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Abstract 

The complex Grassmann manifold Gr(k, n) is the space of k dimensional sub­
spaces of en . Fork= 1, one gets epn-l, the space of lines in en. There is a 
natural embedding G(k , n) <-+ G(k, n + r). Moreover, any complex manifold 
can be embedded in some projective space epN. In particular, there is an 
embedding Gr(k, n) <-+ epN-l where N = (~) 0 

To a simply connected topological space, Sullivan associates in a functional 
way a commutative differential graded algebra (cdga) henceforth (/\ V, d) 
which encodes the rational homotopy type of X. This is called a Sullivan 
model of X . Given that H *(ePn, Q) is the truncated polynomial algebra 
1\xj(xn+l ), one gets a Sullivan model of the form (1\(x, y), d) where lxl = 2, 
jyj = 2n + 1 and dx = 0, dy = xn+l . For k 2: 1, one might use the homeo­
morphism G(k, n) = U(n)/(U(k) x U(n- k)) to find a Sullivan model. 

Moreover, iff :X --+ Y is a continuous mapping between CW-complexes, 
then there is a commutative differential graded algebra ( cdga) morphism 
¢ : (1\Vy, d) --+ (1\Vx, d) between Sullivan models of X andY. This is 
called a Sullivan model of f. 

In this thesis, we use a Sullivan model of the inclusion Gr(k, n) ~ Gr(k, n+ 
r) to compute the rational homotopy type of the component of the inclusion 
in the space of mappings from Gr(k , n) to Gr(k, n + r). Further, we will 
compute an L00-model of the component of the inclusion i and deduce its 
Sullivan model, using the generalised cochain Quillen functor. 

We seek to define a model both Sullivan and Quillen for the component of 
the inclusion and from it obtain the cohomology algebra and even attempt 
to determine whether the space is formal or not. 
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Chapter 1 

Introduction 

1.1 Sullivan and Quillen models 

The idea of rational homotopy theory is to assume the torsion part of homo­
topy groups. Sullivan, using Postnikov towers, builds a cdga model, which 
computes both rational homotopy and cohomology of the space. Quillen, on 
the other hand builds a differential graded Lie algebra (dgla) model which 
computes the homotopy Lie algebra of the loop space on X and can recover 
the cohomology [6]. 

The two distinct approaches by Quillen and Sullivan directly reflect the orig­
inal two means of computing homology and cohomology at the start of the 
twentieth century: simplicial homology of a polyhedron, and deRham coho­
mology of a manifold [ 6] . 

1.1.1 Sullivan models 

A differential graded algebra (dga) is a graded algebra A= ffi n>o An together 
with a derivation d of degree + 1. This means that for each- n, there is a 
vector space homomorphism d = dn : An --+ An+1 such that dod= 0 and 
d(a ·b)= d(a) · b + ( -1) 11a · d(b). Then (A , d) is called a cochain algebra. A 
graded algebra A is commutative if a · b = ( -1 )deg a·deg bb · a for a, b E A [5, 
Chap .3] . 

A cochain algebra of the form(/\ V, d) in which V = V~0 satisfies the Sullivan 
condition if V is the union of an increasing family of subspaces: 

V(O) c V(1) c · · · · · · V(r) c · · · 
such that d = 0 in V(O) and for r ~ 1, dV(r) c 1\V(r- 1). A Sullivan 
algebra is a commutative cochain algebra of the form (/\ V, d) which satisfies 
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the Sullivan condition. A Sullivan model for a commutative cochain algebra 
(A, d) is a quasi isomoprphism m : (/\ V, d) ---4 (A, d) from a Sullivan algebra 
( !\ V, d). A Sullivan algebra is said to be minimal if the differential is decom­
posable, that is Jm d c !\ +v · !\ +v. Moreover, if H 0 (A) = lF, then (A, d) 
has a minimal model which is determined up to isomorphism. A space X 
is formal if there is a quasi isomorphism ( !\ V, d) ---4 H* (X, Q). Moreover, 
complex Grassmann manifolds are formal [3] . If X is a nilpotent space, and 
APL(X) the commutative differential graded algebra (cdga) of piecewise lin­
ear forms on X, then a Sullivan model of X is a Sullivan model of Ap£(X) 
[5 , Chap.12] . 

In the following examples of Sullivan models, the subscript on a generator 
indicates its degree. A model of an odd sphere S2n+l is c.p: (A(x2n+1), 0) ---4 

Ap£(S2n+1
), where c.p(x) is any representative of the unique cohomology gen­

erator of degree 2n + 1. On the other hand, a model of an even sphere S2n is 
c.p : (A(Y2n , Z4n-d, d) ---4 Ap£(S2n) , where, dz = y2 and c.p(y) represents the 
unique cohomology generator of degree 2n. The complex projective space 
(CPn) has a model given by c.p : (/\(u2, X2n+l), d) ---4 Ap£(CPn) where, 
dx = ·un+l and c.p('u) represents the algebra generator of H*(CPn ; Q) which 
is a truncated polynomial algebra on a generator of degree 2 [13]. 

1.1.2 Quillen model 

A differential graded Lie algebra is a vector space (L, d) endowed with a 
bilinear map [- , - J : L ® L ---4 L (called bracket) of degree zero such that 
the following are satisfied: 

1. (Graded skew symmetry) [a, b] = -( -1)deg(a)deg(b)[b, a]. 

2. (Graded Jacobi identity) [a, [b, c]J =[[a, bj, c] + (- )deg(a)deg(b)[b, [a, c]J. 

3. Graded Leibniz rule d[a, b] = [da, b] + (- )deg(a) [a, db]. 

The Leibniz rule implies in particular that the bracket of a differential graded 
Lie algebra say (L , d) induces a structure of graded Lie algebra on its coho­
mology H*(L) = EBi Hi(L) [1 , Pg.786] . 

An L00-algebra structure on a graded vector space L often denoted by (L, {lk}k>l) 
is a collection of linear maps called brackets, lk for k 2': 1 of degree k - 2. -

such that the following conditions are satisfied. 
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1. lk are graded skew symmetric i.e ., for any k permutation CY 

where Eu is the sign given by the Koszul convention. 

