L—|—I{2, @1 et Q3Q4

Note that 0 < @&; < 1. The expression for Rg in (8) is carefully written to reflect
the contribution of each stage of the infected individuals in the initiation of new infections.
Thatis, R, Rs, Rf‘ and 72‘24 define the contribution of 11, I, I 1A and IZA, respectively, in the
generation of new infections. Here, R is interpreted as the expected cases of secondary HIV
infections arising from a single HIV infected individual during his or her entire infectious
period, in an otherwise disease-free population [5,21,24,30].

From Theorem 2 in [30], we establish following result.

Theorem 3 The disease-free equilibrium of system (3) is locally asymptotically stable when-
ever Ry < 1 and unstable otherwise.

Theorem 3 implies that HIV infection will disappear from the population when Ry < 1
if the initial sizes of the of the sub-populations of the system (3) are in the basin of attraction
of the disease-free equilibrium.

Existence of Endemic Equilibrium

The results in Theorem 3, shows that the system (3) has an disease-free steady state when
Ro < 1. When R > 1, the disease-free steady state (&), is unstable and the system (3) has
a non-trivial endemic equilibrium. Let the endemic equilibrium be represented by the phase
space

A A 5
£ = (S*, I I I, 1 *) eRS.

Therefore, solving system (3) in terms of the force of infection in (2), we obtain

. A . Al . ALS
= = = 1
A+ u O1(A* + ) 0102(A* + )

A% _ AN (Q2Q4m + 818312) e AN (028201 + 03811m2)

LT 010:050:(1 - @)GF+ ) P 010:0304(1 - SNGF + )
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Substituting the expressions for /[, I3, I IA* and IzA* into (2) at the equilibrium, we either
obtain A* = 0, which corresponds to the disease-free equilibrium previously obtained or

_ w(Ro — 1)
01020304(1 — Py)

Since the solution of the system (3) is only feasible in the invariant region £2, the expression
(9) is only feasible when Rg > 1. Hence the system (3) has a unique endemic equilibrium
whenever Ry > 1 and this equilibrium approaches zero as R tends to one. These results
are summarized in the following lemma.

A" 9

Lemma 1 The model system (3) has a unique endemic equilibrium whenever Ro > 1 and
no positive endemic equilibrium otherwise.

Global Stability Analysis DFE

In this section, we study the global stability of system (3) by construction of Lyapunov
functions. Thus, we begin by stating the following theorem.

Theorem 4 The disease-free steady state, &y, of the model system (3) is globally asymptoti-
cally stable when Ro < 1 and unstable otherwise.

Proof We define a candidate Lyapunov function as follows
I A JAY A A
(I, L, I{, 1) =9 1) + Y + W31 + Y4ly, (10)

where ¥, ¥;, &3 and ¥, are non-negative constants to be determined. The derivative of (10)
is given by

dL_wd11+lpd12+lde{‘+lpd12A
dr  \dr 2 dt 37di YA
Bili + Balp + B3I + Byl
_— < 2 1 2)S— Qi1 |+ W (811 — Q2]

+ U3 [mh + 8315 — Q311A] + Wy [521{‘ + il — Q412A] ,

<y | B + B +,3311A +,3412A — Qlll] + W (6111 — Q212]

s [l + 85151 — Oalf |+ v [0 + b — Qa1
=181 +¥dé1 +¥3n — Y1 011 + (Y182 + Wuny — ¥ 0211
+ [¥1 83 + Wy — W3 Q3111 + [W1 B4 + W383 — W4 Q4115

Setting the coefficients of I, 1 IA and 12A to zero and solving, we get

V) = 0203041 — @), ¥ = 030481 — P1) +n2(B363 + B403),
U3 = Q2(B304 + P482), Y4 = 02(Q384 + B363).

Using these coefficients, the time derivative of (10) can be expressed as

dL
o = 01020304(1 — )[R — 1]. (1)
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Table 1 Reported new HIV infections in Kenya

Year 2000 2001 2002 2003 2004 2005 2006 2007 2008

HIV+ 77,219 72329 71,875 74,074 77,729 81,523 85,201 91,082 105,292

Year 2009 2010 2011 2012 2013 2014 2015 2016 2017

HIV+ 108,764 105,072 98,263 91,949 85,569 90,986 71,034 69,491 70,570

Clearly from (11), when Rog < 1, % is negative semi-definite, with equality at Rg = 1.
In addition, ‘% =0ifandonlyif ) =1L =1 lA = 12A = (. Hence, the largest compact
invariant set in {(S, Iy, I, I, I3') € 2 : ‘fi—lg = 0}, when R¢ < 1 is the singleton &. Thus,
&o 1s the only steady state when Ry < 1. Using LaSalle Invariance Principle [10], this implies

that & is globally attractive in £2 if Rog < 1. O

Epidemiological implications of Theorem 4 is that when Ry < 1, a small influx of
HIV infected individuals into the community will not result in an outbreak. The subsequent
numbers of those infected will be less than that of their predecessors and eventually the
disease will be annihilated.

Data and Parameter Estimation

To fit system (3) to data, we determine the baseline values of known parameters from the
literature that correspond to available experimental data and biological facts. The unknown
parameters are estimated intuitively and their corresponding ranges and point values obtained
through curve fitting given in Table 2. The known parameter baseline values are approximated
as follows: A which is defined as the recruitment rate into the susceptible is estimated based
on the birth rate given as 23.9 births/1000 population [31]. Thus the constant recruitment
rate A = 0.0239N per year. The natural death rate p is estimated based on life expectancy
which is reported to be 58 years [31]. Thus, u = 0.0172. AIDS related death rate in I»,
is estimated at 0.089 while that in class I, k5 is estimated at 0.095 [19].
The initial conditions are estimated as follows.

(i) N = 17,528,707, adult population that were found in 2000 [8,9].

(i) S(0) = N — 1;(0) — L(0) — I;*(0) — I;*(0) = 17,196,488.
(ii1) 17(0) = 77,219, reported number of new HIV infections at the end of 2000 [14].
(iv) I,(0) = 150,000 (assumed), 1 IA (0) = 60,000 and 12A (0) = 45,000 (assumed).

The data used in this paper was obtained from National AIDS Control Council [13] and
is given in Table 1. The data was extracted for the period spanning 17 years from the year
2000-2017. This data represents new infections for the adults aged 15 years and above.

Results

Curve Fitting

Curve fitting can be defined as a process that enables us to quantitatively estimate the trend
of the outcomes. In this process, equations of approximating curves are fitted to raw data. In

@ Springer
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Table 2 Estimated parameter ranges per unit year and parameter point values generated from the curve fitting

Parameter Description Min Max Point value
Bi Contact for susceptible with 7 0.0 2.0 0.912
B2 Contact for susceptible with I 0.0 2.0 0.894
B3 Contact for susceptible with 7 lA 0.0 2.0 0.095
Ba Contact for susceptible with I{‘ 0.0 2.0 0.091
N1 Progression rate from /7 to IIA 0.1 1.5 0.084
k) Progression rate from /7 to 12A 0.1 1.0 0.091
81 Progression rate from /1 to I 0.1 1.0 1.000
8 Progression rate from / IA to 12A 0.1 1.0 0.096
83 Progression rate from 12A to IIA 0.1 1.0 0.112
(a) 12 x10t . . . . . . . (b) 045
04 r
@ 2035
S <
E 8 oaf
; '-;-.; 0.25
T g Model output | | £
E’ O  HIVdata % 02
“— °
% 4r § 0.15
o =
o & o1
ol
0.05 1
3000 2(;02 20‘04 20‘06 20‘08 20‘10 20‘12 2(;14 2(;16 3000 20‘05 20‘10 20‘15 20‘20 20‘25 2030
Time (year) Time (year)

Fig.2 Model system (3) fitted to data for the reported new HIV positive cases. a Shows the model fit to HIV
data. b Gives the estimated disease incidence

order to fit the system (3) to data, we employ least squares method in Matlab where unknown
parameters are given both lower and upper bounds from which obtain parameter values that
provide the best fit. These set of parameter values are presented in Table 2.

Figure 2 presents the results of the curve fitting where the trend of the data as reported
in Table 1 and the curve representing the estimated values given the model for the new HIV
infected persons. It is seen that the cases of new HIV infections estimated by the model for the
set of parameter values in Table 2 are closer to the reported new HIV infection data in Kenya.
Figure 2b shows HIV incidence as estimated by the incidence function AS. It is seen that the
estimated incidence reached the peak between 2010-2014. Our results show of a short-term
increase of HIV epidemic in which there is a significant rise in new HIV infections for a
considerably short time, followed by a significant decline in the generation of new cases.
Nonetheless, this may not give a similar pattern with regards to prevalence, since recovery
from HIV is not possible due to HIV being incurable. Hence, the cases of HIV infection is
projected to remain significantly high over a long time. It is therefore suggested educational
campaigns on safe sex be increased so as to stop further spread.

@ Springer
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Fig. 3 Shows the impact of linkage to ART and improvement in the immunological status of HIV patient on
the HIV prevalence. a Gives the impact of linkage to ART of the new infections on prevalence of HIV and b
gives the impact of improvement in the immunological status on prevalence of HIV

Numerical Simulations

In this section, we carry out numerical simulations to see the dynamical behaviour of the
system (3) using the following initial data.

S(0) =200,000, 1;(0) =10,000, I>(0)= 15,000, IlA(O) = 2000, IzA(O) = 5000.

The numerical results depend on the parameter values in Table 2. To investigate the contri-
bution of linkage of new infected individuals to ART as well as the effectiveness of ART
treatment on increasing the CD4 1T cell counts, we show the variation over time of prevalence
of HIV for different rates of n; and §3. This is shown in Fig. 3a, b respectively. We note an
increase in the values of 7 decreases the prevalence of HIV. The decrease in prevalence can
be attributed to the protective effect of ART in increasing the level of CD4™ T cell counts.
Similarly, an improvement in the immunological status of HIV patients in I, following effec-
tiveness of ART maintaining the level of CD4 ™ T cell counts high results in a decrease in the
HIV prevalence as shown by the effect of §3. This shows that effectiveness in the up-take of
ART reduces the risk at which an infected individual may spread HIV.

The results in Fig. 4 indicate that R exponentially decreases with the increase in the
rate of progression from [y to I», that is, n; and progression rate from 12A to 1A, that is, 83.
Therefore, increasing the treatment with ART and its effective up-take reduces the chances
of a susceptible person being infected with HIV through contact with HIV patients on ART
treatment. The reduction in the likelihood of infection is due to the fact that high ART efficacy
increases the level of CD4™ T cell counts in the blood and as a result lowers the disease viral
load. It is imperative to note that, eventhough increased drug efficacy may reduce incidence
and consequently prevalence of HIV, it does not lead to its subsequent eradication from the
community.

Discussion

In the current work, a model that takes into account new cases of HIV infections as well as HIV
patients on ART was formulated to study the trend of HIV infection in Kenya amongst adults
aged 15 years and above. The basic reproduction number was derived and the model’s stability
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Fig.4 Effect of n1 and 63 on Ry

analysis carried out. It is shown that when Ry is less than 1, the disease-free equilibrium
is globally asymptotically stable. This implies that whenever R is less than 1, then the
generation of the infections is less than their predecessor hence the disease cannot invade the
community. This suggests that, HIV infection can be easily controlled or eliminated from the
community if control programmes are directed towards reducing R to a value less than 1.

With the help of least squares method in Matlab, the model was fitted to data on cases of
new HIV infections for the patients aged 15 years and above. The parameter values obtained
from the curve fitting have been used to predict future infection trends. The results suggest
that there is a general decline in the HIV infection which is predicted to eventually converge
asymptotically over the next few years. The most important observation from our findings
is that there is a short-term rise in HIV infection in which there is a significant increase in
new HIV infections followed by a significant decline in the generation of new infections.
Both treatment of the new infected individuals and the drug effectiveness is seen to greatly
reduce HIV prevalence. Therefore, treatment applied immediately to someone who is found
to have acquired HIV as well close attention to ART effectiveness in limiting new infections
is paramount.

