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Abstract

The complex Grassmann manifold Gr(k,n) is the space of k¥ dimensional sub-
spaces of C". For k = 1, one gets CP™!, the space of lines in C". There is a
natural embedding G(k,n) — G(k,n +r). Moreover, any complex manifold
can be embedded in some projective space CPV. In particular, there is an
embedding Gr(k,n) — CPY~! where N = (}).

To a simply connected topological space, Sullivan associates in a functional
way a commutative differential graded algebra (cdga) henceforth (AV,d)
which encodes the rational homotopy type of X. This is called a Sullivan
model of X. Given that H*(CP™, Q) is the truncated polynomial algebra
Az/(z™1!), one gets a Sullivan model of the form (A(z,y),d) where |z| = 2,
|yl =2n+1 and dz = 0, dy = z"™'. For k > 1, one might use the homeo-
morphism G(k,n) = U(n)/(U(k) x U(n — k)) to find a Sullivan model.

Moreover, if f: X — Y is a continuous mapping between C'W-complexes,
then there is a commutative differential graded algebra (cdga) morphism
¢ : (A\Vy,d) — (AVx,d) between Sullivan models of X and Y. This is
called a Sullivan model of f.

In this thesis, we use a Sullivan model of the inclusion Gr(k,n) — Gr(k,n+
r) to compute the rational homotopy type of the component of the inclusion
in the space of mappings from Gr(k,n) to Gr(k,n + r). Further, we will
compute an Ly-model of the component of the inclusion ¢ and deduce its
Sullivan model, using the generalised cochain Quillen functor.

We seek to define a model both Sullivan and Quillen for the component of
the inclusion and from it obtain the cohomology algebra and even attempt
to determine whether the space is formal or not.
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Chapter 1

Introduction

1.1 Sullivan and Quillen models

The idea of rational homotopy theory is to assume the torsion part of homo-
topy groups. Sullivan, using Postnikov towers, builds a cdga model, which
computes both rational homotopy and cohomology of the space. Quillen, on
the other hand builds a differential graded Lie algebra (dgla) model which
computes the homotopy Lie algebra of the loop space on X and can recover
the cohomology [6].

The two distinct approaches by Quillen and Sullivan directly reflect the orig-
inal two means of computing homology and cohomology at the start of the
twentieth century: simplicial homology of a polyhedron, and deRham coho-
mology of a manifold [6].

1.1.1 Sullivan models

A differential graded algebra (dga) is a graded algebra A = ,,., A™ together
with a derivation d of degree +1. This means that for each n, there is a
vector space homomorphism d = d, : A® — A™*! such that dod = 0 and
d(a-b) = d(a)-b+ (=1)"a- d(b). Then (A,d) is called a cochain algebra. A
graded algebra A is commutative if a - b = (—1)%9¢95 . g for a,b € A [5,
Chap.3].

A cochain algebra of the form (AV, d) in which V' = V20 satisfies the Sullivan
condition if V' is the union of an increasing family of subspaces:
vocv@d)c------ Viryc---

such that d = 0 in V(0) and for r > 1, dV(r) C AV(r — 1). A Sullivan
algebra is a commutative cochain algebra of the form (AV,d) which satisfies
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the Sullivan condition. A Sullivan model for a commutative cochain algebra
(A, d) is a quasi isomoprphism m : (AV,d) — (A, d) from a Sullivan algebra
(AV,d). A Sullivan algebra is said to be minimal if the differential is decom-
posable, that is Imd C ATV - A*V. Moreover, if H°(A) = F, then (A, d)
has a minimal model which is determined up to isomorphism. A space X
is formal if there is a quasi isomorphism (AV,d) — H*(X,Q). Moreover,
complex Grassmann manifolds are formal [3]. If X is a nilpotent space, and
Apr(X) the commutative differential graded algebra (cdga) of piecewise lin-
ear forms on X, then a Sullivan model of X is a Sullivan model of App(X)
[5, Chap.12].

In the following examples of Sullivan models, the subscript on a generator
indicates its degree. A model of an odd sphere S*"*! is ¢ : (A(z2p41),0) —
Apr (8?1, where ¢(z) is any representative of the unique cohomology gen-
erator of degree 2n+ 1. On the other hand, a model of an even sphere S?" is
¢ (AN(Y2n, 2an—1),d) —> Apr(S?"), where, dz = y* and ¢(y) represents the
unique cohomology generator of degree 2n. The complex projective space
(CP™) has a model given by ¢ : (A(ug, Zant1),d) — Apr(CP™) where,
dz = u™* and ¢(u) represents the algebra generator of H*(CP™; Q) which
is a truncated polynomial algebra on a generator of degree 2 [13].

1.1.2 Quillen model

A differential graded Lie algebra is a vector space (L,d) endowed with a
bilinear map [—,—] : L & L — L (called bracket) of degree zero such that
the following are satisfied:

1. (Graded skew symmetry) [a,b] = —(—1)%9(a)des®)[p q].
2. (Graded Jacobi identity) [a, [b,c]] = [[a, 8], c] + (—)%9(@)9C)[p, [a, c]].
3. Graded Leibniz rule d[a,b] = [da, b] + (—)%9)[a, db].

The Leibniz rule implies in particular that the bracket of a differential graded
Lie algebra say (L, d) induces a structure of graded Lie algebra on its coho-
mology H*(L) = @, H'(L) [1, Pg.786].

An L-algebra structure on a graded vector space L often denoted by (L, {lx};>1)
is a collection of linear maps called brackets, Iy for & > 1 of degree k — 2.

k=[-,]:®L—L

such that the following conditions are satisfied.



1. Il are graded skew symmetric i.e., for any k permutation o

[To)s s Tor)) = sSgnlo)es[z1, - - , Zk),
where €, is the sign given by the Koszul convention.

2. The generalised Jacobi identity holds i.e.

> sgn(@e(=DY D [Eowy, 1 TohTor)s Tom)] =0,
i+j=n+1o0€S(i,n—1)

where S(i¢,n — i) denotes the (i,n — %) shuffles whose elements are
permutations o such that o(1) < ---o(¢) and o(i + 1) < -+ < o(n).

Lo structures are in one to one correspondence with codifferentials on the
non unital, free commutative co algebra A*sL in which s denotes suspension
i.e (sL)g = Li—1 [15].

Note that if L is a graded vector space of finite type, an L., structure on
L induces a commutative differential graded algebra structure C*°(L) = (/\

(sL)”,d), d =35, d;, where d; : V — NV is defined by (djv;sz1 A -+ A

sz;) = (—=1)(v; slj(zy1,--- ,z;)) and € = (—1)|”|+Zi;11(7'_’°)|’”’°| [2]. This is a
generalisation of the Quillen cochain functor to L, algebras [5, Chap.23].

An L, algebra (L, {lx};>,) is minimal if /; = 0. Further, an L, algebra is an
Lo model of a simply connected complex X, if it is a model of the differential
graded vector space A\(X), here A denotes the Quillen functor that associates
to any simply connected space X, a differential graded vector space L (free as
a Lie algebra) A(X), which determines an equivalence between the homotopy
categories of rational simply connected spaces and that of reduced (L<o = 0)
differential graded vector spaces over the rationals. If X is simply connected
and of finite type, and L denotes the Quillen model of A(X), then C*(L) is
quasi isomorphic to the Sullivan model of X [2]. .

1.2 Grassmann manifolds

Let U(n) denote the unitary group, then Gr(k,n) = U(n)/U(k) xU(n—k)
[17]. Tt is a simply connected complex manifold of dimension k(n — k) [12,
Lecture 11, Pg. 138].

The cohomology ring H*(Gr(k,n),Q) of Gr(k,n) as an algebra is generated



by the Chern classes ¢; € H*(Gr(k,n),Q) for 1 < 4 < k. Further, the
cohomology ring has a presentation:

H*(Gr(k,n), Q) = Qles, 2, il / (hnoksn, -+ o)

as the quotient of the polynomial ring generated by ¢, ¢, - , ek, |ci| = 24,
modulo the ideal generated by the elements hj,n —k+ 1 < j < n, here, h;
is defined as the 25" degree term in the Taylor’s expansion of (14 ¢; + ¢; +
c3+---+cp) "t where (1+c¢;+co+c3+ - +cx) is the total Chern class [18].

The elements h;, (n — k + 1) < n, form a regular sequence in the polynomial
algebra Ry = Qcy,ca,- - ,ck) for any n > 2n, ie., hy g1 # 0 and hp_gyir
is not a zero divisor in Rk/<hn—k+17 o P kyr—1), 2 < < k. The natural

embeddings ¢ : Gr(k,n) < Gr(k,n+1) and 7 : Gr(k,n) — Gr(k+1,n+1)
induce surjections:

i H* (Gr(k, n+1), Q) s H (Gr(k,n),@)

and
7 (Gr(k' +1.m4+ 1)) s H* (Gr(k, n), Q)

where

i*(xr =+ z-'n+1,lc) =z, + In,k = j*(xr + In+1,k+1)
for 1 < r < k and j*(k41 + Zny1k+1) = 0, with Z,, being the ideal
(h; : 3 > n— k), generated by the elements h; forn —k+1 < j <n [21].

We take an example of the minimal model of Gr(2,4) from its cohomology
algebra over the rationals:

H* (GT(2:4),Q) = Q(C1702)/(h3,h4) = A($2,$4)/(h3,h4),
where hy and hy are the mononomials of degree 6 and 8 respectively in
the Taylor expansion of (1 + z3 + x4)~*. This gives h3 = 2zox4 — x5 and

hy = z3 — 37374 + 73. Hence,

H* (GT(Z, 4); Q) = A{xs, w4)/(2z2z4 — wg, zi — 3:v§:c4 + :L%)

As Gr(2,4) is formal, a Sullivan model of Gr(2, 4) is given by (A(z2, 4, y5, Y7, d)),

dzy = dzg = 0, dys = 27974 — T35 and dy; = z2 — 3z2z4 + 75.



1.3 Statement of the problem

Function spaces are a critical component of homotopy theory whose research
dates back to 1930's [23]. The introduction of localization techniques in-
troduced a new depth of study while opening up new problems in the area.
There is however no explicit and complete description of the homotopy type
of the component of the inclusion ¢ : Gr(k,n) < Gr(k,n + r) in the space
of mappings from Gr(2,n) to Gr(2,n +r), r > 1. We begin our work with
a model of the inclusion.

1.4 Objectives

1.4.1 General objective

To determine the rational homotopy type of the component of inclusion in
the space of ¢ : Gr(k,n) — Gr(k,n+r).

1.4.2 Specific objectives

1. To determine the rational homotopy type of the component of inclusion
in the space of continuous functions from Gr(2,n) to Gr(2,n+r) using
Sullivan model.

2. To determine the derivation spaces and the rationalized G-sequence of
map (G’r(2, n),Gr(2,n + r); 'L'n,).

3. To determine the rational homotopy type of the component of inclusion
in the space of continuous functions from Gr(k,n) to Gr(k,n+r) using
the Sullivan model.

1.5 Significance of the research

Function spaces are at the foundations of homotopy theory and appear in
the literature dating back, at least, to Hurewicz’s definition of the homotopy
groups in the 1930s [23]. Of particular interest to homotopy theorists are
function spaces with current research having connections to mathematical
Physics in the study of space of loops on the Lie group, closed geodesics
problem for a compact Riemann manifold.

A more recent and active area dubbed homotopy type theory for big data



is another frontier opening up where it is possible that homotopy type will
be a game changer with regards to automation and computation in the near
future.



Chapter 2

Literature Review

2.1 Introduction

Function spaces have been objects of central interest to homotopy theorists,
and their study has seen steady activity for over sixty years. Current research
in this area is remarkably diverse with connections to other areas ranging
from geometry to analysis to robotics. These spaces are at the foundations
of homotopy theory and appear in the literature dating back, at least, to
Hurewicz’s definition of the homotopy groups in the 1930s. Work focusing
explicitly on the homotopy theory of a function space first appears in the
1940s. In 1946, Whitehead classified the homotopy types represented by the
path-components of a function space focusing on the case map(S?,S?). It
was later shown that m (map(S?, S?;l,,)) = Z/2 |m| where L, is the map of
degree m thus distinguishing components of different degree.

Barely a decade later Thom [25] and Federer [4] appeared giving dual meth-
ods for computing homotopy groups of components of map(X,Y). In the
same period Gottlieb introduced and studied the evaluation subgroups of
Gottlieb groups:

Gn(X) = im{w : mo(map(X, X;1)) — m(X)} C ma(X),
initiating a rich literature on the evaluation map [8].

In the 1970s Hansen began a systematic study of the homotopy classifica-
tion problem for the path components of map(X,Y) [11]. He completed the
classification for map(S™, S™). He and other authors obtained complete re-
sults in many special cases involving spheres, suspensions, projective spaces
and certain manifolds [7]. The advent of localization techniques introduced
new depth to the study of function spaces while opening up a wide range
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of fundamental problems and applications. In his seminal paper on rational
homotopy theory, D. Sullivan sketched a construction for an algebraic model
for components of map(X,Y) for X and Y simply connected C'W-complexes
with X finite, as an extension of Thom’s ideas [24]. The study of the ratio-
nal homotopy type of function spaces started with Thom in the case where
the codomain is an Eilenberg-MacLane space [25]. Moreover, Sullivan’s con-
struction was completed by Haefliger [10].

The first description of a Sullivan model of function spaces is due to Hae-
fliger [10]. Moreover, a model of function spaces between complex projective
spaces was given by Mgller and Raussen using the Postnikov tower [19].

Since then, the rational homotopy of mapping spaces has been extensively
studied in two major settings, the Sullivan and Quillen models approach.
Each of these approaches is hinged on replacing the classical homotopy cate-
gory by that of commutative differential graded algebras, differential graded
Lie algebras, respectively. The version of up to homotopy of the latter alge-
braic structure derives in the concept of L., algebra introduced first in the
context of deformation theory of algebraic structure [22].

Lupton and Smith show that the rational homotopy groups of map(X,Y; f)
can be expressed in terms of ¢-derivations, where, ¢ is a Sullivan(or Quillen)
model of f as detailed in Chapter 4.

Moreover, Buijs, Felix and Murillo give an explicit L., model of map(X,Y; f)
We follow [2] for the following.

Let ¢ : (A,da) — (B,dp) be a morphism of cochain algebras. A ¢-
derivation 6 of degree n is a linear map A* — A*™" such that 0(ab) =
8(a)p(b) + (—1)™lg(a)f(b). We denote by Der,(A, B,¢) the vector space
of all ¢-derivations of degree n. Define a differential of chain complexes
§: Dern(A, B,¢) — Der,_1(A, B, ), by 60 = dg8 — (—)?10d .

If ¢ : (AV,d) — (B,d) is a morphism of commutative differential graded
algebras, then there is an isomorphism of vector spaces

Der(AV, B, $) = Hom(V, B).

Moreover, if {vi, - ,v,} is a basis for V' we will denote by (v;,b;) the ¢-
derivation 6 such that:

H(Ui) = 04,
9(1)]')=0 ’i#j,biEB.

8



Consider positive derivations defined by:

Der;(AV, B, ¢) if 4 > 2

DerdAV; B, ¢) = {Z(Deri(/\V,B,gé)) if i =1.

If (A,d) = (AV,d) is a Sullivan algebra, then given j > 2 and ¢y,--- ,¢; €
Der(AV, B, ¢), of degrees pi,---,p;, we define their bracket of length j,
[p1,--+ 5] € Der(AV, B, ¢) by

e @il) = (CDPHHRTS T (ST eg(on e By g w)e(vn) - 05 0,

11,735

where dv = > vy ---v and ¢ is the sign given by the Koszul convention.
These operations may be desuspended to define a set of linear maps {I;};>1
each of degree j — 2 on 3_113;”(/\‘/, B, ¢) as follows :

Forj=1

L : s"'Der(AV, B, ¢) — s~'Der(AV, B, ¢), h(s10) = —s166.
For j = 2 define
i : s\ Der(AV,B,¢) ® - -- ® s~ Der(AV, B, ¢) — s~ Der(AV, B, ¢)

by
a —1

lj(s—ltpla"' )3_1()0]') = (—1) S [8017"' a‘P,’f]

and o = Y974 (j —n) + |l

Further, let f : X — Y be a continuous function between l-connected
spaces and map(X,Y’; f) the component of f in the space of continuous maps
from X to Y. Let ¢ : (AV,d) — B be a commutative differential graded al-
gebra model of f. Lemma 3.3 of [2] proves that (s‘lDer(/\V, B, ), {lj}j21>

is an Ly, model of map(X,Y; f).