2. The generalised Jacobi identity holds i.e. 

L L sgn(cr)Ecr(-l)i(j-l)[[xcr(l)•· · · ,xcr(i)],Xcr(l)• · ·· ,xcr(n)] =0, 
i+j=n+l crES(i ,n-i) 

where S(i, n - i) denotes the (i, n - i) shuffles whose elements are 
permutations CY such that CY{1) < · · · CY('i) and CY(·i + 1) < · · · < CY(n) . 

L00 structures are in one to one correspondence with codifferentials on the 
non unital , free commutative co algebra A+ sL in which s denotes suspension 
i.e ( sL )k = Lk-1 [15] . 

Note that if L is a graded vector space of finite type, an L00 structure on 

L induces a commutative differential graded algebra structure coo ( L) = ( 1\ 

(sL)~, d) , d = 2::: ">1 dj, where di : V -----7 1\iV is defined by (div; sx1 1\ · · · 1\ J_ 

sxj) = ( -1)E(v ; slj(x1, · · · , Xj)) and E = ( -1)1vi+I:{:~(j-k)lxkl [2]. This is a 
generalisation of the Quillen cochain functor to Loo algebras [5, Chap.23]. 

An Loo algebra (L, {lkh> 1 ) is minimal if l1 = 0. Further, an Leo algebra is an 
Loo model of a simply connected complex X , if it is a model of the differential 
graded vector space .A(X), here .A denotes the Quillen functor that associates 
to any simply connected space X, a differential graded vector space L (free as 
a Lie algebra) .A(X) , which determines an equivalence between the homotopy 
categories of rational simply connected spaces and that of reduced (L~o = 0) 
differential graded vector spaces over the rationals. If X is simply connected 
and of finite type , and IL denotes the Quillen model of .A(X), then C00 (!L) is 
quasi isomorphic to the Sullivan model of X [2] . 

1.2 Grassmann manifolds 

Let U(n) denote the unitary group, then Gr(k, n) = U(n) / U(k) x U(n- k) 
[17]. It is a simply connected complex manifold of dimension k(n- k) [12 , 
Lecture 11, Pg. 138]. 

The cohomology ring H*(Gr(k , n), Q) of Gr(k, n) as an algebra is generated 
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by the Chern classes ci E H 2i(Or(k ,n) , Q) for 1 :::; ·i :::; k. Further, the 
cohomology ring has a presentation: 

as the quotient of the polynomial ring generated by c1 , c2 , · · · , ck, lei! = 2i, 
modulo the ideal generated by the elements hj , n- k + 1 :::; j :::; n , here, hi 
is defined as the 2/h degree term in the Taylor 's expansion of (1 + c1 + c2 + 
c3 + · · · + ck) -l where (1 + c1 + c2 + c3 + · · · + ck) is the total Chern class [18] . 

The elements hi , ( n - k + 1) :::; n, form a regular sequence in the polynomial 
algebra Rk = Q[c1 , c2 , · · · , ck] for any n ~ 2n, i.e., hn-k+l =/= 0 and hn-k+r 

is not a zero divisor in Rk / (hn-k+l , · · · , hn-k+7. _ 1) , 2 :::; r :::; k . The natural 

embeddings i : Gr(k , n) Y Gr(k , n + 1) and j : Gr(k , n) Y Gr(k + 1, n + 1) 
induce surjections: 

i* : H * ( Gr(k , n + 1), Q) -+ H * ( Gr(k , n) , Q) 
and 

j*: (ar(k+1 ,n+1)) -+H*(Gr(k, n),Q) 

where 
i*(xr + In+l ,k) = Xr + In ,k = j*(x r + In+l ,k+l) 

for 1 :::; r :::; k and j*(xk+l + l'n+t,k+t) = 0, with In ,k being the ideal 
(hi : j > n- k), generated by the elements hi for n- k + 1 :::; j:::; n [21]. 

We take an example of the minimal model of Gr(2 , 4) from its cohomology 
algebra over the rationals: 

where h3 and h4 are the mononomials of degree · 6 and 8 respectively in 
the Taylor expansion of (1 + x2 + x4)-1 . This gives h3 = 2x2 x4 - x~ and 
h4 = x~- 3x~x4 + x~. Hence, 

As Gr(2, 4) is formal , a Sullivan model of Gr(2 , 4) is given by (A(x2 , X4, y5 , y1 , d)), 
dx2 = dx4 = 0, dy5 = 2x2x4 - x~ and dy7 = x~- 3x~x4 + x~ . 
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1.3 Statement of the problem 

Function spaces are a critical component of homotopy theory whose research 
dates back to 1930's [23] . The introduction of localization techniques in­
troduced a new depth of study while opening up new problems in the area. 
There is however no explicit and complete description of the homotopy type 
of the component of the inclusion i : Gr(k , n) Y Gr(k, n + r) in the space 
of mappings from Gr(2, n) to Gr(2, n + r), r 2:: 1. We begin our work with 
a model of the inclusion. 

1.4 Objectives 

1.4.1 General objective 

To determine the rational homotopy type of the component of inclusion in 
the space of i: Gr(k, n) Y Gr(k, n + r) . 

1.4.2 Specific objectives 

1. To determine the rational homotopy type of the component of inclusion 
in the space of continuous functions from Gr(2, n) to Gr(2 , n+r) using 
Sullivan model. 

2. To determine the derivation spaces and the rationalized G-sequence of 

map( Gr(2, n), Gr(2, n + r); in,r). 
3. To determine the rational homotopy type of the component of inclusion 

in the space of continuous functions from Gr(k , n) to Gr(k, n+r) using 
the Sullivan model. 

1. 5 Significance of the research 

Function spaces are at the foundations of homotopy theory and appear in 
the literature dating back, at least, to Hurewicz's definition of the homotopy 
groups in the 1930s [23]. Of particular interest to homotopy theorists are 
function spaces with current research having connections to mathematical 
Physics in the study of space of loops on the Lie group, closed geodesics 
problem for a compact Riemann manifold. 