The model presented in this study is not exhaustive and may be extended to involve the
study of transmission of HIV within and between different risk groups as well as studying
the effect of testing, roll out of PrEP, ART up-take and other HIV intervention measures.
Furthermore, the model did not consider immigration. Taking into account these suggestions
will undoubtedly enhance the understanding of HIV transmission and control in Kenya.
Thus, the future work will involve developing an extended dynamical model of the epidemic
in order to further test the ideas and suggestions discussed here and at the same time project
future time trends of the epidemic and to carry out detailed cost benefit analyses.
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ABSTRACT ARTICLE HISTORY

In this paper, we develop a mathematical model describing the Received 2 April 2018
dynamics of HIV transmission by incorporating sexual orientation of ~ Accepted 25 July 2018
individuals. Equilibrium points and the basic reproduction number KEYWORDS

are derived. The basic reproduction number provides a threshold HIV: PrEP; ART: equilibrium;
that determines whether or not the disease fades away. The model, reproduction number;
described by non-linear ODEs, shows existence of unique disease- sensitivity; curve fitting
free and disease-persistent equilibria. Least squares curve fitting is

presented to quantitatively investigate the trend of infection within

each gender. The results are indicative of a higher infectivity in the

female population. We further investigated the effect of the intro-

duction of pre-exposure prophylaxis (PrEP) on the dynamics of the

HIV. Our results show that the introduction of PrEP has had a positive

effect on the limitation of spread of HIV. Sensitivity analysis results

show that control of effective contacts can result in control of the dis-

ease across gender divide. The model provides a unique opportunity

to influence policy on HIV treatment and management.

1. Introduction

HIV remains a major global health problem affecting approximately 70 million people
worldwide causing significant morbidity and mortality (WHO, 2018). In Kenya, the num-
ber of persons living with HIV was approximated to be 1.6 million in the year 2016, with
women accounting for 910,000 (OPTIONS, 2016; UNAIDS, 2016a). The main transmis-
sion route is through heterosexual means with estimated 30% of the new infections deeply
rooted among sex workers (National Aids Control Council of Kenya [NACC], 2014a). High
HIV infections among sex workers in Kenya is attributed to unprotected sex. According to
Shields (2012), most sex workers are constantly harrased by the police in which they are
physically and sexually abused for carrying condoms. In addition, the sex workers have
no power to negotiate for safe sex. This is due to the fact that clients may decline to pay
if they have to use condom and hence use intimidation or violence to force unsafe sex
(Ghimire, Smith, van Teijlingen, Dahal & Luitel, 2011). Furthermore, the clients may offer
more money for unprotected sex, a proposal that is unlikely to be rejected by the sex work-
ers. According to National Aids Control Council of Kenya (NACC, 2014b) an estimated
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29.3% of female sex workers were living with HIV in 2011. In addition, the findings from
the Sex Workers Outreach Project reported a HIV prevalence of 30% among female sex
workers and 40% among male sex workers in 2011 (UNAIDS, 2015).

Young women are more than three times more likely to be exposed to sexual violence
than young man (Kenya National Bureau of Statistics [KNBS], 2015). Among women aged
15-19 years, HIV prevalence was 23.0%, compared to 3.5% among men of the same age
(KNBS, 2015; Voeten, Egesah, Varkevisser, & Habbema, 2007). Approximately 33% of the
girls in Kenya have been raped by the time they reach 18 years with about 22% aged
15-19 years reporting that their first sexual encounter was forced (NACC, 2014a). In addi-
tion, women continue to face discrimination in terms of access to education, employment
and healthcare (UNAIDS, 2018). Consequently, men often dominate sexual relationships,
with women not always able to practice safer sex even when they know the risks involved
(UNAIDS, 2015, 2018). For instance, in 2014, 35% of adult women (aged 15-49) who
were or had been married had experienced spousal violence and 14% had experienced
sexual violence (UNAIDS, 2018). Although progress is being made to control new HIV
infections, Kenya still remains one of the six high HIV burdened countries in Africa
(UNAIDS, 2014). The main treatment received by HIV patients is the uptake of ART which
refers to the use of a combination of three or more ARV to achieve the suppression of the
viral load (WHO, 2014). The drugs do not kill or cure the virus and is a lifelong treat-
ment for HIV patients to reduce the risk of dying (Williams, 2014; Williams, Hargrove,
& Humphrey, 2010). In its efforts to reduce HIV infections, in 2015, Kenya began to adopt
2015 WHO recommendations to immediately offer treatment to people diagnosed with
HIV in order to increase the ART access. It is estimated that about 826,000 adults and
71,500 children were receiving ART treatment by end of 2015 (UNAIDS, 2016b).

In the recent years, quite a number of mathematical models have been devel-
oped to investigate the dynamics of HIV transmission and spread in the population
(Athithan & Ghosh, 2014; Baryarama, Mugisha, & Luboobi, 2006; Doyle, Greenhalgh,
& Blythe, 1998; Kaur, Ghosh, & Bhatia, 2014; Okango, Mwambi, & Ngesa, 2016; Omondi,
Mbogo, & Luboobi, 2018b; Van Sighem et al., 2012; Wodarz & Nowak, 2002). How-
ever, to the authors knowledge, none of these existing mathematical models has explic-
itly considered incorporating sexual orientation of individuals using real-time series
of HIV infection trend data. For example, the mathematical models in Mukandavire
and Garira (2007a, 2007b) describe the heterosexual interactions of males and females
using integro-differential equations with a time delay due to incubation period. While
these two models incorporated the effects of male and female condom use as the main
mode of preventing HIV infection, they did not consider applying real-time surveillance
data to establish the trend of infection. Additionally, in our modelling attempt, we con-
sider a scenario in which individuals with HIV are linked to ART treatment. A study by
Mukandavire, Chiyaka, Garira, and Musuka (2009) modelled a sex-structured model for
heterosexual transmission of HIV/AIDS with explicit incubation period and provided an
in-depth and complete qualitative mathematical analysis. However, there was no numeri-
cal results to show the effect HIV prevention intervention measures as well as trend within
these two sexes. Bhunu, Mushayabasa, Kojouharov, and Tchuenche (2011) derived a HIV
model and examined the effect of counselling and testing coupled with decrease in sex-
ual activity on HIV spread in resource-limited communities. The results from this model
suggested that effective counselling and testing have a great potential to partially control
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the epidemic especially when HIV positive individuals willingly withdraw from sexual
activities.

While these models elucidated the importance of prevention to reduce HIV burden,
they did not take into account the fact that the immediate linkage of HIV patients to ART
treatment can reduce the risk of dying as well as preventing further occurrence of new
infections. Our proposed model aims to integrate data on HIV within males and females
in Kenya so as to develop a better understanding of the epidemic. In this study, we analyse
the model and apply it to data for male and female. Our main goals are: first, to develop a
mathematical model that takes into account the treatment of HIV patients with ART and
carry out qualitative mathematical analysis of the model and find the necessary thresh-
old for controlling the spread of the disease. Second, to fit the model to observed data of
new infections to show the trend between males and females using the parameter values
that produce the best fit to the data. The model can help in planning and designing effec-
tive control measures to reduce the risk of new infections. In addition, the model and its
predictions provides a framework for evaluating the success or failure of the current HIV
intervention measures.

2. Methods
2.1. Model formulation

The model proposed in this work is an extension of the previous models studied in Mukan-
davire et al. (2009); Mukandavire and Garira (2007a, 2007b). We keep the model as simple
as possible consistent with the available data. The model proposed here represents the sex-
ually mature age group in Kenya (age 15 years and over). It is believed that this is the age
group that is responsible for the spread of HIV (UNAIDS, 2015). It is assumed that the
male and female populations are divided into compartments described by time-dependent
state variables. These compartments are: Susceptible (S;), infected individuals with CD4
cell counts > 350/uL who are considered to be new infections (I;;) and infected individu-
als with CD4 cell counts < 350/pL (Ij). The infected individuals are then enrolled on ART
which is divided into two depending the CD4 cell counts, that is, Tj; and Tj,. This is consis-
tent with the WHO recommendation of immediate treatment with ART of HIV to attain
viral load suppression (AIDS, 2015; Williams, 2014). Here, i=m, f denoting male and
female, respectively. The total variable population at time ¢, denoted by N(¢) is described

by (1).
N(t) = Ny (1) + N (1), (1)

where

Ny (t) = S (t) + L1 () + Lo (£) + Tp1 () + Ty2(t) and
Ni(t) = S¢(t) + I (1) + Ipa (8) + Tri(8) + Tra(8).

The recruitment in the population is at the constant rate A of which a proportion « are
assumed to be males and (1 — &) are assumed to be females. The newly recruited individ-
uals enter the susceptible compartment S;. Each individual compartment goes out from
the dynamics at natural mortality rate . The susceptible in either male or female popu-
lations is decreased following infection, which can be acquired via effective contact with
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an infectious person at the respective rates given by A,, and As. These rates are obtained
as follows the probability that a male or female person chooses a particular partner can
be assumed as 1/N,,, and 1 /N, respectively. Thus, a male or female receives in average
cmjlNf/Nm and csNy, /Ny partners per unit of times, respectively. Then, the infection rate
per susceptible male or female are, respectively, given by

Ny j=k=2 j=4,k=2
(N—> [Z§:k215ﬁ6mﬂfk + Z§:3,k:1'BfJ'ijTfk]
Am = ~ >
N * (2)
- i—k=2 j=4,k=2
(Ff) [Z;':k:l/gmjcfjlmk + Zj’:&k:lﬁmjcﬁka]
)»f = N,

Here, k=1,2 representing the two stages of infectious population, B;, where i=
m,fandj = 1,...,4, are the probabilities of HIV transmission per partnership and cjj are
the rates at which an individual acquires sexual partners associated with the four infectious
compartments respectively. Thus, the expressions in (2) can be simplified to the following

N

/Bmlcfllml .- ﬁmZCfZImZ s ,BmSCf3Tm1 oy ,Bm4cf4Tm2
Af = N; .

o (ﬂflcmlffl + Bracmalra + Bracms T + ,Bf4cm4Tf2)
(3)

Infectious individuals in class (I;;) progress to class (Ij2) at rate yy, for h=1,2. Infec-
tious individuals in classes (Il-l) and (Ij3) move to (Tj;) and (T}2) at a constant rate t,, for
p =1,...,4,as consequence of treatment with ART. The infectious individuals on ART in
class (Tj1) progress to (T}2) at a rate ¥y, as a result of decline in the immunological status.
Similarly, infectious individuals on ART in class (Tj,) progress to (1) at a rate wy, as a con-
sequence of improvement in the immunological status. Infectious individuals in classes I;»
and T}, may die as a consequence of infection, at a disease-induced death rate §; and 85,
respectively.

2.1.1. Model assumptions
The following key assumptions have been made.

(i) The proportion of the infected individuals on treatment is bi-directional due to
attrition or adherence to ART and decline or improvement of immunological status.

(ii) The standard HIV transmission incidence has been used to model the disease trans-
mission. This is the form most commonly used for sexually transmitted diseases
(Hethcote, 2000).

(iii) There is homogeneous mixing and the transmission of HIV is assumed to be mainly
through heterosexual means.

(iv) An exit due to death as a consequence of development of AIDS has been included
hence AIDS class is considered redundant and thus left out. Furthermore, AIDS
patients are usually too ill to remain sexually active and they are unable to transmit
HIV through sexual activity.
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Figure 1. A compartmental model for the transmission dynamics of HIV, which takes into account
treatment with ART.

In 2016, Kenya issued full regulatory approval of PrEP, becoming the second country in
Sub-Saharan Africa after South Africa, to make such approval (UNAIDS, 2016b). PrEP is
used by people who do not have HIV but are at high risk of acquiring it to prevent HIV
infection (AIDS, 2016; HIV/AIDS, 2016). The successes of PrEP use in Kenya are yet to
be reported since research into the uptake and impact of PrEP, specifically with young
women and girls in high-incidence areas is still on-going (UNAIDS, 2016b). The challenges
posed by the continued occurrence of new infections call for a better understanding of the
disease transmission and development of effective strategies for prevention and control of
the spread of HIV. Therefore, we add control 0 < ¢ < 1 to measure the effectiveness of
PrEP in the prevention measurements against acquiring HIV infection. Thus the infection
terms given in (3) are, respectively, modified as follows

g = (1 —®)Am and Ay = (1 — Ay

Figure 1 shows the schematic diagram for the compartmental model structure.