Chapter 3

Rational Homotopy Type of
the component of Inclusions

3.1 Rational homotopy type of Gr(2,4) — Gr(2,5)

3.1.1 The inclusion and its model

Recall that
H* (Gr(2,4),Q) = A(y2,un) / (2uav — 3 48 — 39w + 1)
Moreover,

H* (Gr(2, 5), Q) = A(z2, x4)/(z§ — 3z574 + 13, 45374 — 32073 — 3).
Hence the minimal Sullivan model of Gr(2, 5) is given by (/\(1'2, T4, T7,Tg), d)
where dz; = dzy = 0,dz7 = 74 — 322z, + 72 and dzg = 42374 — 37272 — 5.
The inclusion ¢ : Gr(2,4) — Gr(2,5) has a model given by

& : A((@3, 24,21, 9),d) — Ao, 1) / 202a — v3, v — 30y + 1),

where ¢(z2) = vz, ¢(z4) = ya, d(z7) = 0 and ¢(z9) = 0. Let (AV,d) =
(/\ (xz,x4,m7,x9),d> and B = /\(yz,y4)/(2yzy4 — Y3, ¥ — 3y3ya +u3).
The vector space Der(AV, B; ¢) is generated by:

Qg = (.’L‘g, 1),0{7 = ($9)y2))a5 = (Igay4)7a.lf) = (1:97.1/%);0‘3 = (1‘9,3/2,3/4)7
a = (‘/L‘Q’yg = 2y:22y4), 187 = ('7"711)1/85 = (157,’!/2)“53 = (53771/4)),33 ==
(x7,%3), B1 = (z7,%204), Ya = (T4,1),72 = (T4, 72), 02 = (22,1).

10



Computing the Lie brackets we get:

[02,02) = —96a;3 + 2485 — 6033,

[02,72] = 18013 655,

[92, ’)’4] = 24(1— = 66!5 6,35,

[72, 7]
| =
=

= —6013 + 2,63,
[Y2,74) = —605 + 255,
[Y4,74] = 28B4,

(62,02, 0,] = 2405 — 12005 + 2405,
[92; 92;72] — 240‘; - 6ﬁ57

[0, 02, 74] = 24a7 — 6/,
(02,72, 72] = —60;:

[02, 74, 74] = —60xg,

02,02, 05, 02] = —12007 + 2403,
[92, 92, 92, ’)/2] = 24:&77
[92: 92) 921 74] = 24(19)

[927 92; 92; 027 02] = —120a9
and other brackets are zero.

We further obtain 60y = —4ay + 2061, 672 = —a3 — 461 and éy4 = —a3 + 4,6;
with 6oy = 68; = 0. If L = s~ Der(AV, B, $), then letting z; = of,y; =
ﬂg,wj = 73 and zp = 95, we obtain

C*(L) = (/\ (wl,yl,wg,zz,xg,yg,y;,w4,x5,x;,y5,z7,y7,:vg),d),
where

d(z1) = —-22 Wa,

d(y1) = 522 - i’wz

== 1.2 1L 1,2
d('[g) = W — 9—6'22 + 1—8"11)222 — 6:’11)2,

1.8 1.2 1 1.2 1
d(T5) = —35%5 + 3525Wa + 5722Wy — §22W5 — cWally,
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d(ys) = 5525 — 'Zng - l22104 o w2w4,
d(z7) = 2422104 + 2422102 + 5= 120 2,

d(y7) = Z2w‘1 4 24w41

d(zg) = 120 214z§w4 Zow3.

Note that the ideal generated by (z1,y1,ws, 22) is acyclic, hence C*°(L) is
quasi-isomorphic to

( A ($3)y;7 I57I’5)y5a T7,Yr, m9)7 0)

Hence, map(Gr(2,4), Gr(2,5);) has the rational homotopy type of S3x 53 x
S5 x S5 x 8% x 8" x S x §° We can hence generalise the result as follows:

Theorem 1. Let i, : Gr(2,n) < Gr(2,n+1) be the inclusion. The mapping
space (GT(Z, n),Gr(2,n+1); in) has the rational homotopy type of a product
of odd spheres.

Proof. Since H*(G’r(k,n),@) = A(cy, o, /(hn k1,005 ), e =
21, then it follows that:

7* (GT(Z,TL),Q) &= /\(.’cg,rc4)/(hn_1, h») and
H* (Gr(2, n+ 1),@) = A(zs, x4)/(hn, hs1).

Hence a model of Gr(2,n + 1) is given by (/\ (%2, Ta, Ton—1, Tan+1), d) with
dzy = dzy = 0, dxop—1 = h, and dzopy; = hpy1. Assume n > 4. The
inclusion Gr(2,n) < Gr(2,n + 1) hence has a model,

@ : N(@2, T4, Ton—1, Tant+1) — /\(yz,y4)/(hn_1, fin)-

Moreover, Gr(2,n) is a complex manifold of dimension 2(n — 2), and a real
dimension of 2(2(n - 2)) = dn—8.

The Grassmann manifold Gr(2,n) being a symplectic manifold has a sym-
plectic class represented by y, € H? (GT‘(Q, n), Q). Further, ¥4 is a non zero
cohomology class for 1 < < (2n —4).

Let

L= Der((/\(mz, T4, Ton—1, Tant1), 4), AN(Y2, y4)/(hn—1, Bn); ¢)-
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The only even degree ¢-derivations are 0y = (z2,1), 72 = (z4,¥2) and 4 =
(z4,1). Let o1 = (Ton_1,%5 ") and B1 = (Tony1,¥3). Note that Leyen =
(02,7v2,74). Let

dTon—1 = arZH + an_2$3_21:4 +--+ ,8,7#0 and

dzon = bnx;‘“ +bpoz) lay+ - by #0.
Then,

592 -77271.-1) =anp- M- yg_l S bn—2 ' (’I’L - 2) ' y4yg_3 + ewe

(=2)

(
Ox(22n 1) = bn 1 Y5 +buz - (n—1) payp ™+
62(Tan1) = Gna - (N —2) - Yoyl ™3 + - -
=bpp-(n—1) ydt+---

2) -y 34
= yp 4

5’72(mzn+1

Anz-(n

)
5’)’4(332n—1) =
574(z2n+1) =bpp- (n = 1) Yy
Hence,

592:77,.0%.&1_}_n.bn.ﬁl_}....

(5’)’2 = bn_z(’n = 1)&1 = Oﬁl F e

We deduce that § : Ly — L is injective. Therefore, Hy(L,§) = 0 as 46, and
8, are linearly independent. In the same way Hy(L,0) = 0. Moreover, all
brackets involving odd dimension ¢-derivations are zero. We conclude that
H,(L) is concentrated in odd degrees with all brackets being zero.

Hence, C*(s~!L) has a minimal model of the form (A X, 0), where X = X°d.
Therefore, map (Gr(2,n), Gr(2,n + 1); in) has the rational homotopy type

of a product of odd spheres.
a

3.2 Rational homotopy type of Gr(2,4) - Gr(2,7)

3.2.1 Introduction

Having established that for » = 1 and map(G’r(Z,n), Gr(2,n + r);in,r) has
the rational homotopy type of a product of odd spheres, we now set to vary
7 in the inclusion Gr(2,n) <= Gr(2,n+r), r > 2.
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3.2.2 The inclusion Gr(2,4) — Gr(2,7) and its model

A model of the inclusion is:

¢ (/\ (-772,-’54,-@11,-’613)»(1) =% /\(yz,y4)/(hs, ha),
where ¢(z2) = y2, ¢(24) = ¥4 and @(z11) = ¢(z13) = 0. Here, dzy = dzq = 0,
dz11 = —x5 + 633232 — 51574 — 75, dz13 = 4oz — 102375 — 25 + 62524,

with ks = 2yoy4—y3 and hy = y2—3y2ys+y;. The vector space Der(AV, B, §)
is spanned by:

03 = (11313,1), Q11 = ($13,y2), 09 = (x13,y4), 04;; = (%3;2/%)7 Qr =
($13,yg’ = 23/2?;4), Q5 = (5513,?/2 = 21/%%1 = yg) )

Pu = (-’1311,1)7 By = (-Tn:yz); Br = ($11,y4), ﬂ; = (xllayg)y Bs =
(3311,?43 = 2y2y4), B3 = (zllayz = 2ygy4 = yg),

= (554,3/2)1 Vi = (1124, 1)7
62 = (112, 1)
Computing the brackets we get;

[02;92] = 12ﬂ37
[V4,74) = —6/7,
[V2,72] = 263,
[02,72] = 1283,
[02,74] = 1265 — 2076xs,

[V2, V4, V4] = —68%,

[V4, 74, 74] = =611,

[02,72,72] = 2435’+ 168as,
[72,72,’)’4] = =26,

(Y2, 72, 72] = —60s,

[92, 02, ’)’2] = —2076a5 = 132,35,

[02, 02, 74] = 2457 + 248, — 2076cx7,
[92, 0y, 92] = —7285 — 6030as,
(02,74, 74] = 168cxg + 2409,

[02) 627 02: 72] = _24,3; = 2076&7,
[02, 02,05, 74) = 16809 — 21600y — 1445,
[921 927 Y2, 72] = 24,37 + 168&7,
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(02,02, 74,74] = 2411 + 168a11,
(02,02, 02,0;] = —247 — 6120a7,

[62, 02, 02,02,72] = —14485 — 216004,,
02, 02,02, 02,74] = —14411 + 21600;,
[02, 65, 02,05, 05] = —21600g — 5040a,

[62, 62, 62, 05,05, 0,] = —504004;,
[02) 92’ 62) 02) 927 74] = _2160a13,
[62, 02, 04, 02,04, v2] = —2160c;; and

(62, 05,0, 05,05,05,05] = —5040c;3, with the other brackets being zero. We

further obtain v, = —3f; and dy, = 06, = 0. If L = Der(AV, B; ¢), and

letting z; = ag,yj = ﬂg,w]» = 7? and z, = 03, we get

Coo(s_lL) = (A (Zz,w2,y3,w4,$5,ys,y7,y7,$7>$9;$9;y9,1711,?/11,$13)ad)

where d(z;) = d(w,) = 0 and

d(ys) = —2wi + ;waz0 — 578 — Wy = 24,

d(ys) = 5 2W3 — 525Ws — 525 — 5 2Ws — WS,
d(z5) = — 55 22Wa + 7652205 — 557523 W2 — 5035 %%>
d(z7) = — 55575 — o525 W2 — syg2aWa + Te52aWs,
d(yr) = sz4 1w4 izg,

d(y;) = —%w%w4 - %Zngi — 5 Z3W2,

d(yr) = 323wy — gW3 — 5723,

d(ye) = —éwzwf + ﬁzzwf 144z§w4 1i4z§w2,
d(zo) :.168221'04 + Tas %W ~ Fieo B

d(zg) = —5160%We — Fg5 2 W2 — a2

1 2.2 Ll 1 .4
d(yll) 3372 Wy — gWs — 143”22 W4,

_ 1 .22 1 .4 L6 L s
d(z11) = 15322Ws + 71572 Ws — %2 — meoZ2Wes
S ¥ L B
d(713) = — 5525 — TE0 %2 Wa>

15



i ) L. 1 1 _ 1 .52 1, 1.2
Let z4 = —gW2 + qWa22 — 2422 Wy = Wy = —16%2 + gWa22y — W5 — 324.

Then the above Sullivan algebra is 1somorphic to

( A (y37 24) ® /\(227 W2, Ts, Y5, T7, Y7, Y7, X9, 1,5;7 Yo, T11, Y11, 1713), d)

where d(ys) = d(zy), d(z2) = d(wp) =0

d(zs) = Foel z3 — d Wyzy + ——— Z. 2+ Lz 2
5/ = 333820802 16608 272 T 242372"2 T g
1,1, 23, 1,01
dys) = %zzub HS_ZMZZZ 2942 6w2 + 42224,
_ 133019 , 1, W79, , 1 ,
dlwr) = Si7Ean® ~ 5927 T ag0ea 2 T ggp e
1 493 1
d(y7) = %gzg - 79488w223 162224 + 924 2422 + 4“}22224,
N Lo, 1 1 3, 1, 7
dlyr) = gguas — [gWeret+ qWa + Wim — 3o — Toaed,
11861 , 1051 17 11
d — 3 2 2 5
() = I3gp72we T 3ggaws + 92“”"’2"”“2+ 184322’
, 421 1 1 1
d = 5 3 3
(#0) = Za200602 ~ Toa0“22 T @22 T g
d(zg) = L z + 31 Wwo2y — ) 2+ —wizz
97 103536072 ' 580608 > 2 3584 2y 56 2 1%
T ' , 9
dlen) = 077 ~ go030402 T 5gWr A + g%
1 43 3 1 1
d(ynn) = _409623 4 27648w2z25 = Ewgzga — 3—2Z§Z4 — 6_42§w§’
41 1 1 1
dlz:) = — f ) 5,
(213) 7410707 ~ Tram 22 + ;v + gt

As the ideal generated by y3 and 24 is acyclic, C*(s~!L) is isomorphic to

7 ! i
( A (22; Wa, Ys, Ts, Y7, Y7, 7, L9, Tg; Y9, T11, y11z13)7 d):

where dys = T 2Ws — T-25Wy — 1528 — =ZoWy — WS,

3.3 Rational homotopy type of Gr(2,4) — Gr(2,8)

A model of the inclusion is;
¢: (/\ V= /\($2,$4,f613,f515),d) — /\(yz,y4)/(h,3, hs) = B,
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where ¢(z3) = o, ¢(z4) = y4 and ¢(z13) = ¢(z15) = 0. Here
drys = dayzs — 102322 — 28 +61524, dz15 = 25— 10z223 4+ 152522 — TxSzq + 15,

with hs = 2y,ys — y3 and hy = y; — 3ysys + ;-

L = Der(AV, B; ¢) is spanned by the following ¢-derivations:

Q15 = ($15, ), Q13 = (xls,yz) Qi = (2715,?/4) O"u = (ffls,y%% Qg =
($15,y2y4), (z15,y2) Q7 = (561573/2) O‘7 = (x15,y4) Q7 = (3315,933/4),

Pz = (51713,%), B = (213,%2), Po = (ac}g,y4), By = (3613,?!%), Br =
(~T13,y2y4)> ﬁ7 = (-7713»'!/%)) Bs = ($137y§)) ﬁs = (~T13,y3)) ,35 = (-7313,?/%1!4),

Yo = (T4, Y2), Y4 = (z4,1) and O = (z2,1).
Computing the brackets, we get

[0, v4) = 168@; - 2169ﬂ5, )
[v4, v4] = 16885 + 240, + 120cr; + 139207,

[’Yz, 74] = 1680s,

[62, 62, 6] = 16865 — 216085 — 50408,

02,74, 74] = 16860 + 120atg + 13920y,

[92,’)/2,72] = 1680s,

[02, 74, 2] = 16886 + 139207 + 1200,

02,02, 4] = 16887 — 21608; + 120, + 139207 — 7920017,
[92,'92,’)’2] = 168@%’ — 216085,

02,04, 05, v4] = 1686y — 21608, + 13928 — 79200,
[62, 62,62, 72] = 16867 — 21604,

02, 02,74, 74] = 168811 + 120c; + 139205,

(02, 02,72, 72] = 1688, + 120, + 1392ar7,

02, 02, 72, 74| = 1688, + 120 + 13920,

02, 03, 6, 05] = —21608; — 50408, + 1392c; — 7020c;,

= 168013 + 1392013,
1688, + 1392as,

02,05, 00,74, 7] =

(02,02, 02,72, 72] =

[92,92, 92,72;’)’4]

(02, 02,74, V4, 2] = 120033,
(02,02, 72,72, 72] =
[02,02,72,72,74] =

[92, 92, 92, 02, 92] —216059 = 5040,8; == 79200&9,
02,05, 05,02,72) = —21608 + 139209 — 7920cxg,
[02, 03,02, 02, v4] = —216081; + 139207, — 792005,
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(02, 02,02, 02,05, 0] = —50408;; — 7920043,
[927 92) 92: 92) 927 72] = _21601611 - 7920&,11,
[92) 62) 92: 927 921 74] == _2160,81.3 - 7920@13

and [92,92,02,92,92,02,92] = —5040ﬁ13 with 5’)’2 = (5’74 = (502 = 0 and the
other brackets being zero as well. Note that dv, = dv4 = d6; = 0 implies
that {; = 0 hence for £ = 4, the inclusion gives a minimal [, algebra. Put
By = af,yj = ﬁg,Wj = ’yf and zp = 95. Hence

oo ,—1 / 4
C (S L) = (A (227w2’w4ay5ay77x77y97y97xQ)ylhxll)$11)y137x137z15))d)7

where
d(z2) =d(w2) =0,
d(ys) = —ggr522Wa — 595375 + Thg 22WE — poeg W2,
d(y7) = Tegw] + Teg22Wawa — TurEZawa + SorEZaw2 + TesPAW3 — Gizo s
d($7) = ﬁl'z_awz + ﬁzzwz'w‘; - Tlm-zzz,wq - ﬁz%wg + 1—415—22%1.03 — Q—Jﬁzg,
d(y9) = Thszws + Ths 3w} — 3528 — g zawe.
d(y;) = ﬁnwﬁ - 2—115—0231114 + l—é—ezngw‘t = %14—023,
d(z9) = 5 22w] — mam7 25Wwa + s 2BWawa + Tz 23WE + 5 ZRw3 — 3528 — T zaw2,
d(y11) = 1h525w3 + Te525WaWs — Fe5Z8Wa — S 28 — FegZaW2,
d(z11) = a5 23w} + Thg2wdws + T zawa,

O W . | _ 1 .4
d(211) = 1353 22w5 + Tagz FAWAW2 — 75522 W4

d(y13) = — 5525w — zo4529 + Ta5 25 wiwe,
d(z13) = magzZawE + gFawiwe — =hs 25wy,
d(z15) = Té—ozgwg.
Observe that [w,]" is a non zero cohomology class for ¢ =0,1,2,---. Henée,

H*(C*(s71L)) contains a polynomial algebra. The observation of the last
two examples lead us to the following results (Theorems 2 and 3).