A more recent and active area dubbed homotopy type theory for big data 
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is another frontier opening up where it is possible that homotopy type will 
be a game changer with regards to automation and computation in the near 
future. 
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Chapter 2 

Literature Review 

2.1 Introduction 

Function spaces have been objects of central interest to homotopy theorists, 
and their study has seen steady activity for over sixty years. Current research 
in this area is remarkably diverse with connections to other areas ranging 
from geometry to analysis to robotics . These spaces are at the foundations 
of homotopy theory and appear in the literature dating back, at least, to 
Hurewicz's definition of the homotopy groups in the 1930s. Work focusing 
explicitly on the homotopy theory of a function space first appears in the 
1940s. In 1946, Whitehead classified the homotopy types represented by the 
path-components of a function space focusing on the case map( S 2

, S 2
) . It 

was later shown that 1r1 (map(S2
, S 2

; lm)) ~ Z/2jmj where lm is the map of 
degree m thus distinguishing components of different degree. 

Barely a decade later Thorn [25] and Federer [4] appeared giving dual meth­
ods for computing homotopy groups of components of map(X, Y). In the 
same period Gottlieb introduced and studied the evaluation subgroups of 
Gottlieb groups: 

Gn(X) = im {w: 7rn(map(X, X ; 1)) -t 7rn(X)} ~ 7rn(X) , 

initiating a rich literature on the evaluation map [8]. 

In the 1970s Hansen began a systematic study of the homotopy classifica­
tion problem for the path components of map(X, Y) [11] . He completed the 
classification for map(Sn, sn) . He and other authors obtained complete re­
sults in many special cases involving spheres , suspensions, projective spaces 
and certain manifolds [7]. The advent of localization techniques introduced 
new depth to the study of function spaces while opening up a wide range 
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of fundamental problems and applications. In his seminal paper on rational 
homotopy theory, D. Sullivan sketched a construction for an algebraic model 
for components of map( X, Y) for X andY simply connected OW-complexes 
with X finite, as an extension of Thorn's ideas (24]. The study of the ratio­
nal homotopy type of function spaces started with Thorn in the case where 
the codomain is an Eilenberg-MacLane space (25]. Moreover, Sullivan's con­
struction was completed by Haefliger (10] . 

The first description of a Sullivan model of function spaces is due to Hae­
fliger (10]. Moreover, a model of function spaces between complex projective 
spaces was given by M0ller and Raussen using the Postnikov tower (19]. 

Since then, the rational homotopy of mapping spaces has been extensively 
studied in two major settings, the Sullivan and Quillen models approach. 
Each of these approaches is hinged on replacing the classical homotopy cate­
gory by that of commutative differential graded algebras, differential graded 
Lie algebras, respectively. The version of up to homotopy of the latter alge­
braic structure derives in the concept of £ 00 algebra introduced first in the 
context of deformation theory of algebraic structure (22]. 

Lupton and Smith show that the rational homotopy groups of map( X, Y; f) 
can be expressed in terms of ¢-derivations, where, <P is a Sullivan( or Quillen) 
model of f as detailed in Chapter 4. 

Moreover, Buijs, Felix and Murillo give an explicit £ 00 model of map( X, Y; f) 
We follow (2] for the following. 

Let <P : (A, dA) ----t (B, ds) be a morphism of cochain algebras. A ¢­
derivation () of degree n is a linear map A* ----t A*-n such that ()(ab) = 
()(a)¢(b) + ( -1tlal¢(a)()(b). We denote by Dern(A, B, ¢) the vector space 
of all ¢-derivations of degree n. Define a differential of chain complexes 
8 : Dern(A,B ,¢) ----t Dern-l(A,B,¢), by 8() = ds()- (-)1°1()dA . 

If <P : (A V, d) ----t ( B, d) is a morphism of commutative differential graded 
algebras, then there is an isomorphism of vector spaces 

Der(AV, B, ¢) ....::__, H om(V, B). 

Moreover, if {v1,··· ,vn} is a basis for V we will denote by (vi,bi) the¢­
derivation () such that: 
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Consider positive derivations defined by: 

~ {D eri(AV, B, ¢) ih 2:: 2 
Deri(AV, B,¢) = ( ( )) Z Deri A V, B , ¢ if i = 1. 

~,d) = (A V, d) is a Sullivan algebra, then given j 2:: 2 and rp1, · · · , 'Pi E 

Der(A V, B , ¢), of degrees p1 , · · · , Pi , we define their bracket of length j, 

[rp1 ,· · · ,rpi] E Ikr(AV, B , ¢) by 

['Pl , · · · , 'Pj ](v) = ( -l)P1 + ··+pi - l L ( L . Erp(vl · · · Vi 1 · • • Vij · · · vk) <.p(viJ · · · 'P j(Vii )) , 
't!, ''' ,t ; 

where dv = 2:::: v1 · · · 'Vk and E is the sign given by the Koszul convention . 
These operations may be desuspended to define a set of linear maps { li }12.:1 

each of degree j - 2 on s-1 Der(A V, B, ¢) as follows : 
For j = 1 

h: s-1Ikr(AV,B ,¢)---+ s-1Der(AV,B,¢) , l1(s- 1B) = -s-16B . 

For j = 2 define 

by 
lj(s-1rp1, ... , s-1rpj) = ( -1r"s-1[rpl, ... , 'Pil 

and a= I:~:~ (j- n) + i'Pni · 
Further, let f : X ---+ Y be a continuous function between 1-connected 
spaces and map( X , Y ; f) the component off in the space of continuous maps 
from X to Y . Let ¢ : (A V, d) ---+ B be a commutative differential graded al-

gebrq, model of f. Lemma 3.3 of[2] proves that (s-1 Der(AV, B, ¢), {li}J~ 1 ) 
is an L00 model of map(X, Y; f). 
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Chapter 3 

Rational Homotopy Type of 
the component of Inclusions 

3.1 Rational homotopy type of Gr(2, 4) Y Gr(2, 5) 

3.1.1 The inclusion and its model 

Recall that 

H* ( Gr(2, 4), Q) = A(y2, Y4) I (2Y2Y4- y~, Yi- 3y~y4 + Y~). 