(4)

2.1.2. Model equations
The above assumptions lead to the following 10 non-linear system of ordinary differential
equations.

ds,, de
? =alA — )\.mqsm — uSm, E = (1 — OC)A — )\.quf — /LSf,
drI, dIs;
d_mtl = AmgSm — (1 + 71 + WIm1, d_J; = AfgSf — (y2+13+ M)Ifl’
dlmy dlf,
T Yum — (12 + 1+ 81) 2, Tl v2lf — (ta + o+ 81)Ip2,
dT,n del
T Tilmi + 01 Tm2 — (Y1 + 1) Tt T i3lf + 02Ty — (Y2 + ) Ty,
dTm dTy,
i lmy + Y1 T — (01 + 1+ 82) T2, T ulpy + 2T — (w2 + e+ 62) Tho,

(5)
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Table 1. Description of the state variables of model (5). The information on how the initial population
estimates have been made is given in Section 3.3.2.

Variable Male Female Source

S 11,589,991 11,764,344 National Aids Control Council of Kenya (NACC, 2017)
A 500 530 KHIS (2017)

l 35,000 40,000 Assumed

T 30,000 35,000 NACC (2017)

Ty 45,000 50,000 Assumed

Table 2. Description and range of parameters of model (5) given per month.

Parameter Min Max Source

A 0.0013N 0.00265N WB (2017)

Bij 0.0 1.0 Assumed

Gj 1.0 4.0 Estimated

o 0.35 0.60 POP (2017)

" 0.00119 0.00167 WB (2017) and POP (2017)
S 0.0069 0.0104 Okosun, Makinde, and Takaidza (2013)
Vh 0.18 1.0 Estimated

T 0.1 1.0 Estimated

Yh 0.1 1.0 Estimated

wh 0.1 0.8 Estimated

subject to the following initial conditions
SZ(O) = 0) Iil (0) = O) IZZ(O) s Oa Tll(o) = 0, TIZ(O) = 0) fOI' i = m’f- (6)

The description of state variables and parameters of model (5) are given in Tables 1 and 2,
respectively.

The total population of both male and female sub-populations, respectively, evolve
according to the following

N _ n—uN, and NV (1 —a)A — uN, )
— = —uNy and — =1 —-a)A — .
a nTH dt HEY

The solutions to each of the equations in system (7) are given by

oA o
Ny = — + | Nom — — | exp(—put) and
I I
(1—a)A (1—a)A
Nf = ————— + | Nof — ———— | exp(—pt),
I I

respectively. Here, No»,, and Nos are the initial populations for the males and females.
The solution of all the equations from system (5) all remain non-negative for all t > 0.
The total population {N,,; Ny} in each of the sub-populations is bounded by a A/ and
((1 —a)A)/p, respectively. The total population in both sub-populations is given by
N = Ny + Ny such that the evolution of the total population over a specified period is
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given by
dN _ ) A
— = A — uN. Itcan easily be seen that limsup N < —.
dt t—00 128

Therefore, the phase space of the system (5) is given by

A
Q= {(Si,fibliz, Tin,Tin) : Si+Iin + Iin 4+ Tin + Tip < ;} .

The solutions in €2 are all non-negative and bounded. Hence the domain of biological sig-
nificance is positively invariant and attracting. Therefore, all solutions starting in €2 remain

in Q.

3. Equilibrium points

To better understand the dynamics of the proposed model, we begin by examining the
model’s behaviour about the steady states. This analysis is crucial for identifying the param-
eters of the model that help to achieve a HIV-free state. Since the rate of change in each
compartment is constant at equilibrium, we set the right-hand side of equations in the sys-
tem (5) to zero and solve for the state variables in terms of the infection terms A4 and Ay

and obtain the following

. _ al o aAA*mq) a2 aylA)\fnq
A,y M Qe A ™ Qe+ A,

T aAdy, (N T201 + QQuty) L oA, (nQsTa + Qniyn)
" QQQQQu( + M) (1= @) T QUQaQ3Qu( + M) (1 — @)

(1-= oe)AA}‘ (1 —=a)y, ALT
* : ko ‘1, J— fa ,
oy Qs+ ag) 2T QsQe(u )

B (1- OC)A)»}Fq(Vzuwz + QsQg13) — (¥ G)AK}‘q(VzQﬂzx + Q6T3Y2)

b b

*

where

Q=n+u+u, Q=un+pu+d, Q=y+u

Yoy
Q=014+ pnu+38, o =—=m
Q3Q4
QG=n+ut+u Q=u+up+dé, Q=v2+u
Yow,
Qs =wr+pu+38, ®= :
Q7Qsg

Tf = : » Ip= ; ’
Q5 QsQ7Qs(Ap, + 11)(1 — @) Q5QsQ7Qs(Ap; + 1)(1 — @)

(8)

Substituting the expressions for the state variables I}, I;, T;;and T}, in (8) into infection

terms in (4) then simplifying, the following polynomial is obtained.

)»*mq[Al)u*mq +Ag]l =0,

(9)
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where

Ap = —Q1Q2Q3Q4Q5Q6Q7Qs (1 — ®1)(1 — P2)(1 — @)[Ro — 11,

A1 = Q5Q6Q7Qs(1 — D) [(1 — P)a(Q3Q4(1 — D1)(Q2Bmicr1 + V1Bmacr2)
+ (QQut1 + Y11201) Bmzcrs + (Q3y172Q2T1Y1) Bmacra)
+ Q1 Q2Q3Quu(1 — @1)(1 — a)].

The expression for R is computed in (13). Note that the case )»",;u] = 0 corresponds to the
disease-free equilibrium which can be expressed as

al 1 —a)A
& = [—,O,O,O,O,Q,O,O,O,O} . (10)
I I
The disease-free equilibrium is refers to a scenario in which HIV infection is not present
in a population. The solutions to the remaining part of (9), given by Equation (11) gives
possible disease-persistent state (£7).

Atk + 40 =0. (11)

The existence of disease-persitent state refers to a scenario in which HIV infection persists
in the population. We note that Ay > 0 if Ry < 1 and expression (11) does not have a
positive solution. However, Ag < 0 if Ry > 1 and expression (11) does have a positive
solution implying that there exists a unique endemic equilibrium if and only if R > 1.

3.1. The basic reproduction number

The basic reproduction number is defined as the average number of new infections gen-
erated by one infected individual, via heterosexual means, in a completely susceptible
population (Van den Driessche, & Watmough, 2002). The basic reproduction number,
Ry, which is a measure of the infection on the susceptible populations, for the sys-
tem (5) is obtained using the next generation method described in Van den Driessche,
and Watmough (2002). This method has been explored in many papers, for instance,
Feng, Ruan, Teng, and Wang (2015); Munz, Hudea, Imad, and Smith (2009); Nyabadza,
Njagarah, and Smith (2013); Omondi, Nyabadza, and Smith (2018a); Omondi, Nyabadza,
Bonyah, and Badu (2017). Following the explanation given in Van den Driessche, and Wat-
mough (2002), we obtain F which is the matrix of new infections and V which is the matrix
of transfers between compartments given by

R R
F = Es F4i| and
Q 0 0 0 0 0 0 0
- Q 0 0 0 0 0 0
-1 0 Q3 —w 0 0 0 0
0 -7, —Y Q4 0 0 0 0
= , 12
v 0 0 0 0 Qs 0 0 0 (12)
0o 0 0 0 -y Q 0 0
0 0 0 0 —T3 0 Q7 —wy
0 0 0 0 0 -7u -y, Qs
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where
0 0 0 0
00 0 0
Fi=10 0 0 ol
0 0 00
[ —P)emiBri (1 —P)em2Brz (1 —PemzBrs (1 — d)mabBra |
. 0 0 0 0
2= 0 0 0 0
| 0 0 0 0 ]
(1= d)cr1Bm (L —@)cr2Bmz (L —@)cr3Bms (1 — @)craBma |
. 0 0 0 0
3= 0 0 0 0 ’
i 0 0 0 0 |
0 0 0 0
00 0 0
Fs=10 0 0 o
0 0 0 0

If there is an existence of an infection in the population, then the corresponding threshold
number for the persistence or eradication of HIV obtained from the spectral radius of FV !

is given by
Ro = VRo = /RomRof (13)

Rom = Rom1 + Romz + Roms + Roma>  Rof = Rof1 + Rof2 + Rofz + Rofas

where

with
1 i |
Rom = ( ¢),3m16f1, Romz :( )Vlﬂmchz,
Q1
R ((Q2Q4T1 + w1 (1 — )) .
om3 Q1Q2Q3Q4(1 — Py) Pmscys,
Q12 + Qi) (1 — @)
R m == m >
omé ( Q1Q2Q5Qa(1 — B1) )’3 14
1 — ¢ 1 —
Rof1 = ( ),Bflcmla Rofz = ( ) Y2Bf26m2,
Qs
R m3»
3= ( Q5Q6Q7Qs(1 — ®3) Prscms

R ((Q7)/214 + Qet3Y2) (1 — @)
o QsQeQrQs(1 — @3)

The components of the basic reproduction numbers, Ry;, for i=m,f, are explained as
follows:-

(QeQs13 + Y2142) (1 — ))
) :3f4cm4-
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(i) Romj, for j =1,...,4, represents the basic reproductive number of the associated
with each category of the male infected patients in compartments I,,,x and T, for
k=1,2, when introduced into a population, respectively.

(ii) Rop, for j=1,...,4, represents the basic reproductive number of the associated
with each category of the female infected patients in compartments Iy and T, for
k=1,2, when introduced into a population, respectively.

The term ®; = 11 w;/Q3Q4 indicates the fraction of male individuals in compartments
Ty and T, who move from either the compartments due to either improvement or
decline in their immunological status. The same explanation applies to the term &, =
Vo1 /Q7Qs in the female population. The values (1/Q3), (1/Q4) indicate the average time
male individuals in compartments Ty,; and T, stay in their respective compartments. A
similar explanation is given for the values (1/Q7), (1/Qg) in the female population. There-
fore, (1 — @) and (1 — P,) refer to the fraction of individuals who do not cycle between
compartments Tj; and T}, in the male and female populations, respectively. Note that the
square-root arises due to the fact that it takes two generations for infected individuals to
produce new infections.

From Theorem 2 in Van den Driessche, and Watmough (2002), fundamental results
about the equilibria analyses of the system (5) are given by the following propositions.

Proposition 3.1: The disease-free equilibrium point &y is locally asymptotically stable when
Ry < 1 and unstable otherwise.

Remark 3.1: Itis important to note that If Ry < 1, then on average, an infected individual
produces less than one new infected individual over the course of its infectious period and
the infection cannot grow. Conversely, if R > 1, then each infected individual produces,
on average, more than one new infection. As a result, the infection will spread and become
endemic in the population.

Proposition 3.2: The disease-persistent equilibrium point £, given by the solution of expres-
sion (11) is locally asymptotically stable in Q2 when Ry > 1 and unstable otherwise.

Proof: The local stability of the disease-persistent equilibrium point £ is proved based on
the centre manifold theory as described in Castillo-Chavez and Song (2004). We avoid re-
stating the theorem and compute the components of a and b as explained in the theorem.
Let & = Bim1¢f1 be our bifurcation parameter so that for

=[5l e
Ro=1 v =9v"=
" [1 — &1 LRos1 + Rof2 + Rofz + Roa

—(Romz + Roms + R0m4)i| - (14)

Furthermore, to linearize the system (5), we define

Sm = X1, Iml = X2, Im2 = X3, Tml = X4, Tmz = X5,

Sf=x6 It =x7, Ipp=xs, Tp1=x9, Tf2=x10,
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and

j—’:zf(x,ﬁ), f:RYXR—-R and feC*RYxR).