Theorem 2. The cohomology of map (G’r(2,n) — Gr(2,n + r),'im) con-
tains a truncated algebra Q[x]/(a;r‘""'“), where |z| = 2.

Proof. Recall that the cohomology rings of Gr(2,n) and Gr(2,n + r) are
respectively:
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B=H* (Gr(2,n),Q) = /\(xz,:c4)/(hn_1, h,) and

: & (G’r(2,n + r),Q) = A(zs, x4)/(hn+r_1, o

The minimal model of Gr(2,n + r) is
(AV,d) = (/\(Iz, T4, Tant2r—3, Lant2r—1), d) with d(z2) = d(z4) = 0, d(T2n42r—3) =
hnir—1, d(Tonyor—1) = hnir. A model of the inclusion is then given by

é : N2, T4, Tont2r—3, Tontor—1) — /\(y2)y4)/(hn—l) hy),

where ¢(3) = 2, ¢(z4) = ya and ¢(Tanr2,-3) = ¢(T2p42,—1) = 0. The vector
space Der(AV, B; ¢) is spanned by:

Qontor—1 = ($2n+2r—1, 1), Qon42r—3 = ($2n+2r—1,y2), Oon42r—5 = ($2n+2r_1, y4),
vty Qongor—9 = ($2n+2r-1,y§n_4), Bontar—3 = (z2n+2r—37 1)> Bonyor—s =
(x2n+21'—37y2)7 Bantar—s = (-T2n+2'r'—3; y4), Ty, ,B2n+27'—11 = ($2n+2r—3)y22n_4)
Vs = (T4, 1), v2 = (24,%2) and b, = (z,1).

)

As p1 = (074)(Z2n+2r—3) and pa = (6794)(Z2n+2r—1) are polynomials of degree
at least 2n +2r — 6. If r > n — 1, then 2n + 2r — 6 > 4n — 8. Therefore
p1 and py are zero in A(za,z4) / (hn-1,h,). Hence, (67v4) = 0. Similarly,
0y, = 66, = 0.

On the other hand ¢; = lg(72, - -+ ,72)(dZant2,—3) and g = (72, - ,72)

(dTonior—1) are polynomials of degree > 2n+2r —2—2k. f k <r —n+3,
then ¢; and ¢y are of degree > 4n — 8. Therefore, lx(va, -+ ,72) = 0 for
k=2---,r—n+3 InC®L), put ¥4 = wy. Then [wi] # 0 for i =
1.+, r—n+3. O

Theorem 3. Consider the inclusion i,, : Gr(2,n) — Gr(2,n+r). If
r > 3n — 6, then the cohomology of map (Gr(2,n), Gr(2,n+ r)) contains a
polynomial algebra over a generator of degree 2. '

Proof. Let ¢ : ( A (2,34, Tanszr—3, Tans2r-1),d) — A2, 11) / (a1, hn) be
a model of i,,. Assume m > 4, in particular » > 3n — 8, then any odd
derivation is of degree at least (2n +2r —3) — (4n —8) =2r —2n+5 > 5.
Hence Ly = L; = 0. Moreover, y2 = (z4,¥2) is automatically a cycle (as
Ly = 0) which is not a boundary (as L3 = 0). It is sufficient to show that
Im(72,- -+ ,72) = 0 for m > 2, where [,,, denotes the bracket length m.

We consider the case when n + r is even, the other case is dealt with in a
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similar way.
Form > | =0. Assume 2 <m < 2T,

(72,7, 72) (F2ms2r-1) = Zaiyi_m'yglygw*% (3.1)
>m

(Y2, 72) (T2nt2r—3) = Z,B,-yi_m S e’ S (3.2)
i>m

The right hand side of (3.1) and (3.2) are polynomials of total degree >
2n + 2r — 2m — 2. Assume now that r > 3n — 6:

= n+r—2>4n -8
= 2n+2r—2—(n+r)>4n—38
= n+2r—-2m—2>4n—28

asm < 1‘% Therefore, l,(y2, - ,72) =0 for all m > 0.

3.4 Inclusion of Gr(3,6) in Gr(3,7)

Consider the inclusion Gr(3,6) < Gr(3,7) i.e, kK = 3,n = 6 and r = 1.
A Sullivan model of Gr(3,7) is (/\ (22, T4, T6, T, xu,:vlg),d) with d(z;) =
d(z4) = dzg = 0 and

d(’Eg) = 4’63’64 == 3’1)2'172 == ’Eg = 37‘%’1)6 + T4Ts,
: 2,2 1 6 2 3
d(zy1) = -+ 6z5z] — 5xoT4 + T3 + 7§ + 4256,
and
d(z13) = 4mezs — 102372 — 2] + 62574 — 32277 — 523756

Furthermore, the cohomology ring of Gr(3,6) is given by
H* (GT(3, 6),(@) = /\(yz,!/41y6)/(h4, hs, he)
where

ha = i — 3ysys+ 3 + 229,
hs = 4dySys — 3yayi — Y5 — 3YaYs + 2Ya¥s

and

he = —y3 + 6y2y2 — Syaya + Y2 + ¥ + 4y3ys + Y2yave.
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A model of the inclusion is hence given by
¢: (AV,d) = (/\(xz,xmfﬁ,xg,xu,$13),d) —3 B = /\(yz,y4,yc)/(h4,h5, he)

where ¢(72) = y2, $(24) = ys, ¢(z6) = ys and ¢(zo) = $(z11) = ¢(z13) = 0.
Define the following derivations

Q5 = (5315,314) a; = (xls,yg), afr,' = (-'L'ls,ygy4), ,053 = ($13,yg), Cf:g =
(Z13,304), @3 = (T13,%2¥2), 1 = (T13,%8), @y = (T13,%2), & =
(x13,y2y4)

/65 = (xll;l.%G); ﬁé = (x111y2y4): /6; = (xllayg)la 133 = (xlhyél)) /3,;3 =
(l'llayz)a /63 = (zlhy%y‘l): /31 = (3711,'!/3), /81 = (xllaygy‘l): /81 =
(1'11,1/21/2),

= (29,ya), & = (29, %2), 53 (29, ¥6), & = (0, 3), & = (9, Y2ya),
(I97y2)’ (Cll‘g,y4) él - (x9)y2y4)
0y = (’172,1 9:1 = ($4,1)a ’Yz = (%;’y%), 92 = (1'4,'y2), T2 = (Is,y4);

1)),and Vs = (26, Y2)-
Moreover,
60y = 11&; + 9¢, + 6£; — 186, + 86, — 243, — 200y — 21a; + 9o,
60, = —6&; — 2£, + 4€; + 581 — 68, + 36, + 14a; + 200; + 8a,
6yp = 0&; — 26, + 3¢, — 261 — 68 — 261 + 11y + 11og + 110y,
8y, = 36 + 0&; — 26, — 361 — 36, — 36, + 1lay + 11a; + 1lay,
8ty = 3&; + 0 — 265 — 683 — 285 — 285 + 8oz + Sag + 5o,
60, = —263 — A€, + 4€; + 503 — 385 — 1265 — 6as + 200 — 20, and
Swg = —2€5 + 3€5 + 0&; — 285 + 0B85 — 4P + 6as + L1y + 6.

We observe that § : Lo, —> Lg;_ is injective for i = 1,2 and 3 as 665, 59’2,
672, 6, are linearly independent, as are 15 and 66;. We therefore conclude
that H,(L) is concentrated in odd degrees.

Hence, C*(L) is quasi-isormorphic to (/\(X s O) and the inclusion Gr(3,6) <
Gr(3,7) has the rational homotopy type of a product of odd spheres. We
conjecture that map(Gr(k,n), Gr(k,n + 1);i,) has the rational homotopy

type of a product of odd spheres. We consider now the inclusion Gr(3,n) —
Gr(3,n+r).
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Theorem 4. Ifr > 2n —4, then the cohomology ofmap(Gr(?), n),Gr(3,n+
r); im) contains a truncated algebra Q [z] /(zr_z’”rg), where |z| = 2.

Proof. The cohomology classes of Gr(3,n) and Gr(3,n +r) are
H*(Gr(3,n),@) - /\(:1:2,x4,x6)/(hn_2, hn_1, hn) and

H* (GT(B‘; n+ T)a Q) = /\(IZ) Iy, 1:6) <hn+r—27 hn+r—1a hn+r) -
The minimal model of Gr(3,n +7) is
(AV,d) = (/\(932, L4, L6, Ton+2r—5) Tant2r—3, Tant2r—1, Lantor—1), d> with d(z;) =

d(xll) = d(xG) = 07 d(l‘2n+2r—5) = hn+1’—27 d(x2n+2r—3) = hn+r—l and d(x2n+2r—l) =
hnir. A model of the inclusion is given by

¢ : /\V = ( A (1'2; L4, Tg, Toan4-2r—5; Ton+2r—3, x2n+27‘—1); d)

—— B = /\(y2)y47y6)/(hn—27 hn—h hn)
where ¢($2) = Yo, ¢(5E4) = Y4, ¢(l”6) = ys and ¢(932n+2r—5) = ¢(Izn+2r—3) =
#(2n +2r — 1) = 0. Let L = Der(AV,B;¢). The only even degree ¢-
derivation,s are 6y = (32,1), 0, = (z4,%2), 12 = (T6, %), Vo = (T6,Y2), Ys =
(6, Y2), 0 = (z4,1) and wg = (z6, 1).

Asp, = (5W6)($2n+2r—5), P2 = (5w6)($2n+2r—5) and ps = (5w6)($2n+2r—5) are
polynomials of degree at least 2n+2r —10. If r > 2n—4, then 2n+2r—10 >

6n — 18. Therefore, p;, p2 and p3 are zero in B. Hence all even degree
derivations are zero.

On the other hand,

@1 = le(v2, -+, 72)(dons2r—s), 2 = le(ya, - - ,72)(dT2n12r—3)

and g3 = le(72, - - ,72)(dzsnyer_,) are polynomials of degree at least 2n+2r —
2k —4. If k <7 —2n+ 7, then ¢;, ¢» and g3 will be of degree > 6n — 18.
Therefore, lgx(y2, - ,72) = 0 for k = 2,--- ,r — 2n + 7. Hence in C*(L),
= p,. Then [pi] #0fori=1,--- ,r—2n+7. O
Theorem 5. Consider the inclusion i,, : Gr(3,n) = Gr(3,n+7r). Ifr >
5n — 14, then the cohomology of map(GT(B,n), Gr(3,n+ r);in,r) contains a
polynomial algebra over a generator of degree 2.

Proof. Let
¢: (/\ (332, T4,T6, To2n+2r—5, Ton4+2r—3, 2?2n+2r—1), d)

—_— /\(y27 Ya, yﬁ)/(hn—27 hn—l; hn);
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be a model of the inclusion. Assume n > 6, in particular » > 5n—18, then any
odd derivation is of degree at least 2n+2r—5—(6n—18) = 2r—4n+13 > 13.
HGHC@, L11 =L9=L7:"':L1=O.

Let 79 = (z4,¥2). It is sufficient to show that [,(v2,72, - ,72) = 0 for
m > 2, where [,, denotes bracket length m.
Consider the case when n+ r is even, the other case is dealt with in a similar

way. Form > 22, [, = 0. Assume 2 < m < %,

lm(’)’z,’)’z,‘ & ,Wz)($2n+2r—s) =P
lm(%,’Yz, e ,72)(-’52n+2r-3) = s and
lm(’Yszz, s ,’)’2)(332n+2r—1) =t

The polynomials r,s and t are of total degree at least 2n + 2r — 2m — 4.
Assume now that r > 5n — 14, then 2n + 2r — 2m — 4 > 6n — 14. There-
fore, lym(v2,72, - ,72) = 0 for all m > 0. Hence H*(C*°(sL)) contains a
polynomial algebra over a generator of degree 2. O
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Chapter 4

Gottlieb Groups of Function
Spaces

4.1 Introduction

Given a pointed topological space (X, 7o), the n** Gottlieb group of X, also
called the evaluation subgroup of 7,(X) and denoted by G,(X), consists of
those a € m,(X) for which there is a map F' : X x 8™ — X such that the
following diagram commutes:

Xxsr —E o x

d |
xvsr 2 xvx,

where f : S® — X is a representative of o and V is the folding map. Thus
for every o € G(X, o), there exists at least one map F': X x S™ — X such
that F(zo,s) = f(s). We say that F is an affiliated map to o [9]. If X has a
base point zy and aut X denotes the monoid of self homotopy equivalences
of X with ev : aut X — X the evaluation map at zg, then it follows from
the definition that

Gu(X) = im(evﬂ s ma(aut X, 1x) — ma(X, zo)).

Similarly, if f : X — Y is a based map between simply connected CW
complexes and map(X,Y; f), the space of maps from X to Y which are

homotopic to f, then G,(Y,X; f) = im(evu :map(X,Y; f) — 7rn(Y)) is
the nt* evaluation subgroup of f [26]. In [27] Woo and Lee defined relative
evaluation subgroups G™®(X,Y’; f) and showed that they fit in a sequence

3 GV, X ) — Gu(X) = Gu(Y X f) — -+
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called the G-sequence of f.

Let ¢ : (A,d) — (B,d) be a morphism between cdga’s and consider the
vector space Der,(A, B;$) of ¢-derivations.

Pre-composition with ¢, respectively post-composition with the augmenta-
tion € : B — Q, gives a map of chain complexes ¢* : Der,(B, B;1) —
Der.(A, B; ¢), respectively e, : Der,(A, B; ¢) — Der.(A, Q;e).

Let f : C — D be a map of differential graded vector spaces. Define a
. commutative differential graded vector space, called the mapping cone and
denoted by Rel.(¢), as follows Rel,(¢) = Cp_1 ® D, with differential §(= o)

of degree —1 given by d(a,b) = ( — da(a), ¢(a) + dD(b)). Further, define
chain maps J : D, — Rel,(¢) and P : Rel,(¢) — A,—1 by J(b) = (0,b)

and P(a,b) = a. These give short exact sequence of chain complexes

J P
0 y D, s Rell ) — 380 —3 0,

Which leads to a long exact sequence in homology

H(P) H(9) H(J)
-+ = Hpyi(Rel(¢)) —— Hn(C) —— Hy(D) —— Hn(Rel(¢)) — -

Whose connecting homomorphism is H(¢). We refer to this sequence as the
long exact homology sequence of ¢.

Let f: X — Y be a map between simply connected C'W-complexes with
X finite and ¢ : (AV,d) — (AW, d) a Sullivan model of f. The long
exact sequence induced by f, : map(X, X;1) — map(X,Y;1) on rational
homotopy groups is equivalent to the long exact homology sequence of the
map

¢* : Der(A\W,AW;1) — Der(AV, AW; ¢)[16].