Moreover, 

H* ( Gr(2, 5), Q) = A(x2, x4) I (x~- 3x~x4 + x~, 4x~x4- 3x2x~- x~) . 

Hence the minimal Sullivan model of Gr(2, 5) is given by ( A(x2, x4, x7, x9 ), d) 

where dx2 = dx4 = 0, dx7 = x~- 3x~x4 + x~ and dx9 = 4x~x4 - 3x2x~- x~. 

The inclusion i : Gr(2, 4) c.......t Gr(2, 5) has a model given by 

¢: A((x2, x4 , X7, xg), d) -----+ A(y2, Y4) I (2Y2Y4- y~ , Yi- 3y~y4 + y~), 

where ¢(x2) = y2, ¢(x4) = y4 , ¢(x7) = 0 and ¢(x9 ) = 0. Let (A V, d) = 
(A (x2, X4, x7, xg), d) and B = A(y2, Y4) 1(2Y2Y4 - y~, Yi- 3y~y4 + YD · 

The vector space Der(AV, B ; ¢) is generated by: 

ag = (xg, 1) , a7 = (xg, Y2), as = (xg, Y4), a~ = (xg, y~), a3 = (xg, Y2Y4), 
a1 = (xg , Yi = 2y~y4), /37 = (x1, 1), /3s = (x7, Y2), /33 = (x7 , Y4), /3~ = 
(x1 , y~), /31 = (x1, Y2Y4), /4 = (x4, 1) , /2 = (x4, Y2), B2 = (x2 , 1). 
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Computing the Lie brackets we get: 

[82 , 82] = -96a3 + 24,8~ - 6,83, 
[82, 'Y2J = l8a3 - 6,8~, 
[82, 'Y4] = 24a~ - 6as - 6,Bs , 
b2 , 'Y2J = -6a3 + 2,8~ , 
b2 , 'Y4] = -6a~ + 2,Bs, 
b4) 'Y,t] = 2,87) 

[02, 02 , 82] = 24as - 120a~ + 24,Bs , 
[82, 82, 'Y2] = 24a~- 6,Bs, 
[82 , 82 , 'Y4] = 24a7- 6,87, 
[82, ')'2, 'Y2l = -6a~, 
[82 , ')'4, 'Y4] = -6ag, 

[82 , 82, 82, 82] = -12oa7 + 24,87, 
[82, 82 , 82 , 'Y2] = 24a7 , 
[82, 82, 82, 'Y4] = 24ag, 

and other brackets are zero. 

We further obtain 882 = -4a1 + 2,81 , 81'2 = -a1- 4,81 and 8')'4 = -a3 + 4,8~ 
with oai = 8,Bj = 0. If L = s-1 Der(l\ v, B)¢) ) then letting Xi = a~) Yi = 
,BJ, Wj = ')'J and Z2 = 8t We obtain 

where 

d(xi) = -~z2- w2, 

d(yr) = ~Z2 - ~'W2, 

d(x3) = w4 - 916 z~ + 1
1
8 w2z2- tw~ , 

d(y3) = ~W4- ~z~, 

d( I) 1 2 1 1 2 Y3 = 24z2- 6z2w2 + 2w2, 
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d(y ) - 1 z 3 1 z2·w 1 z ·w + 1 ·w ·w 5 - 24 2 - 6 2 2 - 6 2 4 2 2 4) 

Note that the ideal generated by (x1 , y1 , w2 , z2 ) is acyclic, hence c=(L) is 
quasi-isomorphic to 

Hence, map( Gr(2, 4)) Gr(2, 5); i) has the rational homotopy type of S3 X S3 X 

S5 X S5 X S 5 X S7 X S7 X S 9 ' We can hence generalise the result as follows: 

Theorem 1. Let in : Gr(2, n) Y Gr(2, n+ 1) be the inclusion. The mapping 

space ( Gr(2, n), Gr(2, n+ 1); in) has the rational homotopy type of a product 

of odd spheres. 

Proof. Since H* ( Gr(k, n), Q) = /\(c1, c2, · · · , ck) I (hn-k+l, · · · , hn), lei I = 
2·i, then it follows that: 

H* ( Gr(2, n), Q) = l\(x2 , x4) / (hn-1, hn) and 

H*( Gr(2,n+ 1),Q) = l\(x2,x4)1(1•n,hn+1)· 

Hence a model of Gr(2, n + 1) is given by ( 1\ (x2, X4, X2n-1, X2n+I), d) with 

dx2 = dx4 = 0, dx2n-l = hn and dx2n+l = hn+1 · Assume n > 4. The 
inclusion Gr(2, n) Y Gr(2, n + 1) hence has a model, 

l/J: /\(x2, X4, X2n-l , X2n+1) --+ /\(y2, Y4) I (hn-1, hn) · 

Moreover, Gr(2, n) is a complex manifold of dimension 2(n- 2), and a real 

dimension of 2 ( 2(n- 2)) = 4n- 8. 

The Grassmann manifold Gr(2, n) being a symplectic manifold has a sym­

plectic class represented by y2 E H 2 ( Gr(2, n), Q). Further, y~ is a non zero 

cohomology class for 1 ::; i ::; ( 2n - 4) . 