Thus, we linearize the system (5) at disease-free equilibrium with the bifurcation parameter

¥ to obtain
Lok
= 15
J []3 ]4} (15)
where
T~ 0 0 0 0 —u 0 0 0 0
0 —Q 0 0 0 0 —Qs 0 0 0
Ji=| 0 n —Q 0 0 |, Ja=| O 2 —Qs 0 0
0 71 0 —-Q3 0 73 0 -Q7  w
0 0 1%} Y1 —Qq 0 0 T4 Y2 —Qs
[0 _0=0fremS, (A =®)BracmSy (L =P)BraemsSy (L= @)BracmaSy ]
0 A =@)Briem Sy, (1 — d)BracmSy, (1 — @) Brscm3S;, (1 — @) BracmaSy,
2= Ny, N, Ny, Np ’
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 i
_O B (1 = @)Bmicr1Ss | (1 = ) Bmacp2Ss < (1 = @) Bms¢rs Sy B (1 = @) BmacraSs ]
Ny Ny Ny Ny
0 (1 = @) Bmics1Sf (1 = ) Bmacp2Sf (1 = ) BmacrsSs (1 = @) BmacraSs
3= Nf Nf Nf Nf
0 0 0 0 0
0 0 0 0 0
L 0 0 0 0 0 _

It is important to note that with the bifurcation parameter expressed in (14), the lin-
earised system (15) has a zero eigenvalue while the rest of the eigenvalues are negative.
The left eigenvector of (15), V = (v1, vz, v3, Vs, Us, Vs, U7, Ug, Vg, V19) and the right eigen-
vector W = (wy, wy, W3, Wa, Ws, We, W7, Ws, Wo, Wio) L both associated to the eigenvalue
zero are solutions of the linearised system (15) such that VJ = [0,0,0,0,0,0,0,0,0,0],
JW = [0,0,0,0,0,0,0,0,0,0]" and VW = 1. The associated left eigenvectors are given by

o . ~ Qs5Qe(Q7(82 + ) + pawy)
V1 =v6=0, vy=1 vy = ,
pn(l —¢)(Qo + Qo + Qi11)
v — (1 = @) (w1 (pucr2Bma + 12¢r3Bm3) + Q3((82 + wcr2Pmz + T2Cf413m4))’
Q2 (pnwy + Q3(82 + 1))
oy — (1 — @) (Qacr3fms + VicraPma) v — (1 — @) (wicr3Bms + QscraPma)
powy + Q3(82 + 1) powr + Q3(82 + w)
vy — Qs(Bracma(nwz + Q7 (82 + 1)) + ta(w2Br3cms + Q7Pracma))
(Qo + Q10+ Q11) ’
vy — Q5Q6(QsBr3cm3 + Wz,Bf4Cm4)’ oo — Q5Qs(w2Bf3¢m3 + Q7,3f4cm4),
(Qy + Q10 + Q1) (Qo + Q10 + Q1)
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while the associated right eigenvectors are given by
—Q Y1 1w + QQun
w=——, wa=1 w3=-"—, wy= ,
Iz Q2 Q2 (pwr + Q3(n + 62))
Quor+ Qi —Q1Q5Qs (12 + Q7(82 + 1))
w5 We = >

Qg + Qi+ 82)
 QiQe(Q7(62 + ) + pwy)
(1= ¢) Qo+ Qi+ Qu)’
o — Q1 (2142 + Q6Qg73) ’
n(l —@)(Qo + Q1o + Q11)

w7

u(l —@)(Qy + Q1o + Q11)
e — (Q1y2(Q7(82 + ) + pws) ,
u(l —@)(Qy + Q1o + Q11)
_ (Qu(Qryams + QeT3Y2)
(1= ¢) Qo+ Qio+ Qu)’

wio

with
Qo = (nw2 + Q7(82 + ) (QsPricm1 + V2Bfacm2)s
Q11 = Bracma(2Q774 + QsT3Y12).

According Castillo-Chavez and Song (2004), the local dynamics of the system (5) around
zero is governed by the the signs of a and b, where

n
a = Z vkw,-wj

ki j=1

Qo = Bracms (Y2Taw2 + Qs Qs73),

d sz

16
8xial9 ( )

n
Z VWi

ki=1

82fk
——(0,0), b= 0,0).
s @0 (0,0

To compute a and b we, respectively, evaluate the non-zero second-order mixed derivatives

with respect to variables and the non-zero partial derivatives with respect to bifurcation
parameter. These are given by

ad 2f7 0 2f7 M 0

| _ 2 _
Axgdxy  0x0x6 (1 —a)A’

= 1. 17
8x219 ( )

Now, substituting the expressions into (16) and simplifying, we obtain

~ QiQsQe(pws + Q7(82 + w)[Q1Q2Q3Q4Q5Q6Q7Qs(1 — P1) (1 — Py) — W]
Q3 QA1 —a)(1 — @) (1 — P1)(Qo + Qo + Qi)W

bl

(18)

V1 = (1 - )’ (nQQu(1 — @B + ¢p3fms (V201 + QQuT1)
+ ¢faBma(N1 Q372 + QaT1¥1)) (Q6 Q7 Qs B16m1 (1 — P2)
+ Br3em3(QeQs T3 + y2142)
+ Q7QsBr2cm2y2(1 — D2) + Bracma(Q7y274 + QeT3Y2)),
Uy = (QeQ7QsBr1cm1 (1 — P2) + Br3cms(QeQs73 + y21aw2)
+ Q7QsBr26m2y2(1 — P2) + Bracma(Q7y27a + Q6T3Y2)).

From expressions in (18), it can be seen that a < 0 and b > 0 for all parameter values.
Therefore, the disease-persistent equilibrium point & is locally asymptotically stable close
toRg = 1. [ |
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3.2. Parameter estimation

Some of the parameters ranges used in this paper have been estimated from previously
published articles, while others are estimated intuitively. The baseline parameter values are
obtained through curve fitting are presented under the caption of Figure 4. The full list of
parameter ranges used in the simulation is given in Table 2.

3.3. Data

3.3.1. HIVdata

The data were obtained from Kenya Health Information System (KHIS) (KHIS, 2017). The
data used represent new HIV infection for both males and females in Kenya. Data are
collected routinely on a monthly basis and was retrieved for the period beginning January
2011 to December 2017. Only variables of interest were pulled out to excel spreadsheet.
Data were stored in excel and thereafter analysed in R. The pictorial representation of the
raw data is given in Figure 2.

3.3.2. Initial conditions

To fit and validate the model (5) to the data on reported cases of new HIV infections in
Kenya, the initial conditions are set as follows. The total population of Kenya at the end
of 2010 was estimated to be 41.35 million according to KNBS (2015). Of this 57.6% of the
population was aged 15 years and above. Therefore, the total population (N) considered
in this paper is 23.8176 million. The population of male (Ny,) is estimated to be 49% and
that of female (Ny) is estimated at 51%. The reported number of adults living with HIV in
January 2011 was 1.2 million with approximated 661,515 on ART treatment (NACC, 2017).
From here, the number of new HIV infections (I,;; and If;,) have been estimated based
on the data reported in January 2011 to be 500 and 530, respectively (KHIS, 2017). The
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Figure 2. The graphical representation of the data for the new cases of HIV infections in Kenya in the
male and female populations.
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susceptible population for each gender is estimated using the following relations

2 2 2 2
szNm—ZImk—Zka and szNf—ZIfk—ZTfk.
k=1 k=1 k=1 k=1

The breakdown of the initial populations used in the curve fitting is given in Table 1. We
therefore resort to curve fitting and numerical simulation to understand the effect of PrEP
in the evolution of HIV.

4. Results
4.1. Data input description

Input data were summarized using error bar and density plot to illustrate the extent of
variability and presented in Figure 3. For process indicators, the mean number of infec-
tions are reported and the 95% confidence intervals are presented using the error bar in
Figure 3(a). The results suggest that there appears a significant difference in HIV infections
between males and females. This is supported by the non-overlapping standard deviation
error bars. Furthermore, it can easily be seen that the mean number of new cases of infec-
tions in the female population is higher than the mean number of new cases of infection in
the male population. From result in Figure 3(b), it can clearly be seen that the data for the
two sets do not follow a normal distribution. Thus, there is need to perform further tests
to establish any significance difference. To establish whether there is significant difference
in the male and female infections, Mann-Whitney U-test is used. This is a non-parametric
test that is used to compare means of two groups that do not follow a normal distribution
as suggested by the results in Figure 3(b). The results in Table 3 show that there is signif-
icant difference in the mean infections between male and female given that the p-value
= 3.686e — 10 < 0.05, performed at 95% confidence level.

4.2. Curve fitting

In this section, we fit system (5) to data to determine the trend of HIV in male and female
populations. Curve fitting is a process that allows us to quantitatively estimate the trend of

15000
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o
3
2
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0.00005

Mean number of new infections

0 0.00000

Female Male 0 10000 20000 30000
Gender New cases of HIV infection

(a) (b)

Figure 3. A graphical representations of the variability of the data. (a) The means with error bars for two
variables (females and males ): n = 84 for each variable. The column denotes the data mean (M). The bars
show confidence interval (Cl). Cl error bars encompass 95% of the data. (b) The density distribution of
the data.
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Table 3. Wilcoxon test.

w p-value

5504 3.686e-10

the outcomes. The curve fitting process fits equations of approximating curves to the raw
field data. However, for a given set of data, the fitting curves of a given type are generally not
unique. Thus, a curve with a minimal deviation from all data points is desired. This best-
fitting curve can be obtained by the method of least squares. In this method, the parameters
not known are approximated through minimization of the sum of the squared deviations
between the data and the model. It minimizes the sum of squared distances between the
observed values and the model values. This can be mathematically expressed as

n n
RSS=>"07 =Y (n—%
i=1 i=1

where 6; = (y — y) and n refers to the data points and RSS refers to the sum of square error
estimate which is assumed to follow a normal distribution.

The FME package (A flexible modelling environment for inverse modelling, sen-
sitivity, identifiability and Monte Carlo Analysis) in R is used to fit the model
to data. A R code is used in which, the parameters with unknown values are
given lower and upper bounds from which the set of parameter values that
produce the best fit are obtained. The following parameters were fixed at the
following values: A = 0.0014N, u = 0.00139, §; = 0.00915, 6, = 0.00725, ¢;,y; = 1 =
3,Cm2 = Cm3 = Cma = ¢f2 = ¢f3 = ¢4 = 2, = 0.49. The parameter ranges/values in
Table 2 are used in the curve fitting and the resulting point values estimated are presented
under the caption of Figure 4.

We observe in Figure 4(a,b) that the model fits well with the data. It is important to
observe that the cases of new infection peaked in the year 2014. The results show that there
was arise in HIV infection between 2011 and 2014, accompanied by a noticeable decline in
the occurrences of of new cases of HIV infection. The estimated trends in Figure 5(b) show
that infection will decline towards 2030 when PrEP uptake is maintained slightly above
40%. Note that the government of Kenya approved PrEP uptake in 2017 and much of its
successes are yet to be reported. The effect of introduction of PrEP is seen in Figure 5(b)
where there is a sudden fall in 2017 following the government approval. Thus, there is
need to emphasise on preventive measures through educational campaigns and social pro-
grammes that ensure minimal or reduced infections. Although, the population shows a
general fall in HIV infections, the female population will still continue to be dispropor-
tionately affected by the epidemic compared to the the male population as reflected in
Figure 5(a). This finding agrees with the finding in the report by Kenya National AIDS
Control Council (NACC) (Kenyan Ministry of Health [MOH], 2016; NACC, 2016) .

In order to establish the correlation between the parameters with respect to variables
I and If;, we present pairs plot of the markov chain monte carlo (MCMC) samples for
the model parameters. As seen Figure 6, the scatter plot matrix in the upper panel describes
the pairwise relationship between parameters with corresponding correlation coefficients
shown in the lower panel. The marginal distribution for each parameter is shown on the
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diagonal. The scatter in blue and green correspond to ;1 and Iy, respectively. It is shown in
Figure 6 there is a negative correlation between B,,1 and w; as well as Bf; and w,. Implying
that an increase in the drug efficacy (ART) results to a decrease in the infection terms.
This is particular true with regards to treatment of HIV due to the fact that an increase in
the drug efficacy results to an increase in viral load suppression which in turn lowers the
chances of infection through heterosexual means.