Suppose given a commutative differential graded algebra map ¢ : A — B,
from this map, the following commutative diagram can be formed;

Der,(B, B;1) —¥ Der,(A, B; $)

Der.(B,Q;¢) T Der.(A,Q;e).
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Here, € denotes the augmentation of either A or B. On passing to homology
and using the naturality of the mapping cone construction, we obtain the
following homology ladder (n > 2):

H(J
D (Rl ED) m(Der(B, B: 1)) O o (Der(A, B; 8)) -

l” e JH(: ) lH(n)

D e (Re@) EPY f(Der(B,Q: 6)) EDY o (Der(AQ:€))---.

Suppose ¢ : A — B is a map of commutative differential graded algebras,
we define the evaluation subgroups of ¢ by;

Gn(A, B; ¢) = im{H (e.) : Hy(Der(A, B;¢)) — H,(Der(A,Q;¢€))}.

In the special case A = B and ¢ = 15, we refer to the Gottlieb group of B,
and use the notation G,(B). The n'* relative evaluation subgroup of ¢ is
defined by;

G™(A, B; ¢) = im{H (e, e.) : Hyo(Rel(¢*)) — H,(Rel(¢*))}
Moreover, Gn(B) = Gn(Y) ® Q and Gi(4A, B;¢) = Gu(Y, X; f) ® Q [16],
and GT°(Y, X; ¢) is the relative Gottlieb group of the mapping cylinder of

f: X — Y [27]. Then the image of the upper long exact sequence in the
lower, of the ladder above, gives a (not necessarily exact) sequence

H(J) H(P) H($) H(J)
—— G781(A, B;¢) — Gn(B) — Gn(4, By ¢) ——

that we terminate in G3(A, B;¢). We refer to this sequence as the G—
sequence of the map ¢ : A — B.

4.2 The inclusion Gr(2,n) — Gr(2,n+1)
Recal that the cohomology rings of Gr(2,n) and Gr(2,n + 1) are:
H*(Gr(2,m),Q) = Az, ) / (hn-1, ) and

H*(Gr(2, n+ 1),@) = Az, 24) / (B, hns1) respectively.
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The minimal Sullivan model of Gr(2,n) is

(/\(yz, Yas Yan—3 Yon—1), d) with d(yz) = d(ya) = 0, d(y2n—3) = An_1, d(Y2n-1) =
h,. In the same way, a minimal Sullivan model of Gr(2,n + 1) is given
by (/\ (172,:54,202,,_1,2:2“4_1),(1) with dz, = dzy = 0, dzo,—1 = h, and

dTony1 = hny1-
Lemma 1. h,y = —x3h, — T4hy_1.

Proof. Write the Taylor series (1 + zo + z4)™> = 1+ hy + hy + - -+ where,
|hi] = 2i. From (1 + z + z4)(1 + 22 + z4)~! = 1, one gets the relation
hnt1 = —Zohn — Tahpn_y O

In particular, h,; is co-boundary in (/\ (%2, Z4, Ton—3, Tan—1), d), that is,

there exists o of degree 2n + 1 such that doo = hp41.

Theorem 6. Let B = (A(yz,yzi,yzn—s,yzn—l),d)- Then Gr(B) = ([y;n—.'i] ) [y;n—1]>'

PT‘OOf. Let Qg1 = (yZn—l; 1) and Qop—_3 = (y2'n—37 1) Then 5C¥n_1 = 6a2n_3 =
0. Moreover, ag,-3 and ag,_1 can not be boundaries for degree reason.

Therefore, [g,—3] and [a2,-1] are non zero homology classes in H, (Der(B, H: 1)) ;
Further, e.(aon—3) = ¥3,_3 and e.(c2n_1) = Y3,_1-

As Gr(2,n) is a finite CW-complex then Geyen(B) = 0 [5, Pg.379] . Hence,
Gn(B) = <[y;n—3] ) [y;n—1]> O

The inclusion Gr(2,n) < Gr(2,n + 1) has a model of the form
¢: NV = (/\ (xz,$4,$2n—1,$2n+1),d) — (/\ (yz,y4,y2n_3,y2n_1),d) = B,
where ¢(z2) = ya, ¢(74) = Y4, #(T2n-1) = Y2n—1 and (z2n41) = a, where
da = h,y1 by Lemma 1.

Theorem 7. Consider the inclusion Gr(2,n) — Gr(2,n+1) and ¢ : (AV,d) —
(B, d) its Sullivan model, then G.(AV, B; ¢) = ([x},_1] , [Z3ns1])-

Proof. As Gr(2,n) is formal, Der(AV, B; ¢) — Der(AV, H(B); fo¢), where

f: B 5 H(B)is aquasi isomorphism. Similarly, since B is formal Der(B, B;1) ~
Der(B, H(B); f). Define 62,1 = (z2n-1, 1), 62041 = (T2n+1,1) in Der(AV, H(B); fo
#). Then §65,_1 = 609,41 = 0. Moreover, [0a,_1] and [f2,+1] are nonzero co-

homology classes in H, (Der(/\V, H*(B); f o ¢))

We note that, 0 = (z3,1) and 4 = (z4,1) are not cycles in
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Der( AV, H(B); f o qS) [20].

Further, H(e,)([02n-1]) = [23,_1] € Gan-1(AV, H(B); f o ¢). In a similar
way, H(e.)([02n+1]) = [23n11] € Gans1(AV, H(B); fo ). It then follows that
G(AV, H(B); [ 0 ¢) = ([#501] s [#a1a])- -

We can now compute the relative Gottlieb group of the inclusion Gr(2,n) <
Gr(2,n+1).

Theorem 8. Consider the inclusion Gr(2,n) < Gr(2,n+ 1) and

¢ : (/\V, d) = </\ (-’172,-T4,-772n—17552n+1),d) ==
</\ (Y2, Y4, Yon—3, Yon—1), d) =B

its Sullivan model, then Gt(AV, B; ¢) = ([(z%,_3,0)] , [0, 43,1)])-
Proof. Consider the diagram below [16].

Der(B, H(B); f) = Der(AV, H(B); f o ) —— Rel(¢")

ls* ‘[a l(f*,f*)

~ g

Der(B,Q;e¢) —F Der(AV,Q;e) — g Rel(¢*).

Let asn-1 = (Y2n-1,1), Qon-3 = (Y2n-3,1) € Der(B, H(B); f) and 0an 1,
O2nt1 € Der(AV, H*(B); ¢) as defined above. Then ¢*(ag,_1) = 02,_1 and
¢*(a2n_3) = O

Further, D(saon-1,0) = (0,02,—1), D(scan—3,0) = (0,0) and D(0, 02,_1,0) =
0 = D(0,05741). Therefore, [(aon_3,0)] and [(0, f2,41)] are non zero homology
classes in H, (Rel(qb*)). Moreover, H (g, ) [(02n-3,0)] = [(z3,_3,0)] and
H(es,e.)([(0,02041)]) = [(0,93,41)]. A straightforward computation shows
that [(z3,_3,0)] and [(0,435,,1)] span H(e.,&.). |

The G-sequence reduces to

0 —— Gany1(AV, B; ¢) @* Gy 1 (AV, B;¢) —0- - -

ﬂng_l(/\V,B;¢)—>0‘ it s

~

i Gzn_l(B)

H(P)

10— G5L,(AV, B; ¢) —=— Gan_3(B) ——— 0.
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and is exact.
Example 1. Consider Gr(2,4) — Gr(2,5). A model of the inclusion is
_gwen by
¢: AV = (/\ (12,%7177,19),‘1) —F (/\ (y27y47y5ay7)7d) = B,
where dzy = dzq = 0,dz; = 22 — 3z’z4 + 75, dvg = 47314 — 37272 — T3
dy, = dys = 0, dys = 2y2ys — y5 and dy; = Y3 — 3y34a + Y5
Moreover, ¢(x2) = ya, $(%4) = ya, ¢(z7) = yr and $(z9) = —Yay7 — Yaya.

We compute GT¢(AV, B; ¢). Let oy = (y7,1),a5 = (ys,1) € Ders(B, H(B); f)
where f: B = H(B) and 6; = (z7,1), 0 = (z9,1) € Der(AV,H*(B); f o ¢)
then ¢*(ar) = 07 and ¢*(as) = 0. Moreover, D(saz,0) = (0,607), D(sas,0) =
(0,0) and D(0,6;) = D(0,6y) = (0,0). Hence [(sas,0)] and [(0,0y)] are non
zero homology classes. Moreover, (€., €)(sas,0) = (syz,0), (e, €)(0,09) =
(0,v3). Therefore

G:el(/\va B; ¢) = ([(0) l‘;)] ) [(Sy;’ 0)]> -

4.3 The inclusion Gr(2,n) — Gr(2,n + r) for
r>1

The cohomology rings of Gr(2,n + r) is:

H* (GT(Z, n+r), Q) = A(ys, ya) / (Botrt1, hpr).

The minimal model of Gr(2,n +r) is

( A (yz; y4,y2n+21'—37y2n+2'r—1): d) with d(yz) = d(y4) = 0, d(y2n+2r—3) =
hntr—1, d(Yont+2r—1) = Ansr. A model of the inclusion is then given by

¢: NV = /\(y2;y4;y2n+2r—3a y2n+2r—1) — /\(552, T4, Ton—3, x2n—1) = B,

where, ¢(y2) = T2, ¢(ys) = 24, (Yont2r—3) = B and d(Yan42,—1) = 0 with
df = hpir—1 and do = h,, respectively.

Theorem 9. Consider the inclusion Gr(2,n) < Gr(2,n+7), r > 1, then
G*(l/\‘/) B7 ¢) = (y;n+2r—37y;n+2r—1> = Gn(/\V) a‘nd
G:e (/\V) B’ ¢) = ((S‘T;n—l) O)) (sx;n—:}? O)) (07 y;n+2r—1)7 (0’ y;n+2r—3)> '
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Proof. In sDer(B,Q;e)®Der(AV,Q;¢) we have (sz5,_1,0), (sz3,_3,0), (0,43, 19r—1)
and (0, ¥3,,9,_3) Which are all cycles.
Herllce, G*(/\Va Ba ¢) = (y;n+2r—3)y5n+2r—l> = G'ﬂ(/\v) and
G:e (/\1/7 B’ ¢) = <(z;n—1’ O)’ (w;n—B) 0)? (07 y;n+2r—1)7 (O) y;n+2r—3)>' D
Example 2. Consider Gr(2,4) < Gr(2,6). A model of the inclusion is
given by
¢ : AV = A(Y2, Y4, Yo, y11) — A(Z2, 4, x5, 77) = B,
where, (1) = 2, ¢(va) = T4, d(yo) = hs = 4z3z4 — 37273 — 25 and
d(y11) = hg = —x3 + 62222 — Szjzy + 5.

In sDer(B,Q;e)®Der(AV,Q;e) we have (sz%,0), (sz%,0), (0,v5) and (0,y5;)
which are all cycles.

Hence, G7*/(AV, H*(B)) = ((3,0), (23,0), (0,5), (0, y11)) and

G.(AV, H*(B)) = (5, y11)-

4.4 The Inclusion Gr(2,n) < CPV

The Plucker embedding, i : Gr(2,n) < CP¥ is the inclusion of the Grass-
mannian of 2-subspaces of C™ into the complex projective space of dimension
N — 1 where N = ”—(ﬁz’—l) The inclusion i : Gr(2,n) < CP" has a Sullivan
model given by

¢ : (/\(1'2, IZN—l)) d) = (/\Va d) — (/\(y2) Y4, Y2n—3, y2n—1)a d) = (/\W) d)
A direct computation shows G,(AW) = ([y3,_s] , [¥3n-1] )-

Lemma 2. Let N = @ Then 2(N — 1) > 4n — 8 for n > 4.

Proof. 2(N —1) = n(n — 1) — 2. The inequality n(n — 1) > 4n — 8 holds for
n=4. For n > 5, then n(n — 1) > 4n, hence n(n — 1) — 2 > 4n — 8. O

Lemma 3. Let ¢ : (/\(zZ)zZN—l))d) — (/\(y27y47y2n—3)y2n—1)ad): where
B(z2) = vz, d(zan_1) = y such that dy = yY. There is a ¢-derivation o
such that ag = (z2,1) and which is a cycle.

Proof. Define a on zon_1 so that das(zan_1) — ao(dzan—1) = 0. Hence
dag(zan-1) = dag(Tan-1) — 012(939’)
= day(zan-1) — Nyp .
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As the dimension of Gr(2,n) is less than 2(N —1) by Lemma, 2, then NyY ! is
a coboundary, that is Nyév_1 = z with z = a(zan_1). Moreover, das = 0. As
oz = (z3,1) can not be a boundary, it hence represents a non zero homology
class in H,(Der(AV,A\W; ¢),6). O

Further, the ¢-derivation asy_1 = (Zan_1, 1) represents a non zero homology
class as well. As H(e.)([o2]) = [z3] and H(e.)([oan-1]) = [®5y_1], we get
the result below.

Proposition 1. G,(AV,AW;¢) = Q([z3], [z3x_1])-

We decompose Rel,(¢*) = Ker(e,,e.)® K. As K is isomorphic to im(e,, €,),
a non zero element in GT¢(AV, AW; @) is represented by an element in K
modulo the kernel of (e,,&,). Moreover, the vector space K is spanned by

{(Oa a2)) (07 O‘21\7—1)7 (Sﬂ2> O)a (Sﬁ‘i) 0)1 (Sﬂ2N—3: 0)? (SﬂZN—la 0)} )

where 8; = (y;, 1).
Lemma 4. (0, an) = J(a2) represents a nonzero homology class in Ha(Rel,(¢*)).

Proof. As (0,a3) is a cycle, it remains to show that it is not a boundary.
Otherwise, there exists 8, € Der(AW) and a3 € Der(AV, AW;¢) such that

d(sBy, az) = (s, das + ¢*(8y)) = (0,a2). Hence 58, = 0 and ¢*(8)) =
ay — dog. For degree reasons as(z2) = 0, hence (das)(z2) = 0. Therefore,
¢ (8y)(x2) = aa(zs) = 1. We deduce that By(y,) = 1. Moreover, 3, cannot
be a cycle, otherwise H(e,)([8;]) = [15] # 0 would be a non zero Gottlieb
element in my(Xy), which is impossible, [5, Proposition 28.8]. We conclude
that [(0, )] is a nonzero homology class in Hy(Rel(¢*)). O

We can now determine G7¢(AV, AW; ¢).

Theorem 10. The relative Gottlieb group G'¢(AV, A\W; ¢) is isomorphic to
the direct sum sG.(AW) @ Gan_1(AV, AW; ¢). Moreover, the sequence

H(J)
0 = Go(AW)——Go(AV, A\W; ¢) ——— G5 (AV, AW ; ) ———0
18 not exact.

Proof. For degree reasons, dff; = 0 = dfy. Moreover, (sf2,_3,0) and (sf2,_1,0)
represent nonzero homology classes in Rel,(¢*). However, in Rel,(¢*), one
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gots d(sy3,0) = (0,4*(y3)) = (0,3). Hence H(e,,e.)([0,02]) = [(0,25)] is

~

zero in H(Rel,(¢*)). We conclude that G5¢/(AV, AW; ¢) = 0. Therefore

G AV, AW;¢) = imH (e.,€.)

= ([(s¥30-3,0)], (59301, 0)], [(0, Z5_1)])
= SG(AW) ® Gan_1(AV,A\W; ¢).

O

The sequence is not exact as H(J)([z3]) = 0. Hence H(J) is not injective.

Remark 1. It was incorrectly stated in [14] that GT{(AV, AW;¢) = 0.

32



Chapter 5

Rational Homotopy Type of
Gr(k,n) — Gr(k,n+r)

We can now generalise Theorem 2 as follows.

Theorem 11. If r > nk — k? — n + 2k — 1, then the rational cohomology of
r4+ntkZ—nk

map (Gr(k, n), Gr(k,n+r); in,r) contains a truncated algebra Q [z] / x
where |z| =2, for k > 2 and n > 4.

Proof. Consider Gr(k,n) < Gr(k,n+r). A Sullivan model of the inclusion
is given by

gf) AV = (A (xZJ T4, Te," " T2ky T2(ntr—k)+1s """ 7x2(n+r)—1)a d)

B= /\(yz’ Ya,Yey - ’y2k)/(hﬂ—k+1: S oy hk))

where ( A (22,24, T6, "+ , Top, Tontbr—k)+1> " " » L2(ntr)=1) d) is the minimal
Sullivan model of Gr(k,n +r), with d(z,) = d(z4) = d(z6) = - - - = d(zax) =
0.