Let 
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The only even degree ¢-derivations are 82 = (x2, 1), 12 = (x4 , y2) and 14 = 
(x4, 1). Let a1 = (x2n-1, y;-1) and /31 = (x2n+l 1 y~). Note that Leven 
(82 , 12, /4)· Let 

and 

Then, 

DB2(x2n-d = an · n · y;-1 + bn-2 · (n- 2) · Y4Y;- 3 + · · · 

DB2(x2n+1) = bn · n · y!J: + bn-2 · (n -1) · Y4Y;-2 + · · · 

D{2(X2n-1) = an-2 · (n- 2) · Y2Y~-3 + · · · 

D{2(X2n+l) = bn-2 · (n- 1) · y;-1 + · · · 

D{4(X2n-1) = an-2 · (n- 2) · y;-3 + · · · 

D{4(X2n+l) = bn-2 · (n- 1) · y;-2 + · · · 
Hence, 

&82 = n · an · a1 + n · bn · fJ1 + · · · 

0{2 = bn-2(n- 1)a1 + 0/31 + · · · 
We deduce that c) : L2 --+ L1 is injective. Therefore, H2 (L, c>) = 0 as &82 and 
&12 are linearly independent. In the same way H4 (L , o) = 0. Moreover, all 
brackets involving odd dimension ¢-derivations are zero. We conclude that 
H*(L) is concentrated in odd degrees with all brackets being zero. 

Hence, C 00 (s-1 L) has a minimal model of the form (AX, 0) , where X= xadd_ 

Therefore, map( Gr(2, n) , Gr(2, n + 1) ; in) has the rational homotopy type 

of a product of odd spheres. 
0 

3.2 Rational homotopy type of Gr(2, 4) '---+ Gr(2, 7) 

3.2.1 Introduction 

Having established that for r = 1 and map( Gr(2, n), Gr(2, n + r); in,r) has 

the rational homotopy type of a product of odd spheres, we now set to vary 
r in the inclusion Gr(2, n) Y Gr(2, n + r), r ~ 2. 
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3.2.2 The inclusion Gr(2, 4) ~ Gr(2, 7) and its model 

A model of the inclusion is: 

¢: ( 1\ (x2 ,.x4,xu ,x13) , d) -t l\(y2,Y4)j(h3,h4), 

where ¢(x2) = Y2, ¢(x4) = Y4 and ¢(xu)= ¢(x13) = 0. Here, dx2 = dx4 = 0, 

with h3 = 2Y2Y4 -y~ and h4 = y~-3y~y4 +Y~- The vector space Der(l\ V, B, ¢) 
is spanned by: 

a13 = (x13, 1) , au = (x13, Y2) , ag = (x13, Y4), a~ = (x13, y~), a7 = 
(x13, Y~ = 2Y2Y4), as = (x13, Y~ = 2y~y4 = Yi) , 

f3u = (xu , 1) , f3g = (xu , Y2), {37 = (xu, Y4), {3; = (xu, y~) , f3s = 

(xu, Y~ = 2Y2Y4), {33 =(xu, Y~ = 2y~y4 = Yi), 

'Y2 = (x4 , Y2), 'Y4 = (x4, 1), 

Computing the brackets we get; 

[02, 02] = 12{33, 
["14, 'Y4] = -6{37 , 
["12' 'Y2] = 26{33' 
[02, 'Y2] = 12{33, 
[82 , 'Y4] = 12{35 - 2076a5 , 

["12, 'Y4, 'Y4] = -6{3g, 
["14 , 'Y4, 'Y4] = -6f3u, 
[82 , "12, 'Y2l = 24f3s + 168a5 , 

["12, 'Y2, 'Y4] = -2{3; , 
["12, "(2, 'Y2l = -6f3s , 
[02, 02, 'Y2] = -2076as - 132f3s, 
[02, 02 , 'Y4] = 24{37 + 24{3;- 2076a7, 
[02, 02 , 02] = -72f3s - 6030as, 
[82, 'Y4, "(4] = 168a9 + 24{39 , 

[82, 82, 82, 'Y2l = -24{3;- 2016a1, 
[02, 02 , 02 , 'Y4] = 168ag - 2160a~ - 144{3g, 
[02, 02, 'Y2, 'Y2] = 24{3; + 168a7, 
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[02 , 02 , /4, /4] = 24,Bn + 168au, 
[02, 02 , 02 , 02] = -24,87 - 6120a7, 

[02, 02 , 02, 02, 12] = -144,Bg - 2160a~ , 
[02, 02 , 02 , 02, /4] = -144,Bu + 2160au, 
[02 , 02 , 02 , 02 , 02] = -2160ag- 5040a~, 

[02, 02 , 02 , 02, 02 , 02] = -5040au, 
[02, 02 , 02, 02, 02, /4] = -2!60a13, 
[02 , 02 , 02, 02, 02, /2] = -2160au and 

[02 , 02 , 02, 02, 02, 02, 02] = -5040a13 , with the other brackets being zero. We 
further obtain 614 = -3,83 and 612 = 502 = 0. If L = Ver(I\V,B;¢>), and 
letting Xi = a~, Yi = ,BJ, 'Wj = 1J and Z2 = fit we get 
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Let Z4 = -iw~ + 2
1
4 w2z2- 214 z~- ~w4 {::} w4 = - 1

1
6 zi + ~WzZz- ~w~- 3z4 . 

Then the above Sullivan algebra is isomorphic to 

d(x5) 

d(y5) 

d(xu) 

d(yu) 

As the ideal generated by Y3 and Z4 is acyclic, c=(s-1 L) is isomorphic to 

3.3 Rational homotopy type of Gr(2, 4) Y Gr(2, 8) 

A model of the inclusion is; 
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3 32 7 5 4 23 42 6 8 dx13 = 4x2x4-10x2x4-x2+6x2x4, dx15 = x4-10x2x4+15x2x4 -7x2x4+x2, 

with h3 = 2Y2Y4 - y~ and h4 = y~ - 3y~y4 + Yi . 

L = Der(l\ V, B; ¢) is spanned by the following ¢-derivations: 

a15 = (x15, 1), a13 = (x15, Y2), an = (x15, Y4), a~1 = (x15, y~), ag = 
(x15,y2y4), a~= (x15 , y~), a7 = (x15,yi), a~= (x15,yn, a~= (x15,y~y4), 

(313 = (x13, 1), f3n = (x13, Y2), (3g = (x13, Y4), (3~ = (x13, y~), (37 = 
(x13, Y2Y4), (3; = (x13 , y~), (35 = (x13, Yi), (3~ = (x13, y~), (3~ = (x13, Y~Y4), 

"/2 = (x4, Y2), "/4 = (x4, 1) and 82 = (x2, 1) . 