4.3. Sensitivity analysis

We perform sensitivity analysis to examine the output’s (basic reproduction number)
response to the simultaneous variation of the parameter values within a range in the
parameter space is described in Table 2. Following the work in Marino, Hogue, Ray,
and Kirschner (2008), Wu, Dhingra, Gambhir, and Remais (2013), and Stein (1987), we
use Latin Hypercube Sampling (LHS) to determine the Partial Rank Correlation Coeffi-
cients (PRCCs) with 5000 simulations per run. PRCC takes values between —1 and +1 in
which the sign indicates how the model output is qualitatively related to each model param-
eter. The parameters are assumed to be random variables with uniform distribution with
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Figure 4. Model system (5) fitted to data for the reported new cases of HIV infection. (a) shows the
model fitted to the data for the male while (b) shows the model fitted to data for the female. The blue
dots indicate the actual data and the red line indicates the model fit to the data. The baseline param-
eter values obtained from the curve fitting are: By = 0.110, B2 = 0.0031, Bm3 = 0.0062, Bms =
0.149, By = 0.243, Bry = 0.127, B3 = 0.003, Bra = 0.0014, 7 = 0.550, 7, = 0.126, 77 = 0.999, 7 =
1.000, 73 = 0.613, 74 = 0.483, ¢/ = 0.005, ¥, = 0.002, w1 = 0.540, w, = 0.002.
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Figure 5. (a) shows the comparison of the new cases of infections between male and females as fitted
to the data while the (b) shows the projection of infection to 2030 with a constant uptake of PrEP at 40%
following its approval and its subsequent use in 2017 by the Kenyan government.



190 (&) E.O.OMONDIETAL.

0 0 0 80000 0O -8e+05 0 0 30000 O 500 0
== III.I — ll.l — III.[ —~ IIIlI.I L III.I - — IlEI'I.II — II.I'I - Il'l_.I_I_L
& E 1- m_mz [ ] :. ] :.; : “I E lﬁ.'li @ [ ) [ ] [ ) ; [ ] (] [ ] ® §
099 1 Dﬁ!_-'l'ﬁ L] ‘é‘.i‘i." ® L) L J @ ‘ L] L] L] L) ;
o J099 009 1 [eam Y .Ii‘i.‘ ® ) N ) ] @ 0 = ° g
0.88 |0.88 | 0.89 | 0.89 |v=ant o b kel " . - b ® >
o 5094 [0.94]094]0.93 099 |2 Lg®" 1® * *] Cde?p* B Al ‘@ ©
0.95 095 [095/094 [097]| 1 [oan| » e 4 T ‘ol [ “a “e _
0961095 [095/094 [096/099 [ 1 |wmnle : T ot W W | " " S
g 0.39 [0.39 [0.37 | 0.37 [0.0077 0.11 [0.18 | 0.19 jorma &
& §-0.92/-0.94]-0.96[-097 [ -0.8 |-0.84|-0.85 |-0.85 |-0.43 jomma ; od o* o %, e T ¥ o
* 0.56 [0.57 [0.54[0.55 [0.18] 0.3 [0.36 [0.38 |0.98 [ -0.6 [ =t 5
oF 1 111111 [089[094]095]095/[0.38[095(056 |m2| *elad lo® o* [ *wl * g
-0.91]-0.93]-095[-096|-0.78[-0.82|-0.84[-0.84[-0.46| 1 [-062]-0.95[ w3 *o e lo*¥1.*"E @
o 509 ]09 |oo1foo1| 1 [099[0.98]0.97 p.0017]-083] 02 [091]-081[=u¢ lA® B° [ & °*M 3
09809 1 | 1 |09 [093]0.94 094 0.34[057]052] 1 [-096[0.92 et fp® | *w] “amf &
o 3091 [0.93]094]0.95|0.77]0.82 [0.84 | 0.85 [0.54 |-0.98]|0.69 | 0.94 |-0.99|0.79 | 0.94 |12 [Pe o [ ®e g.
o J-098l099] -1 | -1 |.089|.093].094]|-0.94]-034[0.97]-052)-099/097]-091] -1 |-.095pmoai] ,«™E 3
S H-0.91[-093]-094] 095[-076]-0.81]-0.84]-0.85]-055[098 [ 0.7 [-094] 0.98 [-0.78[-0.94] -1 [095pmesad
. LI LI LI LI LILLIL LILLILIL Frrl LI LI
0 0e+00 0e+00 0 150000-3e+05  -Be+05  -4e+05  0e+00 -200000

Figure 6. Pairs plot of the markov chain monte carlo (MCMC) samples for the model parameters.

their range values given in Table 2 and point values given under the caption of Figure 4. We
observe from Figure 7 that the parameters with the greatest potential to increase the HIV
infection are the effective person to person contact rates. Moreover, the uptake of PrEP, ¢
is the parameter with the greatest potential to make the epidemic better when increased.
This is supported by the results in Figure 5(b).
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Figure 7. Sensitivity indices of the model parameters with /p,1 and /¢, taken as baseline PRCC analy-
sis variables. Analysis was computed based on the parameter values presented under the caption of
Figure 4.
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5. Discussion

In this paper, we have analysed a sex-structured population model and studied the HIV
infection trends in males and females. The model has assumed that the main mode of HIV
transmission is heterosexual. The basic reproduction number and equilibrium points are
computed. From our computation, it therefore suffices to deduce that the model exhibits
two equilibria namely the disease-free equilibrium and the endemic equilibrium. The data
representing new cases of HIV infection for both males and females has been extracted
from Kenya Health Information System (KHIS) and analysed. The descriptive statistics of
the data shows that there exists a higher number of cases of infection in females as opposed
to males. This difference has been established to be significant through Mann-Whitney U-
test. The model has been fitted to data using least squares method in R. The trend shows
that the females are still disproportionately affected with HIV as compared to males. In
order to establish the impact of the recent roll-out of PrEP, we investigated its role in
limiting HIV infection. We fixed the rate of PrEP use to zero for the period before May
2017 when the PrEP use was launched in Kenya and after May 2017, the rate of PrEP use
was fixed at 0.40 representing 40% coverage. From the trend projection to year 2030, it
suffices to conclude that PrEP plays an important role in reducing the number of new
cases of HIV. We notice that when the value of parameter (¢) is fixed at 0.40, the cases
of infection declines towards 2030 to a near complete eradication of HIV. This implies that
controlling and eventual eradication of HIV in Kenya requires aggressive campaigns by the
Kenyan government in favour of PrEP use. Furthermore, sensitivity analysis has been car-
ried out using Latin Hypercube Sampling (LHS) technique. It is seen that the model output
(basic reproduction number) is highly sensitive to the effective contact rates suggesting
that efforts made to reduce the contacts between uninfected individuals and the infected
individuals will be most appropriate in limiting the occurrence of new infections.

In conclusion, we show that prevention of HIV infection still remains the most vital
way of curbing further spread. HIV patients under ART treatment are possibly capable of
aiding the eradication of HIV by convincing their sexual partners of the need to adhere to
protection via use of PrEP or any other protection means and ART treatment. The model
presented in this paper is a very simplified description of HIV infection in Kenya and there-
fore it has some cogent limitation. The model presented in this study does not take into
account the full stages of HIV. Even though, the model recognizes the fact that there is
need for immediate treatment once an individual is found to be positive in line with WHO
regulations of 2015 based on viral load suppression, the model did not factor in the viral
load levels. This limitation can be circumvented in various ways. First,there is a need to
link the model to laboratory experiments for a clearer determination of parameter values
based on the viral load of the patients. Second, the development of mathematical models
elucidating all the HIV stages will greatly advance our understanding of HIV spread in
Kenya. Despite the limitations highlighted, the model results have significant bearings on
HIV dynamics and its treatment with ART.
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transmission within and between two age groups in Kenya. We fitted the model to data
using MCMC technique and inferred the parameters. We also estimate the reproduction
numbers, namely within age group transmission and between age groups transmission
basic reproduction numbers. The analysis of the data revealed that there is significant
difference in mean number of new HIV infections between males and females within the
two age groups. More, particularly, females are highly infected with HIV as compared to
their male counterparts. Calculation of the reproduction numbers within and between age
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MCMC groups provides insights into control that cannot be deduced simply from observations on
Probability distribution the prevalence of infection. More specifically, the analysis showed that the per capita rate
Kruskal—Wallis test of HIV transmission was highest when there is interaction between young adults to adults
Correlation and most HIV infections occurred in adult population. Furthermore, the sensitivity analysis

demonstrated that the reproduction numbers depend mainly on the probabilities of
infection. This results can be used to guide HIV interventions, condom distribution and
antiretroviral therapy. Precisely, the results can be used to educate the young adults on
practicing safe sex with their partners in order to contain the occurrence of new infections.
© 2019 The Authors. Production and hosting by Elsevier B.V. on behalf of KeAi
Communications Co., Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Kenya has the joint fourth-largest HIV epidemic in the world (alongside Mozambique and Uganda) with 1.5 million people
living with HIV in 2017 (AV, 2017). In the same year, 35,000 people died from AIDS-related illnesses, while this is still high it
has declined steadily from 64,000 in 2010 (WHO, 2018). Kenya's HIV epidemic is driven by sexual transmission and is
generalized, meaning it affects all sections of the population including children, young people, adults, women and men (AV,
2017).In 2010, the prevalence of HIV in the female population was 6.5% and 5.6% in the male population (WHO, 2018). While
the prevalence of HIV infection has considerably reduced to 6.0 in 2010 from 10% in 1996, women still continue to be
disproportionately affected by the HIV infections since men often dominate sexual relationships, with women not always able
to practice safer sex even when they know the risks (AV, 2017). Young women are almost twice as likely to acquire HIV as their
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male counterparts. At the end of 2015 young women accounted for 33% of the total number of new infections in comparison
to young men that accounted for 16% (IMIOH, 2016).

Antiretroviral therapy (ART) is the current standard of care for patients living with HIV infection (WHO, 2014). It has led to
significant reduction in AIDS related morbidity and mortality (Chow, Leong, Chow, & Hooi, 2007; Omondi, Mbogo, & Luboobi,
2018a; Williams, 2014). The control of HIV demands different interventions for different age groups. HIV education and
awareness is an important component of HIV prevention. In Kenya, 73% of young women and 82% of young men in 2014
demonstrated adequate knowledge of HIV prevention (MOH, 2016). However, incorrect perception of HIV risk, and having
unprotected sexual intercourse under influence of alcohol or drugs have been cited as some of the factors that contribute to
the rise in HIV infection among young people (AV, 2017). HIV testing and counselling (HTC) has become a major feature of
Kenya's HIV response. Targeted community-based HIV testing, door-to-door testing campaigns, and the introduction of self-
testing kits are some of the innovative approaches to HIV testing adopted in recent years (UNAIDS, 2016). By 2015, about 9.9
million had been tested. Nonetheless, there remains a significant disparity between men and women. In 2014, 53% of women
had tested for HIV in the past 12 months and received their results, compared to 45% of men (KNBS, 2014). In its effort to
reduce HIV infections in Kenya, the government introduced self-testing kits in May 2017, the Kenya, as part of their ‘Be Self
Sure’ campaign as well as PrEP which uses antiretroviral drugs to protect HIV-negative people from HIV before potential
exposure to the virus (UNAIDS, 2017a).

Mathematical modelling is a common tool for understanding and studying the dynamics of infectious disease, and pro-
pose mitigation measures to control disease outbreaks (Keeling & Rohani, 2011). As such a number of HIV models have been
constructed and analyzed to understand the transmission dynamics of the disease. Recently, Aldila (2018) studied the HIV
transmission dynamics using a compartmental model. He considered the awareness of individuals both infected and unin-
fected with HIV as well as ART treatment intervention. Omondi, Mbogo, and Luboobi (2018b) modelled the impact of testing,
treatment and control of HIV transmission that include anti-retroviral interventions in Kenya that among the adult popu-
lation. They used the basic reproduction number and both the local and global stability to understand how HIV might spread.
They established that an infection might suppress with the use of combination of testing, Pre-Exposure Prophylaxis and anti-
retroviral treatment intervention. In another study, Kim et al. (2014) studies HIV prevention measures including Pre-Exposure
Prophylaxis on HIV incidence and established that PrEP use was more beneficial in prevention of HIV infection in South Korea.
Omondi, Mbogo, and Luboobi (2018c¢) studied the trend of HIV transmission and treatment in Kenya. However, their model
was not stratified to include gender and age. Mukandavire, Chiyaka, Garira, and Musuka (2009) modelled a sex-structured
model for heterosexual transmission of HIV/AIDS with explicit incubation period and provided an in-depth and complete
qualitative analysis. However, the model neglected stratification by age. In another study, Mukandavire and Garira (2007)
considered heterosexual interactions of males and females using integro-differential equations with a time delay due to
incubation period. While they incorporated the effects of male and female condom use as the main mode of preventing HIV
infection, no real-time surveillance data to establish the trend of infection. In addition, the model was not stratified by age. To
the best of our knowledge, all the above research works mentioned focused on the mathematical analysis of the models and
few papers of HIV infection exist, where gender and age is modelled using real-time surveillance. It is important to note that
the mentioned studies did not attempt to use inference methods to fit the models to data and estimate model parameters.
While both the impact and the cost of different combinations of interventions vary, we are concerned in this paper with the
population impact that can be achieved for a given reduction in the individual risk of transmission irrespective of how it is
brought about. This analysis focuses on the spread of an HIV epidemic in Kenya, as described by data collected. Thus, we
develop a within and between age groups model of HIV transmission. The model is mathematically analyzed, fitted to data of
new cases of HIV infections in Kenya and parameters are inferred.