H* (GT’(]C, 'ﬂ), Q) =B = /\(yz; y4: Ys, " " ka)/(hn—k+17 e ,hk).

Note that ¢(z2) = wo,d(z4) = ya,(z6) = Y6, - ,= O(Tx) = Y2 and
d(Tonsor—okt1) = -+ = ¢(Tantor—1) = 0. In L = Der(AV, B;$) we con-

sider the derivation agg = (zat, 1), the highest even degree derivation. Then

a; = (5a2k)(m2n+2r—2k+1)7

ar = (0aok)(Zantor—1)

33



are polynomials of degree at least 2n + 2r — 4k + 2.
If r >nk—k*>—n+2k—1, then 2n + 2r —4 + 2 > 2nk — 2k%. Hence
ai,aq, - ,ar are zero in B. Therefore, ayy is a cycle.

On the other hand, let 75 = (z4,¥2). Then

by = lm(’Yz,’Yz, ek ,’Yz),

bk = lm(72;72) e :72)

are polynomials of degree > 2n+2r—2k+2—2m. Ilf m < r+n+k?+1—nk—k,
then by, by, -+ , by, are of degree > 2k(n — k).

Therefore, I,(Y2,72, -+ ,72) =0form=2,--- ,(r+n+k?®+1—nk—k). In
C®(s71L), let 75 = g, then [pb] #0fori=1,--- ,(r+n+k*+1—-nk—k). O
Theorem 12. If r > 2nk — n — 2k* + 2k — 2, then the cohomology of
map(Gr(k,n), Gr(k,n + r);in,,.) contains a polynomial algebra over a gen-

erator of degree 2.

Proof. Let

¢: AV = (/\ (Bay B4y Bay =~ 3 Doles Dofntr—k)its ,sz(n+r)—1),d)
—— B =A(Y2, ¥4, Y6 - ;)/(hn—k+l>"' s ),

be a model of the inclusion and L = Der(AV, B;¢). Assume n > 4 in
particular

r < 2nk —n — 2k? then any odd derivation is of degree at least 2n + 2r —
2k — 2nk + 2k? + 1. Hence

Ly=L3z=---= Ly =0 where f =2n+2r — 2k — 2nk + 2k? — 1. It suffices
to show that L, (72, Y2, -+ ,72) = 0 for m > 2. Consider n+r even, the other
case is dealt with in a similar way.

For m > %, [, = 0. Assume 2 <m < M,

lm(’Yz,’)’z, S ,’Yz)(l?zn+2r—2k+1) = €1,

lm(’72,’72, te ,72)(172n+2r—1) = Ck

are polynomials of total degree > 2n + 2r — 2k + 2 — 2m. If r > 2k + nk —
k* —n —1, then 2n + 2r — 2k + 2 — 2m > k(n — k). O
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Chapter 6

Conclusions and
Recommendations

6.1 Summary

In Chapter one, we laid the ground work by defining concepts that were to
be used in the course of the research. Precisely, the Sullivan model of the
Grassmann manifold from which we defined the model of the inclusion. We
recalled the concepts of cdga’s and L.-algebras which formed an integral
part of the research.

In Chapter two, we gave a historical outline of the research in function spaces.
Specific to this research was the paper by [2] due to the following result,

Let ¢ : (AV,d) — B be a cdga model of (X,Y; f) in which (AV,d) is the
minimal Sullivan model of Y and B is a connected finite dimensional cdga
model of the finite CW -complex X. If L = s~'V¥, then ¢! : B! — C(L)
is a commutative differential graded co-algebra morphism modeling f which
induces an Lo, structure on Hom(B*, L) with brackets [,--- ] . It is from
the structure of Coo(L) that we based our research to obtain our results.

In Chapter three, we studied using numerical examples the inclusion of
Gr(2,4) in Gr(2,5), Gr(2,4) in Gr(2,7), Gr(2,4) in Gr(2,8) and Gr(3,6)
in Gr(3,7) which led to theorems 1, 2, 3, 4 and 5. For the generalisation
Gr(2,n) < Gr(2,n + 1) it was possible to deduce that § : Ly; — Lg;_; is
injective for 7 = 1,2 as there were only two cohomology classes hence; it was
relatively easy to obtain their equivalence classes. Hence theorem 1 could be
proved. For the case of Gr(3,n) < Gr(3,n+1), it was not possible to deter-
mine all the equivalent cohomology classes, hence rendering many redundant
derivations that would otherwise have been reduced. It was hence possible
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to deduce that i : Gr(2,n) < Gr(2,n+1) has the rational homotopy type of
a product of odd spheres as was also the case with Gr(3,n) — Gr(3,n+1).

In chapter four, we studied rationalized evaluation subgroups of mapping
spaces between complex Grassmannian and G-Sequences and expressed

G (Gr(2,n+1), Gr(2,n); in,)®Q in terms of G, (Gr(2, n+r), Gr(2,n); in,)®
Q and G.(Gr(2,n+71)) ® Q.

In Chapter five, we related the results of Chapter 3 and 4 to the general
case Gr(k,n) — Gr(k,n + r) and in particular it was possible to relate
Theorems 2 and 3 to Theorems 6 and 7. Further, we showed that the co-

homology of map (GT(Q, n),Gr(2,n +r); im> contains a truncated algebra
Q[a:]/(x“"“), where |z| = 2.

6.2 Future work

For the case of Gr(3,n) < Gr(3,n+1) and in general Gr(k,n) < Gr(k,n+
r), it was not possible to determine cohomology algebra given mapping
spaces.

Rationalized evaluation subgroups of mapping spaces between complex Grass-
mannians for the case when r > 1. We only determined the evaluation
subgroups for the case r = 1, that is Gr(2,n) — Gr(2,n + 1). An even
interesting case would be the case when k& > 2.

Another area of research that immediately crops up would be the study of ra-
tional cohomology algebra of the Plucker embedding of some complex Grass-
mannians. Here, we only managed to determine the evaluation subgroups of
the said embedding. ‘
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that (v, v;) = d;; [6, Pg.13]. Moreover,
Cr(k,n) = U(n) / Uk) x Un — k),

where U(n) is the unitary group [8, Chap.18]. There is a canonical
inclusion i, : Gr(k,n) — Gr(k,n + 1) which is induced by i,, : C* —
C"*! defined by i,(z1,- -+ ,Zn) = (%1, ,Tn, 0).

2. SULLIVAN MODELS

Definition 1. A differential graded algebra (dga) is a graded algebra
A =@, A" together with a derivation d of degree +1. This means
that for each n, there is a vector space homomorphism d = d,, : A» —
A™*1 such that dod = 0 and d(a - b) = d(a) - b+ (—1)"a - d(b). Then
(A,d) is called a cochain algebra. A graded algebra A is commutative
if a-b=(—1)%9%%9%.q for a,b € A [3, Chap.3].

Definition 2. A Sullivan algebra is a commutative cochain algebra of
the form (AV,d) where V' = {V?} , and AV denotes the graded
free commutative algebra on V. A Sullivan model for a commutative
cochain algebra (A, d) is a quasi isomoprphism m : (AV,d) — (4, d)
from a Sullivan algebra (AV,d). A Sullivan algebra is said to be min-
imal if the differential is decomposable, that is Imd C ATV - ATV.
Moreover, if H°(A) = F, then (4,d) has a minimal model which is
determined up to isomorphism. If X is a nilpotent space and Ap(X)
the commutative differential graded algebra (cdga) of piecewise linear
forms on X, then a Sullivan model of X is a Sullivan model of Ap.(X)
[3, Chap.12]. A space X is formal if there is a quasi isomorphism
(AV,d) — H*(X,Q). Moreover, complex Grassmann manifolds are
formal [2].

The cohomology ring H*(Gr(k,n),Q) of Gr(k,n) is generated by the
Chern classes ¢; € H*(Gr(k,n),Q), for 1 < i < k. Further, the coho-
mology ring has a presentation

H*(Gr(k,n), Q) = Alet,ca, - 1) / (nokity -+ s )

as the quotient of the polynomial ring generated by c;, ¢a, - - - , ¢k, |ci| =
2i, modulo the ideal generated by the elements hj,n —k+1 < j < n.
Here, h; is defined as the 25" degree term in the Taylor’s expansion of
(1+c1+co+c3+c)~t where, (14c¢; +cy +c3+ci) is the total Chern
class [5].

For instance, H* (GT(Z, 4), Q) = A(Z2, :c4)/(h3, hy) where hy = 2zo14—
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3 and hy = 22 — 3z3z4 + 75 As (27074 — 23,22 — 37374 + T3)
forms a regular sequence, the Sullivan model of Gr(2, 4) is hence given
by (A(z2,T4,s5,27),d) with dzo = dzy = 0, dzs = 2yy4 — y5 and
dz7 = y§ — Y3y + v3.

Definition 3. On a graded vector space L, an L, structure, usually
denoted by (L, {lx}x>1), is a collection of linear maps, {k}r>1) called
brackets, where §; = [,---,] : ® L — L such that the following
conditions are satisfied:

(1) Iy are graded skew symmetric, that is, for any & permutation o
[-Ta(l), GeEE 7x0(k)] = sgn(a)e,[xl, e 1xk]7

where ¢, is the sign given by the Koszul convention.
(2) The generalised Jacobi identity holds, that is,

z Z sgn(o)eq(~1)101 [[-’%(1):"' s Ty To)s »%(n)] =0,
i+j=n+1oeS(i,n—i)

where S(¢,n — ¢) denotes the (¢,n — 4) shuffles which are per-
mutations o such that o(1) < --- < o(i) and o(i +1) < --- <
o(n) € S, .
An L, algebra (L, {lk}k21) is minimal if [; = 0. Moreover Lo, struc-
tures are in one to one correspondence with codifferentials on the non

unital, free commutative coalgebra A*sL in which s denotes suspension,
that is (SL)k = L1 [7]

Note that if L is a graded vector space of finite type, an Lo, struc-
ture on L induces a commutative differential graded algebra struc-

ture C(L) = (/\ (sL)”,d), d = 5, dy, where d; : V — AHV
is defined by (djv;sz1 A -+ A szj) = (=1)%(v; 821, ,25]) and € =
(—1)WHZiZiG-=R)leel [7). This is a generalisation of the Quillen cochain
functor to L, algebras [3, Chap. 23].

Further, an L, algebra is an L, model of a simply connected space
X, if it is a model of the differential graded Lie algebra A\(X). Here
A denotes the Quillen functor that associates to any simply connected
space X, a differential graded Lie algebra A(X), which determines an
equivalence between the homotopy categories of rational simply con-
nected spaces and that of reduced differential graded Lie algebras over
the rationals. If X is simply connected and of finite type, and L de-
notes the Quillen model of A\(X), then C*(L) is a Sullivan model of X
(3, Chap. 22].
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Definition 4. Let ¢ : (A,d4) — (B, dg) be a morphism of cochain
algebras. A ¢-derivation 6 of degree n is a linear map A* — A*~" such
that 6(ab) = 6(a)¢(b) + (—1)"°l¢(a)8(b). We denote by Der,(A, B, ¢)
the vector space of all ¢-derivations of degree n. Define a differential
of chain complexes ¢ : Der,(A, B,¢) — Der,_1(A, B,¢), by 46 =
dpf — (—)"°19d,.

If ¢ : (AV,d) — (B,d) is a morphism of commutative differential
graded algebras, then there is an isomorphism of vector spaces
Der(AV, B, ¢,) = Hom(V, B).

Moreover, if {vy, - ,v,} is a basis for V, we will denote by (v;, b;) the
¢-derivation 6 such that:

g(vi) = b,L
O(v;) =0 i#3,b €B.
We now follow [1] for this definition.
Consider positive derivations defined by:
Der;(AV, B, ¢) ifi>2

Der;i(AV, B, ¢) = {Z(De.,«i(/\v7 B’gb)) if4 = L.

If (A,d) = (AV,d) is a Sullivan algebra, then given j > 2 and ¢1,- - ,p; €

Der(AV, B, ¢), of degrees py,--- ,pj, we define their bracket of length
j. ler, - ;] € Der(AV, B,¢) by
b1, pil(v) = (1P 4=ty ( D eplvr-e By B v)p(vi,) - "‘Pj(vij)),

where dv = )" v - - - v and e is the sign given by the Koszul convention.
These operations may be desuspended to define a set of linear maps
{l;};>1 each of degree j — 2 on s™'Der(AV, B, ¢) as follows :
For j =1

L : s~ Der(AV, B, ¢) — s~ Der(AV, B, ¢), L(s™'60) = —s~'60.
For j = 2 define '

I;: s 'Der(AV, B,$) ® - - - ® s~ Der(AV, B, ¢) — s~*Der(AV, B, ¢)

by
L(s™ 1, 57005) = (=1)%7 eu, -+, 4]

and @ = Y771 (5 — n) + |@al.
Let f: X — Y Dbe a continuous function between 1-connected spaces
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and map(X,Y; f) the component of f in the space of continuous maps
from X to Y. Let ¢ : (AV,d) — B be a cdga model of f. Lemma 3.3

of [1] proves that (5—155«(/\‘/, B,¢),{ zj}jzl) is an Loo model of map(X, Y f).

3. INcLUSION OF Gr(2,4) IN Gr(2,5)
Recall that
H* (GT(Z 4);@) = /\(yz,y4)/(2yzy4 ~ Y3, Y2 — Y3y + ¥3)-
Moreover,

H* <Gr(2, 5, Q) = Az, u)/(a:% — 322z, + 22, 42324 — 3z072 — 13).

Hence the minimal Sullivan model of Gr(2, 5) is given by (/\(zz, T4, T7,Zg), d)

where dz, = dzy = 0,dz7 = 75 — 32374 + 22 and dzg = 4dz314 — 31072 —

The inclusion Gr(2,4) < Gr(2,5) has a model given by
¢ : A((z2, 24, B7, T9),d) — /\(yz,y4)/(2'y2y4 — Y3, Y — 3ysys + ¥3),

where ¢(z2) = y2, $(z4) = ya, ¢(z7) = 0 and $(zy) = 0. Let (AV,d) =
N(Z3, T4, %7, Tg) and B = /\(yz,y4)/2yzy4 — 3,92 — 3y3ya + 7). The
vector space Der(AV, B, @) is generated by:

ay = (z9,1), 00 = (2o, ¥2),05 = (T, %), 5 = (To,y3), 03 =
(9, Y2ya), c1 = (T9, Y5 = 2y2ya), ,
Br = (z7,1),8s = (z7,92), 83 = (T7,%4), B3 = (x7,93), 1 =

(157,!/21/4),
Y1 = (74,1), 72 = (Z4,72),
02 = ('TZ: 1)

Moreover, 60y = —4a; + 206y, 62 = —a; — 46, and dy4 = —a3 + 45;
and do; = 68; = 0.
Computing the Lie brackets we get
[92, 92] = —96a3 + 24,3; — 603, [62, ’)’2] = 18a3 — 6,3;,
[02,74] = 2405 — 6a5 — 6035, [2,72] = —603 + 203,
[Y2,74] = —605 + 285 , [v4,74] = 26,
[02,62,92] = 240[5 = 1200!::’ + 24,85, [92,02,72] = 24&;—, == 6,85,
(02, 62, v4] = 24c7 — 607, [62, 72, 72] = —6axs,
(62,74, Y4 = —6axg, [02,772,74] = —60r7,
[92, 02, 02, 92] = —120a7 + 24,37,
02, 02, 02, 72| = 240vr, [02, 02, 02, 74] = 24cxg,

URL: http://mc.manuscriptcentral.com/tgma
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[92) 92) 921 92) 02] = _120a9)
the other brackets being zero.

If L = s_lﬁm‘(AM B, ¢) and letting z; = ag,yj = ﬂ?,w]- = 'y? and
i
22 = 02,

C=(L) = (/\ (xl,yl,wg,zz,x3,yg,y;,w4,:r5,z;—,,y5,z7,y7,xg),d),

" - — = 1 1 1.
where; d(22) —1d(2;w2) 1— 0, d(-'ﬂll) —2 —3%2 — ’wlz, d(y12 ; 3%2 — FWa,
d(z3) = wy — 3622 T 1gWa22 — W3, d(ys) = W4 — §23,
_ 1.3 1 N 1 .8 1.3 1 i
d(xs) = 21—422—-6-122’(1)4, d(wls) = —@224-52221024—5322’1.04 522W5 — gWally,
—.1,3 2
d(ys) = 5322 — §Z%W2 — g2aWy + FWaly,

N 1.3 1 .4 1
d(x—,) = ﬂZ2TU4 + -2—4'22’11)2 + m22 = 62211)2’11)4,

_ 1.4 1.2 1.2 = 1 .5 1,3 2
d(y7) = Ezz2 = EZQ’LU4 = 2—4’104, d(.’L‘g) = —mzz — 2—4'221114 — 2Wy.

