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Attempt Question ONE and any other two questions:

Question ONE (30 marks)

a.
b.

Show f(x) = x? is Reimann integrable over E= (0,1). (7 marks)
If E; and E, are measurable sets, show that E; U E, is measurable. Hence, if

E; NE, =@ then m*"(Ey VU E;) = m"(E;) + m*(E,). (8 marks)
Show that that the mapping A — P(A|B) is countably additive on, o-algebra, Fj.

(6 marks)

Let X;, X, ... be i.i.d with mean u and variance ¢.% Let X,, =% ™ . X;. Prove that

1
n2(X, —
7= ¥_>N(0,1)

in distribution as n — oo. (9 marks)

Question TWO (15 marks)

a.

If f,g: X = R are real valued measurable functions and k € R show that

kf, f+g  fg f/g

are measurable functions, where we assume that g # 0 in the case of f/g.

(9 marks)
Show that the outer measure is translation invariant, that is,
m'(A+t)=m"(A) foranysetAc Randt e R
whereA+t={a+tlaeRteR} (6 marks)
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Question THREE (15 marks)

a. Find the Lebesgue integral of simple function
I. @(x) = Int(x) over E = (0,10), (3 marks)
i. @) =Int(x?*) overE = (0,2), (5 marks)
where Int(w) return the integer part of w.
b. Prove that convergence in probability implies convergence in distribution
(7 marks)

Question FOUR (15 marks)

a) For random variables X and Y from the probability space (2,F, P), prove that
E(E(Y|X)) =E(Y). (7 marks)

a) Let (12,F, P) be a probability space. Show that for all sets A4, 4,, ... € J we have

that:
n n
U Al < Z P[A,]
i=1 i=1

P

(8 marks)
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