This paper is organized as follows: In Section 2, we develop mathematical model. In Section 3, we find the expressions for
basic reproductive numbers for within and between age groups. Results are presented in Section 4. Finally, the paper ends
with a conclusion in Section 5.

2. Methods
2.1. Model formulation

We consider a simple mathematical model to understand the dynamics of HIV within and between two different age
categories in Kenya. In our modelling framework, it is assumed that HIV transmission is mainly through heterosexual means.
The population is divided into young adults (aged 15—24) and adult (age 25 and over) sub-populations. Each sub-population
is divided into susceptible individuals (S), infected individuals (I) and those who have been enrolled into treatment pro-
gramme mainly ART (T). We assume that all the infected individuals are connected to ART treatment. The AIDS class is not
considered in this model given that full blown AIDS patients are usually hospitalized and/or sexually inactive. It is assumed
that they are not able to engage in HIV transmission activities hence do not contribute to HIV infection. The total variable
population at time t is described by

N(t) = Nim(t) + N¢ (), (1)

where the subscripts m and f denote male and female and the individual sex oriented population described by
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Nm(t) :Sdm +Sam+1dm+1am+Tdm +Tam;} (2)

N (t) = Sdf + Saf + Idf + Iaf + Tdf + Taf-

here, d and a represent the young adults (aged between 15 and 24 years) and the adults (aged over 25 years), respectively.
Individuals move from one class to the other as their status evolve with respect to the infection. The population of the
susceptible young adults is generated at the rate IT via maturation into adulthood or immigration of which a proportion 7 are
assumed to be males and (1 — 1) are assumed to be females. Since the current study is looking at the trend of new HIV in-
fections within and between these two age groups, it is assumed that there is no vertical transmission. The population is
reduced by young adults maturation at the rate « and by natural death at the rate u,. The infection rate of the young adults in
both males and females is respectively, given by

B b1 (Idf + 01l + 0 Tys + 93Taf) d e — 8272 Ugm + Oalam + 05Tgm + O6Tam)
dm = N, and Ag = N, : (3)

The parameters 8, and 8, are the probabilities of HIV infection through contacts with individuals in Iij and T;;, and 6, 65,
03,04, 05, and fg are modification factors in transmission probabilities, where i,j refers to young adults and adults, respec-
tively. The infected young adults for both males and females are connected to ART treatment and care at the rates ¢; and 61,
respectively. The male and female adults acquire infection at the rates, respectively given by

3 B373 (Idf +Mlas + M Tgs + 773Taf) £ Bavagm + Nalam + 15Tgm + N6 Tam) (4)
am — N af — N )
m f

where the parameters 3, and 8, are the probabilities of HIV infection through contacts with individuals in [ij and T;;,
respectively, and 11,75, 73, 14, 115, and ng are modification factors in transmission probabilities. The infected male and female
adults are connected to ART treatment and care at the respective rates given by ¢, and 6,. The adult classes are reduced by the
natural death rate y,. The parameters v, for k = 1,---,4, are the rate at which individuals in each age category acquire sexual
partners. These compartments have been schematically illustrated in Fig. 1.

Given the above descriptions and assumptions, the dynamics of HIV in the population is given by the following deter-
ministic system of non-linear differential equations.

T L s‘l
cu nii-y > NSt 5.1, b
£
& N WSl 00 ] e
uasaf AafSaf 62|af -
o
: v 8
.. T
=
4 ; =
p’alam uaTam 2
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am > |
T o -
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Fig. 1. Schematic diagram of HIV model in the presence of ART.
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df% =07 — AgmSam — (ta + )Sam; ﬁ—?f = I(1 = 7) = A4Sar — (g + @)Sa

d% = AamSam — (#1 + &+ a)lgm: % = AapSa — (@ 01 + pa)lgy,

d%: 91lam — (@ + g)Tam, CZ—?: Ay~ (@t o)l (5)
d(siatm = aSgm — AamSam — HgSam, dg?f = aSaf = AafSof — FaSaf

d(l% — JamSam + g — (b3 + i) am, d{;—atf = AafSaf + olgp — (02 + )y

d?;rm = ¢2lam + oTgm — tgTam, d;?f = ol + aTo — oToy,

subject to the following initial conditions

3. Model dynamics
3.1. Well-posedness of the model

In this section, we show that the system (5) is mathematically well defined and biologically feasible. The system (5) can be
rewritten in the following form

X

i AX)X +F,
where X = (Sdmv Idm7 Tdm,Sam, Iam, Tam, Sdfv Idf’ Tdf7 Saf7 Iafv Taf)t. Let
Q=ptg+e, Q=¢1+a+pus, Q3=d¢2+H;, Qu=0a+01+puy, Qs5=0+ ig Thus, the matrix A is given by
[—Qs O 0 0 0 0 0 0 0 0 0 0 7
Aam —Q2 O 0 0 0 0 0 0 0 0 0
0 1 -Q; O 0 0 0 0 0 0 0 0
o 0 0 -Q; O 0 0 0 0 0 0 0
0 a 0 Aam  —Q3 O 0 0 0 0 0 0
AX) = 0 0 o 0 ¢y —ug 0 0 0 0 0 0
0 0 0 0 0 0 —-Qg O 0 0 0 0
0 0 0 0 0 0 g —Qa O 0 0 0
0 0 0 0 0 0 0 01 -Q; 0 0 0
0 0 0 0 0 0 0 0 0 -Q O 0
0 0 0 0 0 0 0 0 0 dg —Qs O
|0 0 0 0 0 0 0 0 0 o 2 —liq |

and F = (IIr,0,0,0,0,0,II(1 — 7),0,0,0,0,0)". Here, Qs = (Agm +Q1), Q7 = (ham +Ha). Qs =g +Q1), Qo = (has + K.
It is important to note that A(X) is a Metzler matrix, that is, a matrix such that off diagonal entries non-negative, for all YER}E.
Thus, using the fact that F > 0, the system (5) is positively invariant in R}E (see, Abate, Tiwari, and Sastry (2009); Berman and
Plemmons (1994)). This implies that any trajectory of the system (5) starting from an initial state in R12 forever remains in
r12_ The evolution of the system (5) is described by ‘Z,—’;’ = IT — uN. Thus, solving for N(t) we get

m o, IT
N(t) §F+e p (N(O) _F>' (7)

There are two possible cases in studying the behaviour of N(t) in (7). In the first case, we consider N(0) >% so that, at time
t =0, the right-hand side (RHS) of (7) experiences the largest possible value of N(0). That is, N(t) < N(0) for all time t > 0. In
the second case, we consider N(0) <%, so that the largest possible value of the RHS of (7) approaches % as time t approaches
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infinity. Thus, N(t) < % for all time t > 0. From these two cases, we conclude that N(t) < max{N(O),%} for all time t > 0.

Therefore, we can study the system (5) in the feasible region given by
. II
Q= {(sijm(t),Iijm(t),Tijm(t),syf(t),li]f(t), Tiy(t)) €R12: N(t) < max{N(O),ﬁ}},

which is positively invariant with respect to systems (5). This implies that the systems (5) is well posed epidemiologically and
all the solutions starting in Q remain in Q for all t > 0.

3.2. Basic reproduction number

According to Diekmann and Heesterbeek (2000); Diekmann, Heesterbeek, and Metz (1990), the basic reproduction
number commonly denoted as .%# is defined as the number of secondary cases of infections arising from the introduction of a
single infected individual in a wholly susceptible population. The system (5) has a unique disease-free equilibrium given by

IIr ollr II(1 -1 olI(1—17) )
&o= _70707 a0a07 70707 7070 . 8
o= (gro0gu00g Qb ®)

Since the model system (5) allows for free mixing of the individuals from the two stated age groups, there are two ways of
the disease transmission. These are within age group transmission and between age groups transmission. We begin by finding
the reproduction numbers within the age groups. For the young adults, the disease-free equilibrium is given by

£4= (30,0,@7 0, 0). (9)
Kd Hd

Following the approach given in Van den Driessche and Watmough (2002), we let F(t) and V(t) be the matrices of new
infections and transmission, respectively. Thus, at the disease-free equilibrium defined in (9), these matrices are respectively
given by

0 0 B1v1 B1v102 pg+e¢1 O 8 8
0 0 0 0 1 g
F(t) = . V) =
( Bava Bavabs O 0 ® 0 0 d014+ug O
0 0 0 0 0 0 -0 Wy

The young adults transmission reproduction number which is the spectral radius of the next-generation matrix (NGM) for
the epidemic of HIV given by FV~1(t) is obtained as

o [[B171(6102 + k)] [B2v2 (kg + O561)
Jod_\/{ ta(ug + b1) H f(thg + 01) ] (10)

Similarly, the disease-free equilibrium within the adult age group is defined as

L= <&70,0,M,0,0) (11)
Hd Hd

The matrices of new infections and transmission within adult (age group 25+) evaluated at disease-free in (11) are,
respectively given as

8 8 ﬁavoam 63703173 pg+d2 O 8 8
—¢2 Hq
F t == s V t =
® Bavang Bavame 0 0 ® 0 0 0y+u, O
0 0 0 0 0 0 b

Therefore, the transmission reproduction number is given by

o [[B3v3(Mpa +0213)] [BaYa(Makq + MeP2)
joa\/{ (g + ¢2) H Halka +02) | (12)
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If the HIV infection exists in a single age group connected to another age group through maturation, then the movement of
the individuals must be reflected in the basic reproduction number. The matrices for new infection terms and the transfer
terms at the disease-free equilibrium (8) are given by

[ o Bivithiva B1yif3ka]
A+ fig Q-+ fig Q O 0 0
0 0 0 0 ¢ Q 0 0
F(t) = BGEIINS
afsys  aBayans 0 0 0 0 Q O
O+ g O+ g 0 0 —d ug
L O 0 0 0 i

Thus, the basic reproduction number between the male young adults and the female adults (aged 25 + years) is given by

@ _ {0‘5474(’75% + Q1)} {5171(‘91,% + 0,03)
omdja QiQa (g + @) '

Qs (uq + @)

(13)

On the other hand, the matrices for new infection terms and the transfer terms at the disease-free equilibrium in (8) for the
female young adults and male adults are given by

[ o 0 ab3ys aB3ysny]
Ot pg Al Q; 0 0 0
| o 0 0 0 y_ |62 w0 0
Bavabatta B2Y206Ha — 8 g le 0
T E -0

L 0 0 0 0o |

Hence, the basic reproduction number between the female young adults and the male adults is given by

%Ofdma (14)

\/ {6272(6’4% + 06¢2>} {043373(51172 + Q)
QB(:“a + (X) QlQA(:u'a + 0() i

The basic reproduction number, %, of the between the age groups of the system (5) is given as the maximum of the
between age groups specific reproduction numbers. Thus, we have

Fo = maX{%Omdfa7%0fdma}-

It is important to note that due to mathematical intractability we are unable to explicitly express the basic reproduction
number of the whole system without splitting the model into within and between age groups. To understand the trend of HIV
infection, we perform data analysis and present results in section 4.