Note that the ideal generated by (z1,y1, ws, 22) is acyclic, hence C*(L)
is quasi isomorphic to

A (xi‘h y:’;a Ts, 1'/5, Ys, T7, Y71, -7:9), O) 0
Hence, the inclusion Gr(2,4) — Gr(2,5) has the rational homotopy
typeof P x P x xS %" x5 x 5,
We can hence generalise the result as follows:
Theorem 1. Consider the inclusion i, : Gr(2,n) — Gr(2,n+1). The
mapping space (G’r(Z,n), Gr(2,n + 1),in) has the rational homotopy
type of a product of odd spheres.
Proof. Since H* (GT(’C:”),Q) = A(e1,ca, - 7Ck)/(hn—k+1: oy ha), e =
21, then it follows that

H* (G’r(Q,n), Q) = /\(xz,z4)/(hn_1, h,) and
o (Gr(2, n+1), Q) = A(22, z4)/(hn, hrs).

The minimal model of Gr(2,n+1) is (/\ (%2, T4, Ton—1, T2n+1), d) where

dzo =dzy =0, dzop—1 = hy, and dzopy1 = hpy1- Assume n > 4. Hence
a model of the inclusion Gr(2,n) < Gr(2,n + 1) is given by;

¢ </\ (%2, B4; Ton—1, Ton1 )s d) — A(y2, iU4)/(h/n—1, e

where ¢(z2) = y2, #(z4) = y4 and ¢(z2n—1) = ¢(z2n+1) = 0. Moreover,
Gr(2,n) is a complex manifold of dimension 2(n — 2), and of real di-

mension 2(2(n —2)) =4n — 8.
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The Grassmann manifold Gr(2,n) being a sympletic manifold has a
sympletic class represented by y, € H? (Gr(Z,n),Q). Further, for
1 <4< (2n—4), v4 is a non zero cohomology class.
Let

L= DGT( A ("L.27 T4, Ton—1, .’L'2n+1), d)’ /\(y2’ yzl)/(hn—l; h’n)7 ¢) .

The only even degree ¢-derivations are 6, = (z2,1), 72 = (x4, y2) and
Y4 = (24,1). Let a3 = (Ton-1,¥5"") and By = (Tony1,y}). Moreover,

dZon—1 = GnZF + An 2Ty °Za+ -+ 0, #0 and
dz2n+1 = bn$g+1 + bn_gzg_l:ml + ... ’bn % 0.

Then,
(692)(7"217.—1) =an M- yg_l +bp_g - (n — 2) . y4y3—3 - wpn
(802)(Tans1) =bp M- YR +bpg-(n—1) - yayh ™2+ ---
(672)(T2n-1) = Gn-g - (N —2) - gy 3 +---
(672)(Z2n41) = bnz - (n = 1) 4271 4+
(6’)’4)(1‘2,”_1) =Qan—9* ('n — 2) . yg"'s e e s
(674)(x2n+1) =0bp_o- (TL — 1) -y;‘_z i iz

Hence,

80y =n-an-a1+n-by P+

02 = bp_o(n—1)ay + 08 + - - -
We deduce that § : Ly — L; is injective as 605 and v, are limearly
independent. Therefore, Hy(L,d) = 0. In the same way Hy(L,§) = 0.
Moreover, all brackets with odd dimension derivations are zero. We
conclude that H,(L) is concentrated in odd degrees with all brackets
being zero.

Hence, C*(L) has a minimal model of the form (AX,0), where X =
X°dd  Therefore map (GT(Q, n),Gr(2,n + 1); in) has the rational ho-

motopy type of a product of odd spheres.
O

4. THE INCLUSION Gr(2,n) = Gr(2,n+r1),r > 2

Having established that map (GT(Z, n), Gr(2,n+1); zn) has the ratio-
nal homotopy type of a product of odd spheres, we now set to consider
the inclusion Gr(2,n) = Gr(2,n+r),r > 2.

We start with a computational example. Consider the inclusion Gr(2, 4)
Gr(2,8). Recall that H*(Gr(2,4), Q) = A(y2,v4) / (hs, ha). A Sullivan

URL: http://mc.manuscriptcentral.com/tgma
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model of Gr(2,8) is A((a:g,z4,z13,z15),d) with d(zs) = d(zs) = 0,

dri3 = —}+ 62475 — 102322 + dz923 and dz15 = 2§ — 72824 + 152523 —
10z3z3 + . A model of the inclusion is thus given by;

¢: (AV,d) = (/\ (332,564,»'313,2715),!1) S /\(yg,y4)/(h3,h4) =B

where; ¢(z2) = y2, #(z4) = ya and ¢(z13) = ¢(z15) = 0. The vector
space Der(AV, B, ¢) is spanned by:

a5 = (T15,1), a13 = (T15,92), a1 = (715, Y4), 04’11 = (fls,yg),
g = (215, Y3 = 2y2ya), o7 = (T15, Y3 = 203Ya = ¥3),

Pz = ($13,1), P = (~T137y2)7 Pe = (1'13,.1/4)7 /35'; = (-’513,?/%),
Br = (13, Y3 = 2y2ya), Bs = (T13, Y3 = 2y5ys = ¥3),

Y2 = (4, Y2), Y4 = (24,1) and

92 = (1:27 1)

Computing the Lie brackets, we get

(62, 74] = 68405, V4, 74] = —36067 + 68407, [12,74] = —360s,
[62, 62, 65] = —438085, [62, 74, 74] = —608, + 660z,

(62, 72, 72] = —360s, [02,74, 72] = —3687 + 6600z,

[92, 92, ’)’4] = —660,67 = 43800{7, [02, 92, ’)’2] = —660,35,

[72: Y2, 72] = 24/65) [72) Y2, 74] = _34a7 + 24,371

(Y4, Ya, Ya) = 24B11 + 241 — 60ay, [Ya, 7, V2] = 2485 — 3daxg,
02, 02, 63, 4] = —605 + 7208, — 4320cxg,

[02, 02, 02, 2] = 66087 — 43207,

[62, 62,74, 74] = —60B11 — 60 + 7200y, ,

[02; 02) Y2, 72] = _60137 =% 6600’7, [927 927 Y2, 74] = _GOIBQ =+ 660(19,
(62, 02, 02, 0] = —4320837436000cr7, [02, Y2, ¥2, V2| = 2487—6007,
(02, V4, Y4, Ya) = 24B13 — 60cv13, [0, 72, V2, Va] = 248 — 600,
[02, Y4, Y4, ’72] = 24/611 - 600‘;17 [74)’74) Y4, '74] = 24&15,

[727 V2, 727'72] = 24&7, [’72! Y2, Y4, 74] = 24all.lr

[V2, 72, Y2, 14| = 240’9; [Y2, V4, V4, Va] = 2403,

(62, 02, Y4, V4, ¥a] = —600us, [02, 02, 02, ¥4, 4] = —60B13+ 720013,
(02, 02, 02, 72, 72] = —6089 + 7200

(02,02, 02, 72, 74] = —60B11 + 720043, [02, 02, 4, Ya, V2] = —600u3,
(62, 02, 72, Y2, V2] = —60axg, (02, 02, v2, Y2, 7] = —60011,

62, 62, 02, 02, 2] = —1208y — 50408, + 352800,

[62, 62, 82, 8, 72] = 720085 — 4320y,

(62,02, 02, 62, 4] = 720B11 + 72001, — 5040cx;,

URL: http://mc.manuscriptcentral.com/tgma
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[02, 02, 92, 32, 92, 02] = —5040,611 == 5040&11 + 4032062,11,

[92, 02, 62, 92, 92, ")’2] = 720/311 = 5040&;1,

[62) 021 927 027 627 74] = 7200ﬁ13 - 504000/131

[02> 927 027 62) Y4, 74] s 720&15)

[02, 02,02, 02,72, 12| = 72Oa'ua [0, 02, 02, 02, 74, V2] = 7200113,
(02, 02, 02, 02, 02, 03, 65] = —5040/3;3,

(02, 02, 02, 02, 02, 03, 74] = —504003,

[92, 92, 92, 92, 92, 92, ’)’2] = —504Oa13 and

(02, 02, 02, 62, 02, 05, 62, 65] = 403200115

with dy, = dy4 = 602 = 0 and the other brackets being zero as well.
Note that 6 = 0 hence Der(AV, B, ¢) is a minimal L, algebra. Put

T = a?,yj = ﬂg,wj = 'yg and 25 = Gg. Hence

o ’ ’
C (L) = (/\(227w2>w4yy5;y7:1?7,:‘/9:997339:%1;3711,1'11;?!13,501371715),61);

where; d(2;) = d(ws) = d(wy) =0,

1 1 1 1 1
d — . 2 e 2 el 3
() = Ggg7aws — 3gWaWi ~ gggrate ~ ggta + 57k
1
~ B>
1 1 1 1 1
dlyr) = — 35U~ ggUata + g2t g — s
1 3
- T2t g
d(zr) = 1w 122 —Wiwg + ——2 - 1z3w
T Geatt T 138072 T 3a 2V T gap2WWe T 3907212
1 1
2 A4 3
+ geoevr t 36000 27 g
1. 1
d = 2w B 55
(yg) 60 2 60 2w2+ 120 2)
: 1 1 1 1
4 - 5 24— 53y
(o) = —gomWi+ pquatii  opwn = g sl + 5w
1
+ ﬁzgwgw%
d(zg) = L Zw: 1ww2 lzw+ 22wow 2ZpWaw
0} = ge0 T gq Ve T gappth T gpp 2 A4 T pp et
1 5 l 3. 2 1 4 1 L
T 35280%2 T 022 T a2V T goetr

URL: http://mc.manuscriptcentral.com/tgma



WoOoONOULIA WN =

UiV vl vl v VI VT VTV VTV DD DD A A DD WWWWWWWWWWNRNNRNONNNONMNNNNN= 2 2 Qo

Quaestiones Mathematicae

10 P.A OTIENO, J.-B. GATSINZI, AND V.0 OTIENO
d(y1) = iw3 - iz2w2 + —zwiw Z8wawy + ——z5w
- 24 4T G024 T gt T g2 A T2
— L 26+—z5w
50402 " 72072 %
d(z1) = lwa 22wy + —zaw L Z2wiwy — : 2
o 24 46072 T 72072 T 602 2 504072
. 1 1 1 1 1
d(zy,) = _Ewi + ngilq 6022w2w2 + 24w§w§ - %zgwﬂm
— Lz4w + L 6 1 + 1 —_—Z w2
5040 2" " 2032072 ~ 5040 23w T
1 1 1
d(ths) = —2—4227112 - azng — mzé,
1 1 1
d(.’E13) = —@ZQ'UJZ + —2211)2102 + %zgwi — @Z%U)zwz — MZS’U):;
1 1
+ g ~ gaaa 2t
1 1 1 1 1
d e Zd v 208 ¢ = 49 6 8
(215) 544 T o2V T 750%2%a T 5og0%2%t T 032022

Note that [ws], [w?], [wi] are non zero cohomology classes in H*(C*°(L)).
We can generalise as follows.

Theorem 2. If r > n—1, then the cohomology of map (GT‘(Z, n), Gr(2,n+

T), 7,,,) contains a truncated algebra Q[z] / (z7="+4), where |z| = 2.

Proof. Recall that the cohomology rings of Gr(2,n) and Gr(2,n + r)
are respectively:

8= (Gr(Z,n),Q) = /\(xz,x4)/(hn_1, h,) and
H* (Gr(2,n+7),Q) = A(z2,54) [ (hnsr-1, nsr).
The minimal model of Gr(2,n + ) is
(AV,d) = (/\ (x2yz4;x2n+2r—3:x2n+2r—1);d) with d(zy) = d(z4) = 0,

d(zon+2r—3) = Pntr—1, d(Tont2r—1) = hnir. A model of the inclusion is
then given by

¢ /\(372, T4, Ton42r-3; I2n+2r—1) — A(y27y4)/(hn—11 hn);

where ¢(z3) = y2, ¢(%4) = y4 and ¢(Tant2r—3) = ¢(Toni2r—1) = 0. The
vector space Der(AV, B, ¢) is spanned by:

URL: http://mc.manuscriptcentral.com/tgma
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Qon42r—1 = (1'211+2r 1) ) Qon42r—3 = (IQn-52r—4lyy2)» Oon42r—5 =

($2n+2r—1,y4) , Oontar—9 = (Tont2r—1,%3" ),

Bontor—3 = (I2n+2r-3, 1), Bansor—5 = (Tontor—a:42); Boniar—s =
(-’r2n+2r—3,y4), <oy Pongor—11 = (I2n+2r—3, y%"“‘),

Y4 = (T4,1), 72 = (z4,92) and

92 = ($2, 1)

As p1 = (674)(Tonsor—3) and pa = (674)(Z2n42,—1) are polynomials of
degree at least 2n +2r — 6. If r >n — 1, then 2n+2r — 6 > 4n — 8

Therefore p; and p, are zero in A(z2, T4) / (hn—1, hn). Hence, (d74) = 0.
Similarly, évs = §6; = 0.

On the other hand q; = lg(72, - - - ,72)(dT2nt2r—3) and g2 = lx (72, -+ ,72)
(dzontor—1) are polynomials of degree > 2n+2r—2-2k. If k < r—n+3,
then g, and g are of degree > 4n — 8. Therefore, lx(y2, -+ ,72) =0
fork=2,---,r —n+3. In C®°(L), put ¥4 = wy. Then [wj] # 0 for
bl oos gl 0

Theorem 3. Consider the inclusion i,, : Gr(2,n) = Gr(2,n+r). If
r > 3n — 6, then the cohomology of map (G"r(2,n), Gr(2,n + r);'iw)
contains a polynomial algebra over a generator of degree 2.

Proof. Let ¢ : </\(-"52, T4, Tont2r—3, Tont2r—1), d) = /\(y2ay4)/(hn—17 hr)
be a model of i, ,. Assume n > 4, in particular 7 > 3n—8 then any odd
derivation is of degree at least (2n+2r—3)—(4n—8) = 2r—2n+5 > 5.
Hence L3 = L; = 0. Moreover, 72 = (z4,92) is automatically a cycle
(as L1 = 0) which is not a boundary (as L3 = 0). It is sufficient to
show that [, (72, -+ ,72) = 0 for m > 2, where l,,, denotes the bracket
length m.

We consider the case when n + r is even, the other case is dealt with
in a similar way.

For m > &%, I, = 0. Assume 2 < m < 2T,

Im(v2,++ 5 72) (Tona2r-1) = Za1y4 y3ys T, (1)
i>m

lm(721 T >72)(x2n+2r—3) &= Zﬂ1y4 ’ 2 t 'n.+r—1 21 (2)
i>m

The right hand side of (1) and (2) are polynomials of total degree
> 2n + 2r — 2m — 2. Assume now that r > 3n — 6, then

n+r—2>4n—-8 = 2n+2r—2—(n+r)>4n—38
= 2n4+2r—-2m—2>4n-8.

URL: http://mc.manuscriptcentral.com/tgma
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Therefore, Ly (2, - -+ ,72) = 0 for all m > 0. This shows that H* (C°°(L)>

contains a polynomial algebra over a generator of degree 2.
O
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RATIONALIZED EVALUATION SUBGROUPS OF
MAPPING SPACES BETWEEN COMPLEX
GRASSMANNIANS.

PAUL ANTONY OTIENO, JEAN BAPTISTE GATSINZI,
AND VITALIS ONYANGO-OTIENO

ABSTRACT. We determine evaluation subgroups of the inclusion
Gr(2,n) <= Gr(2,n + 1) between complex Grassmannians.

1. INTRODUCTION

Given a pointed topological space (X, 7o), the n** Gotttlieb group of X,
also called the evaluation subgroup of 7,(X) and denoted by G,(X),
consists of those a € 7, (X) for which there is a map F': X x S™ — X
such that the following diagram commutes:

Xt X

d d

XV 229 xyx,

where f : S® — X is a representative of @ and V is the folding
map. Thus for every @ € G,(X,zo), there exists at least one map
F: X x 8" — X such that F(zo,s) = f(s). We say that F' is an
affiliated map to a [3]. If X has a base point z¢ and aut X denotes the
monoid of self homotopy equivalences of X with ev : aut X — X the
evaluation map at zg, then it follows from the definition that

CLR) = im(evn  mn(aut X, 1x) — ma(X, .'1:0)).