Computing the brackets, we get 

[02, "/4] = 168(3~- 2160(35, 
["14, "!4] = 168(3; + 24a~ + 120a~ + 1392a7, 
b2, "/4] = 168(35, 

[82, o2, 82] = 168(3~- 2160(3~- 5040/35, 
[82, "/4, "/4] = 168(3g + 120ag + 1392a~, 
[ o2, 12, 12l = 168(35, 
[82, "/4, 12] = 168(3; + 1392a7 + 120a~, 
[02, 02, "14] = 168(37- 2160(3; + 120a~ + 1392a~ - 7920a7, 
[82, o2, 12l = 168(3~ - 2160(35, 

[82, 82, 82, "14] = 168(3g- 2160(3~ + 1392(3g- 7920a~, 
[82, o2, o2, 12l = 168(37 - 216o(3;, 
[02,02,"/4,"/4] = 168f3n + 120an + 1392a~ 1 , 
[02,02,"/2,"/2] = 168(3; + 120a~ + 1392a7, 
[02, 02, "/2, "/4] = 168(3~ + 120ag + 1392a~, 
[02, 02 , 02, 02] = -2160(37- 5040(3; + 1392a~ - 7020a~, 

[02,02 , 02,"/4,"/4] = 168(313 + 1392a13, 
[82, 82, 82, 12, 12l = 168(3~ + 1392a~, 
[02,02,02,"/2,"/4] = 168f3n + 1392a~1 , 
[02, 02, "/4, "/4, "/2] = 120a13, 
[02, 02, "/2, "/2, "/2] = 120a~, 
[02,02,"/2,"/2,"/4] = 120an, 
[82, 82, 82, 82, 82] = -2160f3g- 5040(3~- 7920ag, 
[02, 02, 02, 02, "/2] = -2160(3~ + 1392a~- 7920a~, 
[82,82,82,02,"/4] = -2160f3n + 1392a~ 1 -7920a~ 1 , 
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[82, 82 , 82, 82, 82 , 82] = -5040,Bu- 7920au , 
[82,82,82,82,82,12] = -2160,Bu-7920a~ 1 , 
[82, 82, e2, 82, 82, 'Y4] = -2160,813- 7920a13 

and [82, 82, 82, 82, 82, 82 , 82] = -5040,813 with 012 = 014 = 882 = 0 and the 
other brackets being zero as well. Note that O"f2 = 014 = o82 = 0 implies 
that l1 = 0 hence for k = 4, the inclusion gives a minimal l00 algebra. Put 
Xi= a~, Yj = ,BJ, Wj = ,J and Z2 = 8~ . Hence 

where 

Observe that [w2]i is a non zero cohomology class fori = 0, 1, 2, · · ·. Hence, 
H* (coo( s-1 L)) contains a polynomial algebra. The observation of the last 
two examples lead us to the following results (Theorems 2 and 3). 

Theorem 2. The cohomology of map ( Gr(2 , n) ~ Gr(2, n + r) , in,r) con­

tains a truncated algebra Q[xJj(xr-n+4), where lxl = 2. 

Proof. Recall that the cohomology rings of Gr(2, n) and Gr(2, n + r) are 
respectively: 
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B = H * ( Gr(2, n), Q) = 1\(xz, X4) I (hn-1, hn) and 

H* ( Gr(2, n + T), Q) = 1\(xz, X4) I (hn+r-1 , hn+r) . 

The minimal model of Gr(2, n + r) is 

(1\V, d) = (l\(xz ,X4,X2n+2r-3,X2n+2r-l),d) withd(xz) = d(x4) = 0, d(x2n+2r-3) = 
hn+r-1, d(xzn+2r-d = hn+r· A model of the inclusion is then given by 

where ¢(x2) = Yz , ¢(x4) = Y4 and ¢(xzn+2r-3) = ¢(xzn+2r-l) = 0. The vector 
space Der(l\ V, B; ¢) is spanned by: 

Ctzn+2r-l = (x2n+2r-l , 1), Ctzn+2r-3 = (x2n+2r-l , Yz), Ctzn+2r-5 = (X2n+2r-l > Y4), 
· · ·, Ctzn+2r-9 = (x2n+2r-l, Yin-4), f32n+2r-3 = (x2n+2r-3 , 1), f32n+2r-5 = 
(x2n+2T·-3, Yz), f3zn+2T·-5 = (x2n+2T·-3, Y4), · · ·, f32n+2T·-ll = (x2n+2T·-3, Yin-4), 
'Y4 = (:r4 , 1), 'Y2 = (.T4, Yz) and e2 = (xz, 1). 

As PI = (b"-y4)(xzn+2r-3) and P2 = (8-y4)(xzn+2r-I) are polynomials of degree 
at least 2n + 2r- 6. If r > n- 1, then 2n + 2r- 6 > 4n- 8. Therefore 

P1 and P2 are zero in l\(xz,x4)1(hn-bhn)· Hence, (b"-y4) = 0. Similarly, 

b"-yz = b"B2 = o. 

On the other hand q1 = lk('Yz, · · · , 'Yz)(dxzn+2r-3) and qz = lk('Yz, · · · , 'Yz) 
(dxzn+2r-l) are polynomials of degree ~ 2n + 2r- 2- 2k. If k < r- n + 3, 
then ql and q2 are of degree > 4n - 8. Therefore, lk('Y2, · · · , -y2) = 0 for 
k = 2,· ·· ,r- n + 3. In C00 (L), put 'Y~ = Wz. Then [w~] f= 0 fori 
1,··· ,T-n+3. D 

Theorem 3. Consider the inclusion in,r : Gr(2, n) Y Gr(2 , n + r) . If 

r > 3n- 6, then the cohomology of map ( GT(2, n), Gr(2, n + r)) contains a 

polynomial algebra over a generator of degree 2. 