4. Results
4.1. Epidemiological data and ethical considerations

To study the extent and trend of HIV infection, we analyze the confirmed cases of new infections in Kenya from January
2011 to September 2018. The data analyzed was routinely collected on a monthly basis and retrieved from Kenya Health
information System available at KHIS. Only variables of interest were pulled out to excel spreadsheet and thereafter analyzed
in R. The data analyzed is publicly available. Thus, the datasets used in our study were de-identified and fully anonymized in
advance, and the analysis of publicly available data without identity information does not require ethical approval.

4.2. Parameter inference and estimation

The natural death rate was estimated to be uy = 0.0013, u, = 0.00128 based on the life expectancy in Kenya (WH, 2018).
The young adults maturation at the rate @ = 0.0083. The rate at young adults acquire sexual partners is assumed to be 3, that
is, y1 = v2 = 3, while that of the adults has been assumed to be 2 (y3 = v, = 2). Initiating and staying on treatment is
particularly problematic for young adults. In 2014, it was estimated that only 34,800 out of 141,000 young adults with known
HIV positive status were on ART (AV, 2017). Thus, the rates at which adolescents (males and females) are connected to ART
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treatment are assumed to be ¢; = 0.24 and 6; = 0.28, respectively. On the other hand, based on the estimates from AV (2017),
the rates at which the male and female adults are connected to ART treatment is assumed to be ¢, = 0.58 and §, = 0.68,
respectively. Table 1 gives the description of the parameters and the initial conditions estimates used in this work. The initial
conditions for Sy, S4r, Sam and Sy¢ are estimated from Kenya demographics profile of both 2010 and 2018 (see KD (2018))
while other initial conditions for Iy, Tym. laf, Tin, lam, Tam, lqr and Tgs are estimated based on the retrieved data that is used in
curve fitting.

The unknown parameters, that is, 81,02,03,84,01,02,03,04,05,05,m1,12,73,M4,M5 and ng, were estimated on the basis of the
available data as earlier described. Bayesian approach that is implemented to the Markov Chain Monte Carlo (MCMC)
technique is used in parameter estimation. We minimize the sum of the squared error between the model and data, which is
given by

n

55(5) :Z(Yh—P(th,?a))z, (15)

i=1

where

t
P(th, 5) = P(t, 5) = / p(ldmsdm + Adedf + AamSam + AafSaf) dt,
t—1

which is the number of new HIV cases of infection for each age group. Note that, there are D independent observations from
the dataset that represent the number of new HIV cases of infection at the hth month, forh =1,2,3,---,D. Now considering ¢ is

the error of fit, which follows an independent Gaussian distribution having unknown variance ¢2, then it follows from (15)
that

Y, = P(th, 5) e, e~ /V(O, 1;3-02),

with = referring to males and females, i and j remain as earlier defined. We assume an independent Gaussian prior specifi-

cation for the unknown parameters 9, that is, 9, ~ .7 (v, w?), where r = 1,2, 3, -+, D. Furthermore, it is assumed that the
inverse of the error variance follows a Gaussian distribution as prior taking the following form

v(a’z) ~T (%, @) .

here, xy and 5(2, respectively, give the prior accuracy and prior mean of ¢2. Considering the conditional conjugacy property of
Gamma distribution (see, Sardar, Sasmal, and Chattopadhyay (2016)), the conditional distribution of v(c—2|Y, ) is also a
Gamma distribution with

Table 1
Description of the parameters and the initial conditions estimates for the system (5). The parameters are given per month.
Par/var Range Value Source Par Range Value Source
Sam(0) 4,148,153—4,552,448 Est. KD (2018) 61 0.0-1.0 Est.
Iym(0) 0—8,000 Est. 6o 0.0-1.0 Est.
Tym(0) 0—6,000 Est. 63 0.0-1.0 Est.
Sar(0) 4,147,896—4,567,894 Est. KD (2018) B4 0.0-1.0 Est.
I4r(0) 0—-11,000 Est. 04 0.0-1.0 Est.
T5n(0) 0-8,000 Est. 0, 0.0-1.0 Est.
Sam(0) 8,460,138-9,641,107 Est. KD (2018) 03 0.0-1.0 Est.
lam(0) 0-11,000 Est. A 0.0-1.0 Est.
Tam(0) 0-9,000 Est. 5 0.0-1.0 Est.
Sqr(0) 8,624,799-9,799,146 Est. KD (2018) s 0.0-1.0 Est.
I (0) 0—17,000 Est. ™ 0.0-1.0 Est.
Ty (0) 0—14,000 Est. M 0.0-1.0 Est.
I 40,000—85,000 44,000 KD (2018) 3 0.0-1.0 Est.
T 0.0-1.0 0.48 WH (2018) N4 0.0-1.0 Est.
I 0.0011-0.0017 0.0013 WH (2018) 15 0.0-1.0 Est.
Hq 0.0011—-0.0017 0.00128 WH (2018) Mg 0.0-1.0 Est.
Y1 1-4 3 Assumed Y2 1-4 3 Assumed
Y3 1-4 2 Assumed Y4 1-4 2 Assumed
P1 0.0-1.0 0.24 AV (2017) b2 0.0-1.0 0.58 AV (2017)
01 0.0-1.0 0.28 AV (2017) 0o 0.0-1.0 0.68 AV (2017)

a 0.0083
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xo + R X055 +55(9)
2 2

U<0'72

Yﬁ):r

The above property makes it possible to sample and update ¢~2 within each Metropolis Hastings simulation step for the

other parameters. Since an independent Gaussian prior specification for 9 is assumed, the prior sum of squares for 9 is given
by

() -2, (45)

h=1

For a fixed value of ¢2, the posterior distribution of ¥ is given by

v(@‘Y, 02) xexp —% 55525> + SSpri (5) :

with the posterior ratio needed in the Metropolis-Hastings acceptable probability given as

v(fﬁ]y,aZ) ; ss(zﬁ) ss(ﬁ)

W =€exp| — 5 2 72 + % (SSpri (1@) + SSpri <1/9?))

The modCost, modFit and modMCMC routine in package FME package (A flexible modelling environment for inverse
modelling, sensitivity, identifiability and Monte Carlo Analysis) in Ris used to estimate the unknown  for the model. AR code
is used in which, the unknown parameter values are given a lower bound and an upper bound from which the set of
parameter values that produce the best fit are obtained. The parameter estimates and other results arising from the model
fitting to data are given in Section 4.4.

4.3. Statistical analysis

4.3.1. The basic description of data

In this section, we carry out simple descriptive statistical analysis of the dataset and results presented in Table 2.

The mean number of new HIV infections in the male young adults age group is 1336.9 (95% Confidence Intervals (CI),
1114.0,1559.8) while the average number of new infections in the females of the same age group is 3164.7 (95% Confidence
Intervals (CI), 2775.3,3554.1), for the period from January 2011 to September 2018. The average number of new infections in
male and female adults are given by 5319.2 (95% Confidence Intervals (CI), 4817.9,5820.5) and 7692.5 (95% Confidence In-
tervals (CI), 6951.9,8433.4), respectively. Overally, the mean number of HIV infections in males is 3328.1 while that in females
is 5428.6. It can be seen that females in both age categories are disproportionately affected with HIV more than the males. In
order to establish the extent of variation in the mean number of cases of infections in the two age categories along the gender
line, an error bar is plotted and presented in Fig. 2. It can be seen that the non-overlapping error bars may be significantly
different. This implies that further test is required to indicate the nature of differences means. Thus, in section 4.3.2, we carry
out probability distribution test in order to choose an appropriate test to establish the mean differences.

Table 2
Descriptive characteristics of the dataset retrieved for the duration spanning from January 2011 to September 2018.
Age group Male Female
Mean SD SE 95% CI° Mean SD SE 95% CI*
15—24 years 1336.9 1082.4 112.2 [1114.0,1559.8] 3164.7 1891.0 196.1 [2775.3,3554.1]
25 + years 5319.2 24343 2524 [4817.9,5820.5] 7692.5 35974 373.0 [6951.9,8433.4]
d" and a¢ 3328.1 2741.5 201.0 [2931.5,3724.7] 5428.6 3656.1 268.1 [4899.7,5957.5]

¢ 95% Confidence Interval.
" The young adults aged 15—24 years.
€ The adults aged 25 and over years.
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Fig. 2. A graph showing the distribution of the average number of new HIV infections in two age groups for males and females. Error bars are 95% confidence
intervals.

4.3.2. The probability distribution of the data

The probability distribution of the given dataset plays an important role in determining which tests between parametric
and non-parametric to conduct. There are various methods used to test for the probability distribution of a given dataset. The
methods can be to test for normality or any other distribution. For normality tests, methods used include kolmogorov-
smirnov, Anderson Darling, Shapiro Wilk and Lilliefors test (Shapiro & Wilk, 1965). In this study, we use the Shapiro Wilk
test. This is the most powerful test when compared to the Anderson Darling, Kolmogorov-Smirnov and Lilliefors tests (Razali
et al., 2011). The test statistics proposed in Shapiro and Wilk (1965) is given by

2
wo @’ _ <q¥1 aqu>

s i (Yq—Y)z,

g=1

where a’ are set of weights given by
/V—l
a/ = (ala "'7an) = m—
(m'V-1V-1m)

here, yq, forq =1,2,---,n, is the ith order statistics whose similarity scores are sorted in either descending or ascending order,
¥y is the sample mean similarity score, m = (my, ---,my)" are the first moments of the order statistics which are independent

and identically normally distributed random variables, S? is the estimator for the population variance ¢2 and V is the
covariance matrix of the order statistics. The dataset is assumed not to follow a normal distribution when the test statistics W

2
% < W <1 or when p-value <, the significance level. Otherwise the dataset follows a normal

is small, that is, 0<
distribution.

Table 3 shows results from Shapiro Wilk test for normality of the dataset. The test was carried out at alpha level equal to
0.05, that is, at 95% Confidence Interval. Given that the p-value for each age category for males and females is less than 0.05,
then the null hypothesis that the data are normally distributed is rejected. Thus, there is no enough evidence to assume that
the data follows a normal distribution. Fig. 3 shows density plot to visualise the distribution of data. This chart uses kernel

smoothing to plot values, allowing for smoother distributions by smoothing out the noise. The peaks of a density plot help

Table 3
Shapiro Wilk test for normality of the dataset.
Age group Male Female
w P-value w P-value
15—24 years 0.8585 0.0000 0.9549 0.0028

25 + years 0.9692 0.0268 0.9600 0.0061
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Fig. 3. Density distribution of the dataset.

display where values are concentrated over the interval. It can be easily seen that the data are positively skewed. Since the
results show that the data does not follow a normal distribution, we conduct Friedman test, a non-parametric test, to establish
if there exists any significant differences in mean number of HIV infections between the two age groups for the males and
females.

4.3.3. Kruskal—Wallis test

Kruskal—Wallis's test is a non-parametric method for testing the equality of several independent samples. It is useful in
analyzing experimental data from completely randomized designs (Kruskal & Wallis, 1952). To compute the Kruskal—Wallis
test statistic, all the observations are first ranked in ascending order where the smallest observation takes rank 1 and the
largest observation takes rank N. The sum and average of the ranks of the observations pertaining to each sample are obtained
next. If the sample effects are equal, then the average ranks are expected to be the same and if there is any difference then that
is due to sampling fluctuations. The Kruskal—Wallis test statistic is based on the assessment of the differences among the
average ranks. That is, let R;; be the rank of y;;,i =1,2,3,-+-,b; j=1,2, -+t where b refers to the samples (treatments) and

the ith treatment is replicated t; times,i =1,2,---,b,R; = Z}:]RU be the sum of the ranks of the observations pertaining to the
ith treatment, R; = %" be the average of the ranks of the observations pertaining to the ith treatment, and R be the mean of all

the R;. The Kruskal—Wallis test statistic is then given by

b
N+] Ztl - in—l- (16)

i=

Since Ef’:lRi = w it follows that R = % Thus, expression (16) reduces to

Note that the coefficient (N =y is known as a suitable normalization factor (see, Manoukian (1986)). The expressions in

(16) and (17) are computed if there are no ties in the observations. In the event there are ties, each observation is given the
mean of the ranks for which it is tied. The Kruskal—Wallis statistics in (17) is then divided by the correction factor given by

™M=

(m? —my)

_1_i=t
cf NN

where m; refers to the number of ties in ith group of k tied groups. Hence, the corrected Kruskal—Wallis test statistic for ties is
expressed as
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3N(N+1)2(N-1)
N(N2 - 1) - 32 (m? - mi)

12 b g2
m _ 8o ~ y2
H _N(N+1);t,- Kp-1-

It is important to note that the correction factor is included when there are ties to increase the value of the test statistics so
as to make the results more significant. Furthermore, the Kruskal—Wallis test statistic has a chi-square distribution with
(b — 1) degrees of freedom under the null hypothesis. The test results obtained in R are given as:

Kruskal — Wallis chi — squared = 180.11, df = 3, p — value <2.2e — 16.