Similarly, if f : X — Y is a based map between simply connected CW
complexes and map(X,Y; f), the space of maps from X to Y which

are homotopic to f, then G,(Y, X; f) = z’m(evu :map(X,Y; f) —
wn(Y)) is the n®* evaluation subgroup of f [9]. In [10], Woo and Lee
2010 Mathematics Subject Classification. Primary 55P62; 54C35.
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defined relative evaluation subgroups GI¢(X,Y; f) and showed that
they fit in a sequence

wor —3 Gy (X f) — GulX) — Gu(Y, X ) — -+
called the G-sequence of f.

We use Sullivan models to compute rational relative Gottlieb groups of
the inclusion Gr(2,n) < Gr(2,n + 1). We refer to [4] for details and
work over a field of characteristic zero in this case Q.

Definition 1. A differential graded algebra (dga) is a graded algebra
A = @, A" together with a derivation d, d = d, : A" — A™"!
such that d o d = 0. Then (A4, d) is called a cochain algebra. A graded
algebra A is commutative if a - b = (—1)%999°% . g for a,b € A [2,
Chap. 3].

Definition 2. A Sullivan algebra is a commutative cochain algebra of
the form (AV,d) where V' = {V?} ., and AV denotes the graded
free commutative algebra on V. A Sullivan model for a commutative
cochain algebra (A, d) is a quasi-isomorphism m : (AV,d) — (A, d)
from a Sullivan algebra (AV,d). A Sullivan algebra is said to be min-
imal if the differential is decomposable, that is, Imd C ATV - ATV.
Moreover, if H°(A) = Q then (4,d) has a minimal model which is
unique up to isomorphism. If X is a nilpotent space and Apr(X)
the commutative differential graded algebra (cdga) of piecewise linear
forms on X, then a Sullivan model of X is a Sullivan model of Apy(X)
[2, Chap.12].

2. DERIVATION SPACES AND THE RATIONALIZED (G-SEQUENCE

Given commutative differential graded algebras (A, d4) and (B, dg) and
amap ¢ : A — B, define a ¢-derivation of degree n to be a linear map
6 : A* — B*~" which satisfies (zy) = 0(z)p(y) + (=1)"lp(z)0(y).
We only consider derivations of positive degree. Let Der,(A, B;¢)
denote the vector space of all ¢-derivations of degree n for n > 0. Define
alinear map D : Der,(A, B; ) — Der,_1(A, B; ¢) by D(f) = dgof—
(=1)9od,. Then, (Der.(A, B; $), D) is a chain complex. In case A =
B and ¢ = 1p, the chain complex of derivations Der,(B, B;1) is just
the usual complex of derivations on the commutative differential graded
algebra B [6]. If ¢ : (AV,d) — (AW, d) is a Sullivan minimal model

of f: X — Y, then H, (Der(/\V, AW; @), D) = (map(X,Y; f)) ®
Qn > 2 [6],[1].
We note that Der(AV, B;¢) = Hom(V, B). If {v;} is a basis of V, we
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denote by (v;,b), the unique ¢-derivation 6 such that

0(1)1') =b b€ B,
O(v;) =0 i#7J.

Pre-composition with ¢, respectively post-composition with the aug-
mentation € : B — Q, gives a map of chain complexes

¢* : Der.(B, B;1) — Der.(A, B; ¢),

respectively
€« : Dery(A, B; ) — Der.(A,Q;e).

Definition 3. Let ¢ : V. — W be a map of differential graded vector
spaces. Define a differential graded vector space, Rel.(¢), called the
mapping cone as follows. Rel,(¢) = sV,,—1 & W,, with differential ¢ of
degree —1 given by d(sv,w) = ( — sdy(v), p(v) + dW(w)) [7]. There

are chain maps J : W,, — Rel,(¢) and P : Rel,(¢) — V,—1 defined
by J(w) = (0,w) and P(sv,w) = v. These give a short exact sequence
of chain complexes

0 —— Wiy —2 Rel,(¢) =2 Voy —— 0,
which leads to a long exact sequence in homology

H(P)

O, Ho(v) 22

-+ = Hppr(Rel(9)) HOy g w) Z9 1 (Rel(¢)) — - - -

whose connecting homomorphism is H(¢). We refer to this sequence
as the long exact homology sequence of ¢.

We use Theorem 3.3 of [6]

Theorem. Let f : X — Y be a map between simply connected CW -
complezes and ¢ : (AV,d) — (AW, d) its Sullivan model. The long
ezact sequence induced by f, : map(X, X;1) — map(X,Y; f) on ra-
tional homotopy groups is equivalent to the long exact homology se-
quence of the map

¢* : Der (AW, AW ;1) — Der.(AV,A\W; @)

induced by the minimal model ¢ : (AV,d) — (AW, d) of the map
f: X—Y.

Definition 4. Given a commutative differential graded algebra map ¢ :
A — B, we have the following commutative diagram of differential
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graded vector spaces;

Der.(B, B;1) -2 Der.(A, B; ¢)

le* - l

Der.(B,Q;¢) . Der,.(A,Q;e).

Here, £ denotes the augmentation of either A or B. On passing to
homology and using the naturality of the mapping cone construction,
we obtain the following homology ladder (n > 2),

H(J) .
o s Hp1(Rel(6%) B H,(Der(B, B; 1)) 2 H,(Der(A, B; 9)) - --

J,H(E'E‘) He.) lﬁ[(e.)

D (R 2P H(Der(B,Q < €)) D Ho(Der(AQ:€))-- .

Definition 5. Suppose ¢ : A — B is a map of commutative differential
graded algebras, we define the evaluation subgroups of ¢ by

Gn(A, B; ¢) = im{H(e,) : Hn(Der(A, B; ¢)) — Hn(Der(A, Q;€))}.

In the special case A = B and ¢ = 1, we refer to the Gottlieb group of
B, and use the notation G,(B). If B = (AV,d) is a model of a simply
connected space X, then an element o € G,(B) is represented by a
linear mapping f : V* — Q that extends into a derivation 8 of AV
such that 6 = 0. Moreover, G,(B) = Gn(Xg) [2, Proposition 29.8].

The n'® relative evaluation subgroup of ¢ is defined by;
G (A, B; ¢) = im{H(ex, &.) : Hn(Rel(¢*)) — Hn(Rel(¢*))}.

Then the image of the upper long sequence in the lower, of the ladder
above, gives a sequence

. Dt (4 By TG BV SR LG4, Big) 2 s (1)
that terminates in Go(A, B; ¢).

We refer to this sequence as the G-sequence of the map ¢ : A — B.
This can be applied to the minimal model ¢ : (AV,d) — (AW, d) of
the map f: X — Y as stated and proved in [6, Theorem 3.5].
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3. THE INCLUSION Gr(2,n) < Gr(2,n+ 1)

Let Gr(k,n) be the Grassmann manifold of k-dimensional subspaces of
C". The cohomology ring H*(Gr(k,n),Q) is generated by the Chern
classes ¢; € H*(Gr(k,n),Q), for 1 < i < k. Further, the cohomology
ring has a presentation

H*(Gr(k,n), Q) = Aler, ¢2, - &) [ (nogst, =+ s ),

as the quotient of the polynomial ring generated by ¢y, co, - - , ¢k, |ci| =
2i, modulo the ideal generated by the elements h;j,n —k+1<j <n.
Here, h; is defined as the 2;*" degree term in the Taylor’s expansion of
(14+ci+ecp+ez+---+ck)™* where (1+c¢; +ca+c3+---+cp) is the
total Chern class [4].

In particular, the cohomology rings of Gr(2,n) and Gr(2,n + 1) are:
H* (Gr(2,7),Q) = Ay, 1) / (-1, hn) and
B* (Gr(2, n+1), Q) = Al u)/(hm hn+1) respectively.

The minimal model of Gr(2,n) is

(/\ ('yz,'y4,y2n_s,'y2n_1),d) with d(y,) = d(y4) =0, d(’y2n—3) = hn_1,

d(y2n—1) = hn. In the same way, a model of Gr(2,n + 1) is given by
A (mg,m4,mgn_1,m2n+1),d) with dzy = dzy = 0, dzg,—y = h, and

dTony1 = hny1.

Lemma 1. hy = —z2h, — z4hp 1.

Proof. Write the Taylor series (1+z3+x4) ™! = 1+ h;+ho+- - - where,

|hi| = 2i. From (1 + 2o 4 z4)(1 + 2o + z4) ! = 1, one gets the relation

h'n+1 = —Zohy — Tahs—3 O
In particular, h,4; is co-boundary in ( A (Z2, T4, Ton—3, xgn_l),d>,

that is, there exists a of degree 2n + 1 such that da = hy,;.

Theorem 1. Let B = (/\ (yz,y4,y2n_3,y2n_1),d). Then G,(B) =
([y;n—3:| ) [y;n—l]>'

Proof. Let aon—1 = (Yan—1,1) and agn—3 = (y2n—3,1). Then da,—1 =
dagn—3 = 0. Moreover, ag,_3 and as,—; can not be boundaries for
degree reason. Therefore, [ag,—3] and [@e,—1] are non zero homol-

ogy classes in H*(Der(B,B; 1)) Further, e.(aon-3) = ¥5,_5 and

x(02n-1) = Ysn_1-
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As Gr(2,n) is a finite CW-complex then Gepen(B) = 0 [2, Pg.379] .
Hence, G,(B) = ([ygn_3] : [y;n_1]>. a

The inclusion Gr(2,n) — Gr(2,n + 1) has a model of the form
AV = (/\(372,534,932n—1,$2n+1),d) —* (/\(yz,y4,yzn—3,yzn_1),d) =B

where @(z2) = Y2, ¢(T4) = Ya, P(T2n-1) = Y2n—1 and ¢(Tont1) = @
where da = h, 1 by Lemma 1.

Theorem 2. Consider the inclusion Gr(2,n) < Gr(2,n+ 1) and ¢ :
(AV,d) — (B, d) its Sullivan model, then G,(AV, B; ¢) = ([z5,_1] , [3n11])-
Proof. As Gr(2,n) is formal, Der(AV, B; ) — Der(AV, H(B); f o ¢)

where f : B = H(B) is a quasi isomorphism. Similarly, since B is
formal Der(B, B;1) ~ Der(B,H(B); f). Define 05,1 = (z2n-1,1),

92n+1 = (.T2n+]_, 1) in Der(/\V, H(B), f o (]5) Then 592n_1 = 59271—%—1 =

0. Moreover, [fa,—1] and [fa,41] are nonzero cohomology classes in

. (Der(/\V, H*(B); fo ¢)).

We note that, 3 = (z4,1) and 84, = (z4, 1) are not cycles in
Der( AV, H(B); f o ¢) 8.

Further, H(e.)([f2n—1]) = [23n_1] € G2n—1(AV, B; f 0 ¢). In a similar
way, H(e.)([0ant1]) = [2hn41] € Gons1(AV, B; f o ¢). It then follows
tha‘t G*(/\‘/; B; f o ¢) — <[x;n—l] ) [x;'n.+1]> D

Theorem 3. Consider the inclusion Gr(2,n) < Gr(2,n+ 1) and
¢:(AV,d) = (/\ ($2,$4,$2n-1,$2n+1),d> —

( A V(yZ, Y4, Yon-3, an—1)7 d) =B
its Sullivan model, then G#(AV, B; ¢) = ([(#3n-3,0)] , [(0, ¥3n41)])-

Proof. Consider the diagram below [6].
Der(B, H(B); f) =¥~ Der(AV, H(B); f o ¢) —2— Rel(¢")

‘[e* J,E‘ l(E*,E*)

Der(B,Q;e) —2— Der(AV,Q;e) —2L— Rel(¢*).
Let asn—1 = (Y2n-1,1), @2n—3 = (Yon-3,1) € Der(B,H(B); f) and
Oon—1, Oant1 € Der(AV, H*(B); ¢) as defined above. Then ¢*(ag,—1) =
fon—1 and ¢*(a2n—3) =0.
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Further, D(ag,-1,0) = (0, 62n—1), D(a2n—3,0) = (0,0) and D(0, f2,-1,0) =
0 = D(0,09,41). Therefore, [(@2,—3,0)] and [(0,02,+1)] are non zero

homology classes in H, (Rel((b*)). Moreover, H(e.,&.)([a2n—3,0]) =

(@302, 0)] and H(ew,e)([(0,02041)]) = [(0,542)]. A straightfor-
ward computation shows that [(z},_s,0)] and [(0, ¥3,,1)] span H (e,,&.).
(]

The G-sequence reduces to

H(J)
0 —— Gan11(AV, B; ¢) —> G521, (AV, B;¢) —0- -

H(¢*)

~

--0 ng_]_(B) ng_l(/\V, B; (JS) —0---

H(P)

~

0 —=GEl,(AV, B; ¢)

G2n-3 (B)

and is exact.

Ezample 1. Consider Gr(2,4) — Gr(2,5). A model of the inclusion is
given by

¢: AV = </\ (mz,x4,$7,$9),d) =k (/\ (yz,y4,y5,y7),d) = B,
5

where dzy = dz4 = 0,dz7 = 22 — 32224 + 25, dTg = 42374 — 37972 — T3
dy, = dys = 0, dys = 2yoys — y5 and dyr = y; — 3ysys + -

Moreover, ¢(z2) = Y2, $(z4) = ya, $(27) = y7 and (z9) = —Y2y7—Yaya.

We compute GT¢(AV, B; ¢). Let ar = (yr,1), a5 = (ys, 1) € Ders(B, H(B); f)

where f : B 5 H(B) and 87 = (z1,1), 8o = (o, 1) € Der(AV, H*(B); fo
¢) then ¢*(a7) = 07 and ¢*(as) = 0. Moreover, D(saz,0) = (0,67),
D(sas,0) = (0,0) and D(0,67) = D(0,6y) = (0,0). Hence [(sas,0)]
and [(0, f9)] are non zero homology classes. Moreover, (€., €.)(sas, 0) =
(sy%,0), (e, €)(0,0) = (0,y3). Therefore

G(AV, B; ¢) = ([(0,2)], [(sy3, 0)]) -
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RELATIVE GOTTLIEB GROUPS OF THE PLUCKER
EMBEDDING OF SOME COMPLEX GRASSMANIANS

J.-B. GATSINZI, V. ONYANGO-OTIENO, AND P. A. OTIENO

ABSTRACT. Let Gr(k,n) be the Grassmann manifold of k-linear sub-
spaces in C™. We compute rational relative Gottlieb groups of the Plicker
embedding i : Gr(2,n) - CPV~1, where N = n(n — 1)/2.

1. Introduction

All spaces are assumed to be simply connected CW complexes of finite type.
We denote by h : X — Xg the rationalization of X (3, §9]. Let f: X —» Y
be a pointed continuous mapping and map(X,Y’; f) the component of f in
the space of continuous mappings from X to Y. Consider the evaluation map
ev : map(X,Y;f) = Y. The nth evaluation subgroup of f, G,(Y, X; f), is
the image of m,(ev) in m,(Y) [17]. In the special case where X = Y and
f = 1x, one obtains the Gottlieb group G,(X) of X [4]. It is also obtained
as the image of the connecting map of the long homotopy exact sequence of
the universal fibration of fibre X. Gottlieb groups play an important role in
topology. For instance, if G,(X) = 0, then any fibration X — E — S™*!
admits a section [4, Corollary 2-7]. If X is a finite CW complex and Y a simply
connected CW complex of finite type, then the rationalization h : ¥ — Yg
induces a rationalization h, : map(X,Y; f) — map(X,Y;ho f) [5]. Therefore

evy(m(map(X,Y; f)) ® Q) = ev(m.(map(X, Yg; h o f))).

In [18] Lee and Woo introduce relative evaluation groups Gr¢(Y, X; f) and
obtain a long sequence

3 G (Y X f) = Ga(X) = Gr(Y X f) =GR (Y, X f) = -

called G-sequence [8]. This sequence is exact in some cases, for instance if f is
a homotopy monomorphism [13].