Proof. Let¢ : ( l\(xz,X4,X2n+2r-3,X2n+2r-!),d)----+ l\(yz,Y4)1(hn-l,hn) be 

a model of in,r· Assume n ~ 4, in particular r ~ 3n - 8, then any odd 
derivation is of degree at least (2n + 2r- 3) - ( 4n- 8) = 2r- 2n + 5 ~ 5. 
Hence L3 = L1 = 0. Moreover, -y2 = (x4 , y2) is automatically a cycle (as 
L1 = 0) which is not a boundary (as L3 = 0). It is sufficient to show that 
lrn('Yz , · · · , -y2) = 0 form ~ 2, where lm denotes the bracket length m . 
We consider the case when n + r is even, the other case is dealt with in a 
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similar way. 
Form> n+r l = 0. Assume 2 < m < n+r 

2'm - -2 ' 

L {3iy~-m. yr; . .. y~+r-l-2i (3 .2) 
i2:m 

The right hand side of (3.1) and (3.2) are polynomials of total degree ~ 
2n + 2r- 2m-2. Assume now that r > 3n- 6: 

::::? n + r - 2 > 4n - 8 

::::? 2n + 2r - 2 - ( n + r) > 4n - 8 

::::? 2n + 2r - 2m - 2 > 4n - 8 

as m ::; n~r . Therefore, lm('y2 , · · · , 12 ) = 0 for all m ~ 0. 

3.4 Inclusion of Gr(3, 6) in Gr(3, 7) 

0 

Consider the inclusion Gr(3, 6) Y Gr(3 , 7) i.e, k = 3, n = 6 and r = 1. 

A Sullivan model of Gr(3 , 7) is ( 1\ (x2,x4,x6,x9 ,x11 ,x13),d) with d(x2) = 
d(x4) = dx6 = 0 and 

and 

3 32 7 5 2 4 d(x13) = 4x2x4 - 10x2x4 - x2 + 6x2x4- 3x2x6 - 5x2x6. 

Furthermore, the cohomology ring of Gr(3, 6) is given by 

H* ( Gr(3, 6), Q) = l\(y2, Y4 , YB) / (h4, hs , hB) 

where 

h4 Y~ - 3yiY4 + Yi + 2Y2Y6, 

hs 4y~y4- 3y2y~- Y~- 3yiy6 + 2Y4Y6 

and 
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A model of the inclusion is hence given by 

¢: (1\V,d) = (/\(x2,x4,x6,x9,xu ,x13),d)-----+ B = /\(y2,Y4,YG)j(h4,hs,h6) 

where ¢(x2) = Y2 , ¢(x4) = y4 , ¢(xB) = YB and ¢(xg) = ¢(xu) = ¢(x13) = 0. 
Define the following derivations 

as= (x13,yl), a~= (x13,yi), a~= (x13,y~y4), a3 = (x13,y~), a~= 
( 3 ) If ( 2) ( 6) I ( 2) If X13, Y2Y4 , a3 = X13, Y2Y4 , a1 = X13, Y2 , a1 = X13, YB , al 
(x13, y~y~), 

(35 = (xu,YB), (3~ = (xn,Y2Y4), (3; = (xu,y~), (33 = (xu,Yi), (3~ = 
(xu, y~), (3~ = (xn, Y~Y4), (31 = (xu, Y~), (3~ = (xu , Y~Y4), (3~' = 
(xu, Y2YD, 

~s = (xg, Y4) , ~~ = (xg, yn, 6 = (xg, YB), ~~ = (xg, y~), ~~ = (xg, Y2Y4), 
6 = (xg, Yi), ~~ = (xg, y~), ~~ = (xg, Y~Y4), 

B2 = (x2, 1), (}~ = (x4, 1), ,; = (xB, y~), e; = (x4, Y2), /2 = (x6, Y4), 
w6 = (xB, 1) and 'ljJ4 = (xB, Y2)· 

Moreover, 

6B2 = 116 + 9~~ + 6~; - 18(31 + 8(3~ - 24(3; - 20a1 - 21a~ + 9a~, 

6e; = -66 - 2~~ + 4~~ + S(31 - 6(3~ + 3(3; + 14a1 + 20a~ + 8a~, 

612 = 06 - 2~~ + 3~~ - 2(31 - 6(3~ - 2(3~ + lla1 + lla~ + lla~, 

61; = 36 + 0~~ - 2~~ - 3(31 - 3(3~ - 3(3; + lla1 + lla~ + lla~, 

6'1jJ4 = 36 + 0~~ - 2~~ - 6(33 - 2(3~ - 2(3~ + 8a3 + Sa~ + Sa~, 

6(}~ = -26- 4~~ + 4~~ + S(33 - 3(3~- 12(3; - 6a3 + 20a~- 20a~ and 

6w6 = -26 + 3~~ + 0~~ - 2(35 + 0(3~ - 4(3; + 6a5 + lla~ + 6a~. 

We observe that 6 : L2i -----+ L2i_1 is injective for ·i = 1, 2 and 3 as 6(}2 , 6e;, 
612, a,; are linearly independent, as are 6'1jJ4 and 6(}~ . We therefore conclude 
that H * ( L) is concentrated in odd degrees. 

Hence, C00 (L) is quasi-isormorphic to ( 1\(Xodd), 0) and the inclusion Gr(3, 6) ~ 
Gr(3 , 7) has the rational homotopy type of a product of odd spheres . We 
conjecture that map(Gr(k, n), Gr(k, n + 1); in) has the rational homotopy 
type of a product of od,d spheres. We consider now the inclusion Gr(3, n) ~ 
Gr(3 , n + r) . 

21 



Theorem 4. If r > 2n- 4, then the cohomology of map ( Gr(3, n), Gr(3, n + 
r); in,r) contains a truncated algebra Q [x] I (xr- 2n+9), where [x[ = 2. 

Proof. The cohomology classes of Gr(3, n) and Gr(3, n + r) are 

H* ( Gr(3, n), Q) = A(x2, X4, x6) I (hn-2, hn-1, hn) and 

H* ( Gr(3, n + r), Q) = A(x2, X4 , x6) ( hn+r-2 , hn+r-l, hn+r). 