The results give X%,a:O.OS = 180.11 and p-value< 0.05, the level of significance. There is very strong evidence to suggest a

significant difference in HIV infection between at least one pair of the groups. Since there is a significant difference in HIV
infections as the results suggest, a post-hoc analysis is performed to determine which group of the individuals differ from
each other in HIV infections. We use Nemenyi test which is appropriate for groups with equal number of observations as in
our case (Zar, 2010). The results are presented in Table 4. Since all the p-values are less that 0.05, the level of significance, there
are significant differences in HIV infections between the groups.

4.4. Model fitting

The results in Fig. 4 clearly show that the model fits well with the available data points. It is important to observe that the
cases of infection peaked in the year 2013. The results show that there was a rise in HIV infection between 2011 and 2013,
followed by a significant slow down in the occurrences of new cases of HIV infection. In Fig. 5, we make a comparison of new
cases of HIV infection for the two groups. Our results are indicative of a long-term fall in cases of HIV infection in which there
is a significant decline in the cases of infection by 2030. However, it can be clearly seen that the occurrence of new cases of HIV
infection is more prominent in the adult population as compared to the young adults’ population. The most important
observation is there is high number of cases of HIV infection amongst the female adults (aged 25 and over) in comparison to
the remaining groups. It is known that women in this group are disproportionately affected by the HIV infections since it is
men often dominate sexual relationships leaving women with no ability to always practice safer sex despite the known risks
involved (AV, 2017). The results show that new cases of HIV infection amongst the young male adults would be contained by
2025 while that of their female counterparts is likely to be contained after 2030 should the current interventions against HIV
in Kenya be maintained. Tables 5—7 give the estimated variable values, estimated parameter values and the transmission
reproduction numbers, respectively. The computation of the reproduction numbers within and between age groups in Table 7
provides insights into control that cannot be deduced simply from observations on the prevalence of infection. More spe-
cifically, the analysis showed that the per capita rate of HIV transmission was highest when there is interaction between
young adults to adults and most HIV infections occurred in adult population.

4.4.1. Sensitivity analysis

Sensitivity analysis is introduced to study the strength of the basic reproduction numbers as listed in Table 7 for the model
parameters. Here, we perform sensitivity analysis to examine the model's response to parameter variation within a wider
range in the parameter space. Following the work by Marino, Hogue, Ray, and Kirschner (2008), partial rank correlation
coefficients (PRCC) between the basic reproduction number Ry and each parameter are derived from 1,000 runs of the Latin
hypercube sampling (LHS) method (Stein, 1987). The parameters are assumed to be random variables with uniform distri-
butions with their mean value listed in Tables 1 and 6. Tornado plots for the normalised sensitivity index for different pa-
rameters are given in Fig. 6.

If the sensitivity index is positive, then the reproduction number increases along with increasing value of the parameter.
On the other hand, if the sensitivity index is negative, then reproduction decreasing with the increasing value of the
parameter. Fig. 6a and b are produced assuming that the HIV infection is localised only the young adults (15—24 years) and
adults (15 + years) age groups respectively. From the figures, the parameters related to the probabilities of HIV transmission

Table 4

Pairwise comparisons using Tukey and Kramer (Nemenyi) test. F-15-24 and M-15-24 means the female and male young adults while F-25 + and M-
25 + means the female and male adults, respectively. The lower triangles of the matrices respectively contain the x2 and p-values of the pairwise
comparisons.

x2 output P-value

F-15-24 F-25+ M-15-24 F-15-24 F-25+ M-15-24
F-25+ 10.978 F-25+ 0.0000
M-15-24 6.828 17.806 M-15-24 0.00001 0.0000

M-25+ 6.377 4.601 13.205 M-25+ 0.00004 0.006 0.0000
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Fig. 4. Model system (5) fitted to data for the reported new cases of HIV infection. 4a shows the model fitted to the data for the young male adults (aged 15—24 years) while 4b shows the model fitted to data for the young
female adults (aged 15—24 years). On the other hand 4c shows the model fitted to the data for the male adults (aged 25 + years) while 4d shows the model fitted to data for the female adults (aged 25 + years). The blue
dots indicate the actual data and the red line indicates the model fit to the data. All the fitted curves are done with 95% confidence limits.
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Table 5
Estimated variable values from the model fitting to data for the period January 2011 to September 2018.
Male Female
Mean SE 95% CI* Mean SE 95% CI°
Sd 4326140 1665 [4325114, 4327166] 4333384 548.6 [43323009, 4334459]
Iy 180 0.4845 [179.05, 180.95] 191 1.766 [187.54, 194.46]
Ty 105 0.4625 [104.09, 105.91] 126 0.2417 [125.53, 126.47]
Sa 9011930 1418 [9009150, 9014710] 9312839 1417 [9310062, 9315616]
Ia 665 1.671 [661.73, 668.28] 370 0.9102 [368.22, 371.78]
Tq 144 0.4261 [143.16, 144.84] 333 0.6121 [331.8, 334.2]
2 95% Confidence Interval.
Table 6
Estimated parameter values of the system (5) obtained from model fitting for the period January 2011 to September 2018.
Par Mean SE 95% Cl Par Mean SE 95% Cl
61 0.3743 7.8e-4 [0.3728, 0.3758] 6, 0.4.01e-3 5.0e-6 [4.0e-3, 4.02e-3]
B3 4.2e-5 5.33e-8 [4.23e-5, 4.25e-5] B4 0.7451 0.0015 [0.7421, 0.7481]
04 0.1698 2.86e-4 [0.1693, 0.1704] 0, 2.76e-4 4.57e-7 [2.7e-4, 2.8e-4]
03 1.282e-5 8.2e-9 [1.28e-5, 1.29e-5] 04 0.0422 1.301e-4 [0.0419, 0.0425]
05 0.0248 7.531e-5 [0.0246, 0.0250] g 0.2195 2.712e-4 [0.2189, 0.2202]
m 0.0432 1.167e-4 [0.0429, 0.0434] D 0.6256 1.0704e-3 [0.6235, 0.6277]
13 0.0680 1.078e-4 [0.0678, 0.0683] N4 5.181e-4 1.181e-6 [5.15e-4, 5.2e-4]
15 5.494e-3 1.735e-5 [5.46e-3, 5.53e-3] N6 0.2169 2.392e-4 [0.2165, 0.2174]

Table 7

Estimation of young adults transmission reproduction number %4, adults transmission reproduction number .%,, basic reproduction number between the
male young adults and the female adults Zgpgp,, basic reproduction number between the female young adults and the male adults #ggmq and the system (5)
basic reproduction number .%.

Statistics ‘%Od e%()a ‘%)Omdfa *%Ofdmu
Mean 1.135 1.921 2432 2432
Std. error 0.000035 0.00014 0.00089 0.00089

95% Confidence Interval 1.131-1.139 1.901-1.941 2.397-2.467 2.397-2.467
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Fig. 6. Tornado plots showing PRCCs for the different parameter values. 6a and 6b are produced assuming that the HIV infection is localised only the young adults (15—24 years) and adults (15 + years) age groups
respectively. On the other hand 6c and 6d are produced assuming that there is interaction between young male adults (15—24 years) and adult females (15 + years) and young female adults (15—24 years) and male adults
(15 + years), respectively.
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have reasonably significant PRCCs and cannot be ignored. The parameters ¢1, 61, ¢, and d, have the lowest PRCCs with respect
to the corresponding disease thresholds. However, their direction of influence is clearly visible. In this regard, since no effort
toward reducing disease spread is rendered insignificant, any action that increases the number of individuals under ART
treatment reduces the infection. Fig. 6¢c and d are produced assuming that there is interaction between young male adults
(15—24 years) and adult females (15 + years) and young female adults (15—24 years) and male adults (15 + years),
respectively. It is also seen that probabilities of HIV transmission have the potential of making the epidemic worse if increased
while parameters related to treatment of infected individuals into ART have the potential of reducing infections.

5. Conclusion

The HIV epidemic has been evolving in Kenya since the detection of the first case in 1984. Kenya has the fourth highest
number of HIV infection globally alongside South Africa and Nigeria (UNAIDS, 2015). The number of people living with HIV was
estimated to be 1.6 million in the year 2015 with 36,000 deaths resulting from AIDS-related illness (OPTIONS, 2016; UNAIDS,
2015). In its efforts to reduce HIV spread, HIV testing and counselling has been adopted through targeted community-based
testing and door-to-door testing initiatives and use of preventive measures such as condoms encouraged. In 2016, an esti-
mated 64% of the people living with HIV were receiving antiretroviral treatment (ART) of whom 51% were virally supressed
(UNAIDS, 2017b). Furthermore, according to UNAIDS (2017b), 73% of men and 55% of women used a condom the last time they
engaged in sex with a non-marital as well as non-cohabiting partner. Despite the intense and aggressive interventions against
HIV, there is still growing number of new infections in Kenya especially amongst the young adults. Thus, in this work, we
attempt to model the trend of new HIV infections in Kenya, for which a considerable amount of data is available. A deterministic
model for HIV dynamics within and between age groups that takes into consideration the sexual orientation of individuals is
presented. Vital mathematical characteristics of the model have been presented. These include the invariant region of bio-
logical significance, the age group specific basic transmission numbers and inter age group specific basic transmission
numbers. MCMC method has been used to estimate the parameter values based on the available data. The basic descriptive and
inferential statistics of the data have been computed and presented. Our analysis of the data shows that females in both age
categories are disproportionately affected with HIV more than the males. This is supported by the Kruskal-Wallis results which
are indicative of very strong evidence that there exist significant differences in HIV infections between the groups.

The model was then fitted to on the new cases of HIV infections with the objective of using the model parameters that give
the best fit to examine the trend of HIV infection. It has been established that the occurrence of new cases of HIV infection is
more prominent in the adult population as compared to the young adults’ population. It is important to note that there is high
number of cases of HIV infection amongst the female adults (aged 25 and over). This can be attributed to the fact that men
often dominate sexual relationships leaving women with no ability to always practice safer sex despite the known risks
involved. The results show that new cases of HIV infection amongst the young male adults would be contained by 2025 while
that of their female counterparts is likely to be contained after 2030 should the current interventions against HIV in Kenya be
maintained. Furthermore, computation of the reproduction numbers within and between age groups provides insights into
control that cannot be deduced simply from observations on the prevalence of infection. More specifically, the analysis
showed that the per capita rate of HIV transmission was highest when there is interaction between young adults to adults and
most HIV infections occurred in adult population.

Sensitivity of parameters was also considered. The results demonstrate that the transmission probabilities and treatment
rates have the greatest impacts on the reproduction numbers. This suggests that control of HIV pivots around transmission
prevention programs. Programs aimed at individuals at high risks of HIV infection that encourage them to use preventive
measures such as condoms and PrEP will be particularly effective. Furthermore, enrolling more infected individuals on ART
treatment would be ideal in reducing the cases of new infections for it is known that it helps in suppressing the viral load in
the body thus limiting further HIV infections. It is thus critical to devote more resources to education on HIV preventive
measures and treatment programs that are especially targeted to both the susceptible and infected individuals.

The model considered in this paper is consistent with the dynamics of HIV infection in Kenya and it has some lucid
limitations. In fact, lack of sufficient data on the number of HIV patients enrolled in ART treatment and care limited the
numerical analysis and interpretation. This work has only considered the new cases of HIV infections. It is well known that the
goodness of fit measures the discrepancy between observed data and values expected from the model. In this work, no
goodness of fit tests were performed. However, we relied on the MCMC method for the model fitting. We argue that MCMC
method of fitting models to data provides useful insights into how the model can be linked to data despite the challenge of
using statistical tools to test the goodness of fit of the model.
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