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INSTITUTE OF MATHEMATICAL SCIENCES 

MASTER OF SCIENCE IN STATISTICAL SCIENCES 
END OF SEMESTER EXAMINATION 

 
DATE: Wednesday, April 14, 2021      Time: 3hrs 

 
Instructions 
1. This examination consists of FOUR questions. 
2. Answer Question ONE (COMPULSORY) and any other TWO questions. 
 
 
Question 1 (20 Marks) 

a) Suppose that nXX ,,1   be a random sample from a population with the probability 

density function )f (x ;  and that  nn XXtT ,,1   is an estimator of  . When would 

the estimator nT be  

i) An Unbiased estimator  for  ; and 

ii) A uniformly minimum variance unbiased estimator for  . 

 (4 Marks) 

b) Let nXX ,,1  be a random sample a ݂ሺݔ,  unknown. If ߠ ሻ population, withߠ

ܶሺܺ௡,… , ܺ௡ሻ is an unbiased estimator of ߠ, prove (assuming regularity conditions) that  

ሺܶሺݎܸܽ ଵܺ, … , ܺ௡ሻ ൒
1

ሻߠሺܫ
 

where ܫሺߠሻ is Fisher’s Information based on ଵܺ, … , ܺ௡. 

(5 Marks) 

c) Let nXX ,,1  be a random sample a ܰሺߠ,  .ଶ are unknownߪ and ߠ ଶሻ population, withߪ

Find the Cramer-Rao lower bound for ߠ. Is this lower bound achieved for some 

statistic? 

(5 Marks) 
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d) Suppose that ଵܺ, … , ܺ௡ is a random sample of size n for a ܰሺߤ,   ߤ ଶሻ population withߪ
and ߪଶ is unknown. Show that the size ߙ generalized likelihood ratio test of the 
hypothesis ܪ଴: ߤ ൌ :ଵܪ ଴ againstߤ ߤ ്    ଴ if and only ifܪ ଴ rejectsߤ

ቤ
തܺ െ ଴ߤ
ܵ/√݊

ቤ ൒ ఈ/ଶሺ݊ݐ െ 1ሻ 

(6 Marks) 

Question 2 (20 Marks) 

a) Let nXX ,,1   be a random sample from a population with the probability density 

function .; )f (x    

i) Letting ݕ ൌ
డ

డఏ
݈݊ሾ݂ሺݔ;   ሻሿ, show thatߠ

ሻݕሺܧ ൌ 0 and ܸܽݎሺݕሻ ൌ െܧ ቈ
డమ

డఏమ
݈݊ሾ݂ሺݔ; ሻሿ቉ߠ ൌ ݅ሺߠሻ, the information number. 

(6 Marks) 

ii) Hence, by the central limit theorem, explain how the  

ܵሺߠ; ࢞ሻ ൌ෍

߲
ߠ߲ ݈݊ሾ݂ሺݔ௜; ሻሿߠ

݂ሺݔ௜; ሻߠ

௡

௜ୀଵ
~ܰ൫0, Աሺߠሻ൯, 

where Աሺߠሻ ൌ ݊݅ሺߠሻ, the expected Fisher’s information 

(6 Marks) 

b) Let ଵܺ, … , ܺଽ be an iid sample from Exponentialሺߠሻ, ݂ሺݔ; ሻߠ ൌ expߠ െ ,ݔߠ ݔ ൐ 0. 

Suppose we observe തܺ= 1, use the score test to test the following hypothesis ܪ଴: ߠ ൌ

0.5 versus ܪ଴: ߠ ് 0.5. Use a 5% level of significance. 

(8 Marks) 

Question 3 (8 Marks) 

a) Let nXX ,,1  be a random sample from a Exponential   distribution. Using the 

asymptotic normality property of maximum likelihood estimators, derive an expression 

for a  %1100  Wald confidence interval for  . 

(6 Marks) 

b) Based on part (a), construct a 90% confidence interval for   for the following random 

sample:  

X: 1,2, 3, 2, 3, 5, 3, 3, 4, 2 

(3 Marks) 
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c)  
i) Let nXX ,,1  be a random sample from a Poisson   distribution. Using the 

asymptotic normality property of maximum likelihood estimators, show that an 
approximate  %1100  confidence interval for  is: 

., 2

4
2/

2
2/

2
2/

2
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2/

2
2/

2
2/

4242 



 

n

Z
n

ZX
n

Z

n

Z
n

ZX
n

Z XX   

(7 Marks) 
ii) Based on part (i), construct a 90% confidence interval for   for the following random 

sample:  
X: 1,2, 3, 2, 3, 5, 3, 3, 4, 2 

(4 Marks) 
 

Question 4 (20 Marks) 

a) State and prove Neyman-Pearson’s Lemma 
(12 Marks) 

b) Suppose that ଵܺ, … , ܺ௡ is a random sample of size n for a ܰሺߤ,  ଶሻ population. Showߪ
that the most critical test of size ߙ of the hypothesis ܪ଴: ଶߪ ൌ ଴ߪ

ଶ against ܪଵ: ଶߪ ൌ ଵߪ
ଶ 

ሺߪଵ
ଶ ൏ ଴ߪ

ଶሻ is  

ܴ ൌ ൜ݔ:෍ ሺݔ௜ െ ሻଶߤ ൑ ଴ߪ
ଶ߯ఈଶሺ݊ሻ

௡

௜ୀଵ
ൠ 

(8 Marks) 

 


