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Attempt Question ONE and any other TWO questions:

Question ONE (30 marks)

a. Show f(x) = x? is Reimann integrable over E= (0,1). (8 marks)

b. If E; and E, are measurable sets, show that E; U E, is measurable. Hence, if

EiNE, =@then m"(E; UE,) =m"(E,) + m*(Ey). (8 marks)
c. Find the Lebesgue integral of simple function

i. @) =Int(x)overE = (0,10), (4 marks)
ii. @) =Int(x?) overE = (0,2), (5 marks)

where Int(w) return the integer part of w.

d. Prove that E[(Y-E(Y|X))h(X)) =0. (5 marks)

Question TWO (15 marks)

a. Show that that the mapping A — P(A|B) is countably additive on g-algebra, Fp.
(8 marks)

b. Consider random variables X and Y from the probability space ({2, f, P), prove that
E(E(Y|X)) =E(Y). (7 marks)



Question THREE (15 marks)

a. State and prove the Markov’s inequality. Hence or otherwise, use your results to

prove Chebyshev’s inequality. (8 marks)
b. Let (£,F, P) be a probability space. Show that for all sets 44, 4,, ... € J we have
that:
n n
Pl Ja| =) pral
i=1 i=1
(7 marks)
Question FOUR (15 marks)
a. Suppose that X ~ N(0,1) and let Y= X2|. find E[Y|X] and E[X|Y] (6 marks)

b. Find the Riemann and Lebesgue integral of a step function f(x) defined as:

lif—1<x<?2
_)2if 2<x<4
) =934 4<x<8
0 otherwise.

(9 marks)



