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Attempt Question ONE and any other two questions:   

Question ONE (30 marks)  

a. Prove the following properties of Lebesgue outer measure on (0,1): 

i. 0	 ൑ ݉∗ሺܧሻ ൑ 1 for any ܧ ⊂ ሺ0,1ሻ.     (3 marks) 

ii. ݉∗ሺܧሻ ൑ ݉∗ሺܨሻ if  ܧ ⊂  (marks 2)      .ܨ

iii. ݉∗ሺ∅ሻ ൌ 0        (2 marks) 

 

b. Find the Lebesgue integral of simple function 

i. 	߮ሺݔሻ ൌ ܧ	over	ሻݔሺݐ݊ܫ ൌ ሺ0,10ሻ,                                                        (3 marks) 

ii. ߮ሺݔሻ ൌ ܧ	over	ଶሻݔሺݐ݊ܫ ൌ ሺ0,2ሻ,                                                (4 marks) 

where ݐ݊ܫሺݓሻ	 return the integer part of ݓ. 

 

c. Show that that the mapping ܣ ⟼ ܲሺܤ|ܣሻ is countably additive on , ߪ-algebra , ࣠஻.  

(6 marks) 

 

d. Let ଵܺ, ܺଶ … be i.i.d with mean ߤ  and variance ߪ.ଶ Let തܺ௡ ൌ
ଵ

௡
∑ ௜ܺ
௡
௜ୀଵ .  Prove that 

ܼ ൌ
	݊
ଵ
ଶሺ തܺ௡ െ ሻߤ

ߪ
→ ܰሺ0,1ሻ	

in distribution as ݊ →∞.                 (10 marks) 

 



 

Question TWO (15 marks)  

a) Prove that if ܺ௡
௅మ

→ ܺ	then  ܺ௡
௣
→ ܺ.       (5 marks) 

b) The number of students X who are going to fail in the exam is a Poisson variable 
with mean 75,i.e, X~Poi(75). We admit that the exam was too hard if more than 
90 student fail. What is the probability for it to happen?    (4 marks) 

c) Consider random variables X and Y from the probability space ሺߗ, Ӻ, ܲሻ, prove 
that 

 ሺܻ|ܺሻሻ =E(Y).                   (6 marks)ܧሺܧ

 

Question FOUR (15 marks)  

a. State and prove the Markov’s inequality.  Hence or otherwise, use your results to 

prove Chebyshev’s inequality.                                                                   (8 marks) 

b. Let ሺߗ, Ӻ, ܲሻ	ܾ݁	ܽ	ݕݐ݈ܾܾ݅݅ܽ݋ݎ݌	݁ܿܽ݌ݏ. Show that for all sets ܣଵ, ,ଶܣ … 	∈ Ӻ we have 

that: 

ܲ ൥ራܣ௜

௡

௜ୀଵ

൩ ൑෍ܲሾܣ௜ሿ
௡

௜ୀଵ

 

                                  (7 marks) 

Question FIVE (15 marks)  

e. State and prove the Weak Law of Large Numbers                                  (6 marks) 

a. Find the Riemann and Lebesgue integral of a step function ݂ሺݔሻ defined as: 

݂ሺݔሻ ൌ ൞

1	if െ 1 ൏ ݔ ൏ 2
2		if					2 ൑ ݔ ൏ 4
3		if				4 ൑ ݔ ൏ 8
0								otherwise.

 

            (9 marks)  

 


