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Attempt Question ONE and any other two questions:

Question ONE (30 marks)

a. Prove the following properties of Lebesgue outer measure on (0,1):

i. 0 <m"(E)<1foranyE c (0,1). (3 marks)
i. m'(E)<m'(F)if ECF. (2 marks)
i. m'@)=0 (2 marks)

b. Find the Lebesgue integral of simple function
i. ¢@(x) = Int(x) over E = (0,10), (3 marks)
i. @) =Int(x?) overE = (0,2), (4 marks)

where Int(w) return the integer part of w.

c. Show that that the mapping A — P(A|B) is countably additive on , g-algebra , Fj.
(6 marks)

d. LetX,, X, ..beiidwith mean i and variance ¢.2 Let X, = ~ ¥, X;. Prove that
n
1

nz(X, —
7= #—)N(O,l)

in distribution as n — co. (10 marks)



Question TWO (15 marks)

2

a) Prove thatif X, 5 X then X, 2 x. (5 marks)
b) The number of students X who are going to fail in the exam is a Poisson variable

with mean 75,i.e, X~Poi(75). We admit that the exam was too hard if more than

90 student fail. What is the probability for it to happen? (4 marks)
c) Consider random variables X and Y from the probability space (0,f, P), prove

that

E(E(Y|X)) =E(Y). (6 marks)

Question FOUR (15 marks)

a. State and prove the Markov’s inequality. Hence or otherwise, use your results to
prove Chebyshev’s inequality. (8 marks)

b. Let (2,F, P) be a probability space. Show that for all sets 4,,4,, ... € f we have

that:
n n
p U Al < z P[A]
i=1 i=1
(7 marks)
Question FIVE (15 marks)
e. State and prove the Weak Law of Large Numbers (6 marks)

a. Find the Riemann and Lebesgue integral of a step function f(x) defined as:

lif—1<x<?2
_)2if 2<x<4
=134 4<x<8
0 otherwise.

(9 marks)