In this paper we describe the rational relative Gottlieb subgroup of the
Pliicker embedding i : Gr(2,n) < CPY~! of the Grassmanian of 2-subspaces
of C™ into the the complex projective space of dimension N—1 where N = n(n—
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1)/2. More specifically, we show that: GT¢/(CPN~1, Gr(2,n)q, hoi) splits as the
direct sum of the suspension of G.(Gr(2,n)g) and Gan_1(CPN~1,Gr(2,n)q,
ho1), where h : CPN~1 — CR)'~" is the rationalization.

2. Relative Gottlieb groups

We work with rational homotopy models of simply connected topological
spaces which were introduced by Quillen and Sullivan [14,16]. In this section
we give relevant definitions and fix notation. Details can be found in [3]. All
vector spaces and algebras are over the field of rational numbers Q.

Definition 1. A differential graded algebra (4,d) is a graded algebra A =
®n>0A" together with a differential d : A™ — A™t1 which is a derivation. The
degree of an element a is denoted by |a|. We assume that (4, d) is 1-connected,
that is, H°(A,d) = Q and H!(A,d) = 0. A graded algebra A is called commu-
tative if ab = (—1)l%lltlba, a,b € A. A commutative differential graded algebra
(cdga for short) (A,d) is called a Sullivan algebra if A = S(Ve¥*") ® E(V %),
where V = EBkZQVk. It will be denoted by (AV,d).

Definition 2. A Sullivan algebra (AV,d) is called minimal if dV C AZ2V. A
Sullivan model of (A, d) is given by a Sullivan algebra (AV,d) together with a
quasi-isomorphism f : (AV,d) — (A, d). It is unique up to isomorphism.

If X is a simply connected space of finite type, then the (minimal) Sullivan
model of X is the (minimal) Sullivan model of the cdga Apr,(X) of polynomial
differential forms on X [3, §10]. A simply connected topological space X is
called formal if there exists a quasi-isomorphism (AV,d) — H*(X,Q), where
(AV,d) is a Sullivan model of X.

The complex Grassmann manifold Gr(k,n) is the space of k dimensional
subspaces of C*. As Gr(k,n) = U(n)/(U(k) x U(n — k)) is a homogeneous
space of equal rank as well as a Kahler manifold, hence it is formal [16, §12],
[2]. A Sullivan model of Gr(k,n) can be computed using Proposition 15.6 of [3]
and it is explicitly given by Murillo [11, Theorem 2]. Moreover Gr(k,n) is a
complex manifold of dimension k(n — k) for which the rational cohomology is
the quotient algebra

/\(y21 Yay ooy ka)/(hn—k+1y ceey h’n—l) hn):

where h; is the polynomial of degree 2j in the Taylor expansion of the expression
1/(1+y2 + -+ y2x) [6]. A Sullivan model is given by

(A(y2, - s Y2k) Y2n—2k+1, - - -, Y2n—1), 4),

where dyp; = 0, dyon—2k+2j-1 = hn—k+j, 7 = 1,..., k. Moreover this model is
minimal. In particular, the minimal Sullivan model of Gr(2,n) is

A(Y2, Y4, Y2n—3,Y2n—-1), dy2 = dys =0, dyan—3 = hn_1, dYan—1 = hn.
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It can be shown by induction that

N= ( n ) > k(n— k).
k
Therefore H22N (Gr(k,n), Q) = 0. Hence y2' is a coboundary in

(/\(y21 s Y2k Y2n—2k+15 -+ y2'n,—1)) d)

We recall that the minimal Sullivan model of CPN~1 is given by
(/\(.’112, :EZN—I)’ d)v

where dzy = 0 and dzoy_1 = xév A Sullivan model of the inclusion % :
Gr(2,n) - CPY~! is then

(1) ¢ : (A(x2aI2N—1)7d) —¥ (/\(y2ay4;y2n—37y2n—-1)7d)a

where ¢(z2) = y» and ¢(zan—-1) =y, where dy = y3'.
Recall that if ¢ : (A,d4) = (B,dg) is a map of chain complexes, the map-
ping cone of ¢, denoted by Rel(¢) is given by

Rel(¢)* = (-S'A*—l @ B*; D)1

where the differential is defined by D(sa,b) = (—sda(a),¢(a) + dgb) [9] or
(10, p. 46]. Define chain maps J : B, — Rel,(¢) and P : Rel,(¢) — An—1 by
J(b) = (0,b) and P(sa,b) = a. There is an exact sequence of chain complexes

0— B, 5 Rel,(¢) 5 A,y =0
which induces a long exact sequence in homology [10, Proposition 4.3].

Definition 3. Let X be a topological space. We say a € m,(X) is a Gottlieb
element if the map: fV1x : S"VX — X extends to S™ x X, where f represents
the homotopy class a [4].

Gottlieb elements form a subgroup of m.(X) which will be denoted by
G.(X). It comes from the definition that G.(X) is the image of m.(ev) :
me(aut; X, 1x) — me(X, zo), where ev is the evaluation map at zg.

Definition 4. Let ¢ : (A,d) — (B, d) be a morphism of cdga’s. A ¢-derivation
of degree k is a linear mapping 6 : A® — B™~F such that 6(ab) = 0(a)d(b) +
(=1)*lel$(a)d(b). We denote by Der, (A, B; ¢) the vector space of ¢-derivations
of degree n and by Der(A, B; ¢) = &, Der, (A, B; ¢) the Z-graded vector space
of all ¢-derivations. The differential on Der(A, B; ¢) is defined by 60 = df —
(=1)*0d. We will restrict to derivations of positive degree, however in degree
one, we only consider those derivations which are cycles.

If ¢: A — Ais the identity mapping, we simply write Der A for Der(A, A;14).
Moreover if A = AV where {v1,vs,...} is a basis of V and ¢ : (AV,d) — (B, d)
is a morphism of cdga’s, we denote by (v;,b) the unique ¢-derivation 6 such
that 6(v;) = b and zero on other elements of the basis.
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Define the Gottlieb group of (AV, d)
Gn(AV) = {[0] € Hp(Der AV,48) : 0(v) =1, v € V™}.

Hence G.(AV) = im H,(ex), where ¢, : Der AV — Der(AV,Q;¢) is the post
composition with the augmentation map € : AV — Q. If X is simply connected
and (AV,d) is the minimal Sullivan model of X, then G,(AV) = G,(Xq),
where h: X — Xgq is the rationalization 3, Propostion 29.8].

Let ¢ : (AV,d) — (AW, d) be a Sullivan model of f : X — Y. It induces a
chain map ¢* : Der(AW) — Der(AV, AW; ¢) by pre-composition by ¢. We get
the following commutative diagram.

) Der AW — > Der(AV, AW; ¢) —L> Rel(¢%)

€x le.. l(e.,e.)

Der(AW, Q, €) . Der(AV,Q,¢€) T, Rel(gS:).

Then rational evaluation subgroups are corresponding images in the lower lad-
der induced in homology by vertical maps. Therefore there is a long sequence
" 7) H(P
o G (W) 8D G AV, AW ) YD Grel AV, aw; ) P
We will use the following result for our computations [9, Theorem 2.1], [1,
Corollary 7).

Theorem 5. Let f : X — Y be a map between simply connected CW complezes
where X s of finite type and ¢ : (AV,d) — (AW, d) its Sullivan model. The
long ezact sequence induced by the map f. : map(X, X;1x) — map(X,Y; f)
on rational homotopy groups is equivalent to the long ezact sequence of

¢* : Der(AW, d) — Der(AV, A\W; ¢).

We consider the particular case where f is the inclusion ¢ : Gr(2,n) —
CPN-1 for which the Sullivan model is given by (1). A direct computation
shows G (AW) = ([y3,_3], [¥sn_1]). See [15] for a general result on rational
Gottlieb groups of flag manifolds.

Lemma 6. Let N =n(n—1)/2. Then 2(N — 1) > 4n — 8 forn > 4.

Proof. Here 2(N — 1) = n(n — 1) — 2. The inequality n(n — 1) > 4n — 8 holds
for n = 4. For n > 5, then n(n — 1) > 4n, hence n(n — 1) — 2 > 4n — 8. O

Lemma 7. Let ¢ : (A(z2,z2n-1),d) = (A(Y2, Y4, Y2n—3,Y2n—1),d), where
#(z2) = y2, p(zan—1) = y and dy = yY. There is a ¢-derivation oy such
that az(z2) = 1 and which is a cycle.

Proof. We need to define ay on zon_1 so that

daz(il,‘zjv_l) = Olz(dIgN_l) =0.
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Hence
daa(zan—1) — az(dzan—1) = doz(zan—1) — c2(zd)
= daz(zan-1) — Nyp .

As the dimension of Gr(2,7) is less than 2(N — 1) by Lemma 6, then Ny) ~! is
a coboundary, that is, NyY ~* = dz. Define ap(zan—1) = z. Moreover day = 0.
As as(zz) = 1, then as cannot be a boundary, hence it represents a non zero
homology class in H,(Der(AV, AW; ¢), ). O

It is easily seen that the ¢-derivation asy_1 = (zan—_1,1) represents a non
zero homology class as well. As H(e.)([az]) = [z3] and H(e.)([@an-1]) =
[5n_1]), we get the following result.

Proposition 8. G.(AV,AW;¢) = Q([z3], [z3n_1])-

We decompose Rel, (¢*) = Ker(ex, €x) D K. As K is isomorphic to im(e,, €4),
a non zero element in GT¢(AV, AW ¢) is represented by an element in K,
modulo the kernel of (e, €.). Moreover the vector space K is spanned by

{(07 a2)7 (0: azN—l)s (Sﬁ27 0)) (sﬁ4a 0): (816271—31 O)) (SIBZ‘H.—-I) 0)}’
where 8; = (y;,1).

Lemma 9. (0,a3) = J(a2) represents a non zero homology class in
H>(Rel.(8*)).

Proof. As (0,a3) is a cycle, it remains to show that it is not a boundary.
Otherwise there exist 85 € Der(AW) and ag € Der(AV,AW;¢) such that
d(sB3, 03) = (—s6p3,6a3 + ¢*(B3)) = (0,02). Hence §8; = 0 and ¢*(f3) =
ay — dag. For degree reasons ag(z2) = 0, hence (das)(z2) = 0. Therefore
¢*(B3)(z2) = az(z2) = 1. We deduce that £5(y2) = 1. Moreover 5 cannot be
a cycle, otherwise H(e.)([85]) = [v3] # 0 would be a non zero Gottlieb element
in m2(Xgq), which is impossible [3, Proposition 28.8]. We conclude that [(0, a:2)]
is non zero homology class in Ha(Rel(¢*)). a

We can now determine GT¢'(AV; AW; ¢).

Theorem 10. The relative rational Gottlieb group G:EI(AV; AW; @) is isomor-
phic to the direct sum sG.(AW) @ Gan—1(AV, AW ;$). Moreover the sequence

(3) 0= Ga(AW) — Ga(AV, AW; ¢) L Grel(AV, AW; ¢) —— 0

s not exact.

Proof. A short calculation shows that df; # 0 and df4 # 0 (see [12]). Moreover
(sB2n—3,0) and (sfBan_3,0) represent non zero homology classes in Rel,(¢*).
However, in Rel,(¢*), one gets d(sy3,0) = (0, ?(yg)) = (0,z%). Hence
H(ex, ) ([0, @2)]) = [(0,z3)] is zero in H(Rel,(¢*)). We conclude that

G5 (AV, AW; ¢) = 0.
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Therefore
G AV, AW; ¢%) = im H (ex, €4)

= ([(5Y2n—3, 0)], [(s¥3n—1, 0)], [(0, z3n_1)])
$G(AW) @ Gan—1(AV,AW; ¢).

The sequence (3) is not exact as H(J)([z3]) = 0. Hence H(J) is not injective.
O

Remark 11. It was incorrectly stated that GT¢/(AV, AW; ¢*) = 0 in [7].
Example 12. Consider Gr(2,4) for which the minimal Sullivan model is

(A(y2) Y4,Ys, y7)1 d):

where dy, = dys = 0, dys = y3 — 2y2y4, dy7 = Y3 — y2ys. The inclusion
Gr(2,4) — CP? is modelled by

¢ (A(z2,211),d) = (A(y2, Y4, Y5, Y7), d),

where ¢(z3) = y2. As Gr(2,4) is a smooth manifold of dimension 8, then
the cohomology class [y$] is zero. Therefore there exits y € AW such that
dy = y5. A short computation shows that y3 = d(v2ys — 2yays — 4y297),
therefore y§ = d(y3ys—2y2yays—4y3yr). Hence ¢(x11) = ¥3ys —2v2yays—4v3y7.

Let ay € Der(AV,AW;¢) be the ¢-derivation defined by aa(z2) = 1 and
az(z11) = 6(y3ys — 2yays — 4yay7). Then ay is a cycle, hence H(e.)([oz]) =
[z5] € G2(AV, AW; $) is in the kernel of H(J).

References

[1] U. Buijs and A. Murillo, The rational homotopy Lie algebra of function spaces, Com-
ment. Math. Helv. 83 (2008), no. 4, 723-739.

[2] P. Deligne, P. Griffiths, J. Morgan, and D. Sullivan, Real homotopy theory of Kihler
mnanifolds, Invent. Math. 29 (1975), no. 3, 245-274.

[3] Y. Félix, S. Halperin, and J.-C. Thomas, Rational Homotopy Theory, Graduate Texts
in Mathematics, 205, Springer-Verlag, New York, 2001.

[4] D. H. Gottlieb, Evaluation subgroups of homotopy groups, Amer. J. Math. 91 (1969),
729-T756.

[5] P. Hilton, J. Roitberg, and R. Steiner, On free maps and free homotopies into nilpotent
spaces, in Algebraic topology (Proc. Conf., Univ. British Columbia, Vancouver, B.C.,
1977), 202-218, Lecture Notes in Math., 673, Springer, Berlin, 1978.

[6] M. Hoffman, Endomorphisms of the cohomology of complez Grassmannians, Trans.
Amer. Math. Soc. 281 (1984), no. 2, 745-760.

[7] R. Kwashira, A note on derivations of a Sullivan model, Commun. Korean Math. Soc.
34 (2019), no. 1.

[8] K. Y. Lee and M. H. Woo, The G-sequence and the w-homology of a CW-pair, Topology
Appl. 52 (1993), no. 3, 221-236. ‘

[9] G. Lupton and S. B. Smith, Rationalized evaluation subgroups of a map. I. Sullivan
models, derivations and G-sequences, J. Pure Appl. Algebra 209 (2007), no. 1, 159-171.

[10] S. MacLane, Homology, Springer-Verlag, Berlin, New York, 1995.
[11] A. Murillo, The top cohomology class of classical compact homogeneous spaces, Algebras
Groups Geom. 16 (1999), no. 4, 531-550.



RELATIVE GOTTLIEB GROUPS 7

[12] P. Otieno, J.-B. Gatsinzi, and V. Onyango-Otieno, Rational homotopy of mappings
between Grassmannians, Quaestiones Math., to appear.

[13] J. Z. Pan and M. H. Woo, Ezactness of G-sequences and monomorphisms, Topology
Appl. 109 (2001), no. 3, 315-320.

[14] D. Quillen, Rational homotopy theory, Ann. of Math. (2) 90 (1969), 205-295.

[15] H. Shiga and M. Tezuka, Rational fibrations, homogeneous spaces with positive Euler
characteristics and Jacobians, Ann. Inst. Fourier (Grenoble) 37 (1987), no. 1, 81-106.

[16] D. Sullivan, Infinitesimal computations in topology, Inst. Hautes Etudes Sci. Publ. Math.
No. 47 (1977), 269-331.

[17) M. H. Woo and J.-R. Kim, Certain subgroups of homotopy groups, J. Korean Math.
Soc. 21 (1984), no. 2, 109-120.

(18] M. H. Woo and K. Y. Lee, On the relative evaluation subgroups of a CW-pair, J. Korean
Math. Soc. 25 (1988), no. 1, 149-160.

J.-B. GATSINZI

DEPARTMENT OF MATHEMATICS AND STATISCAL SCIENCES

BOTSWANA INTERNATIONAL UNIVERSITY OF SCIENCE AND TECHNOLOGY
Email address: gatsinzij@biust.ac.bw

V. ONYANGO-OTIENO

STRATHMORE INSTITUTE OF MATHEMATICAL SCIENCES
STRATHMORE UNIVERSITY

Box 59857, NAIROBI

Email address: vonyango@strathmore.edu

P. A. OTIENO

STRATHMORE INSTITUTE OF MATHEMATICAL SCIENCES
STRATHMORE UNIVERSITY

Box 59857, NAIROBI

Email address: paotieno@strathmore.edu