The minimal model of Gr(3, n + r) is 

(AV, d) = (A(x2,x4,x6,X2n+2r-5,X2n+2r-3,X2n+2r-l,X2n+2r-l),d) withd(x2) = 
d(x4) = d(x6) = 0 , d(x2n+2r--5) = hn+r·-2, d(x2n+2r·-3) = hn+r--1 and d(x2n+2r--1) = 
hn+r· A model of the inclusion is given by 

<P : A v = ( A ( x2' x4' x6' X2n+2r-5 ' X2n+2r-3' X2n+2r-d' d) 

------7 B = A(y2, Y4, Y6) I (hn-2, hn-l , hn)· 

where ¢(x2) = Y2, <P(x4) = Y4, </J(x6) = Y6 and </J(x2n+2r-s) = </J(x2n+2r-3) = 
<P(2n + 2r- 1) = 0. Let L = Der(AV,B;</J). The only even degree¢­
derivations are fh = (x2, 1), e; = (x4, Y2), 12 = (x6, Y4), ,; = (x6, yn, 'l/;4 = 
(x6, Y2), B~ = (x4, 1) and w6 = (x6, 1). 
As Pl = (ow6)(x2n+2r-s), P2 = (ow6)(x2n+2r-s) and P3 = (ow6)(x2n+2r-s) are 
polynomials of degree at least 2n + 2r -10. If r > 2n- 4, then 2n + 2r -10 > 
6n - 18. Therefore, p1 , P2 and p3 are zero in B. Hence all even degree 
derivations are zero. 

On the other hand, 

ql = lk(/2, · · · , /2)(d2n+2r-s), q2 = lk(/2, · · · , /2)(dx2n+2r-3) 
and q3 = lk ( /2, · · · , 12) ( dx 2n _1_2r _ 1 ) are polynomials of degree at least 2n + 2r-
2k- 4. If k < r- 2n + 7, then q1 , q2 and q3 will be of degree > 6n- 18. 
Therefore , lk(/2 , · · • ,12) = 0 fork= 2, · · · ,r- 2n + 7. Hence in C00 (L), 
~~ = P2. Then [p~] =J 0 for i = 1, · · · , r - 2n + 7. D 

Theorem 5. Consider the inclusion in,r : Gr(3, n) '---+ Gr(3, n + r) . If r > 
5n-14, then the cohomology ofmap( Gr(3,n),Gr(3,n+r);in,r) contains a 

polynomial algebra over a generator of degree 2. 

Proof. Let 

</J : ( A ( X2, X4, X6 , X2n+2r-5, X2n+2r-3, X2n+2r-d, d) 

-----7 A(y2, Y4, Y6) I (hn-2, hn-l, hn), 

22 



be a model of the inclusion. Assume n 2:: 6, in particular r 2:: 5n-18, then any 
odd derivation is of degree at least 2n+2r -5- (6n -18) = 2r -4n+ 13 2:: 13. 
Hence, Lu = L 9 = L7 = · · · = L1 = 0. 

Let 'Y2 = (x4 , y2). It is sufficient to show that lm('Y2, "(2, · · · , 'Y2) = 0 for 
m 2:: 2, where lm denotes bracket length m. 
Consider the case when n + r is even, the other case is dealt with in a similar 
way. Form> nt, lm = 0. Assume 2 ~ m ~ nt, 

lm h2, "f2, " . . , "f2) ( X2n+2r-5) = r 

lm('Y2, "(2, · · · , 'Y2)(x2n+2r-3) = s and 

lm('Y2, "(2, · · · , 'Y2)(x2n+2r-l) = t . 

The polynomials r, s and t are of total degree at least 2n + 2r - 2m - 4. 
Assume now that r > 5n- 14, then 2n + 2r- 2m- 4 > 6n- 14. There­
fore, lm('Y2,"(2, · · · ,"(2) = 0 for all m 2:: 0. Hence H*(C00 (sL)) contains a 
polynomial algebra over a generator of degree 2. 0 
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Chapter 4 

Gottlieb Groups of Function 
Spaces 

4.1 Introduction 

Given a pointed topological space (X,x0 ), the nth Gottlieb group of X, also 
called the evaluation subgroup of 7rn(X) and denoted by Gn(X), consists of 
those a E 7rn(X) for which there is a map F : X X sn -----+X such that the 
following diagram commutes: 

X X sn --=--F----4 X 

JT \7T 
XV Sn lxvf XV X , 

where f : sn -----+X is a representative of a and \1 is the folding map. Thus 
for every a E Gn(X, x0), there exists at least one map F: X x sn-----+ X such 
that F(x0 , s) = f(s). We say that F is an affiliated map to a [9] . If X has a 
base point x0 and aut X denotes the monoid of self homotopy equivalences 
of X with ev : aut X -----+ X the evaluation map at x0 , then it follows from 
the definition that 

Gn(X) = im( ev~ : 1fn(aut X, lx) -----+ 1fn(X, Xo)). 

Similarly, if f : X -----+ Y is a based map between simply connected CW 
complexes and map(X, Y; !), the space of maps from X to Y which are 

homotopic to J, then Gn(Y, X; f) = 'tm ( ev~ : map( X, Y; f) -----+ 1fn(Y)) is 

the nth evaluation subgroup off [26]. In [27] Woo and Lee defined relative 
evaluation subgroups G~e1 (X, Y; f) and showed that they fit in a sequence 

· ··-----+ c:~~ 1 (Y,X;f)-----+ Gn(X)-----+ Gn(Y,X;f)-----+ ·· · 
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called the G-sequence of f. 

Let <P : (A, d) ~ (B , d) be a morphism between cdga' s and consider the 
vector space Der*(A, B; ¢) of ¢-derivations. 

Pre-composition with ¢, respectively post-composition with the augmenta­
tion c : B ~ Q, gives a map of chain complexes ¢* : Der*(B, B; 1) ~ 
Der*(A, B; ¢),respectively c* : Der*(A, B; ¢) ~ Der*(A, Q; c). 

Let f : C ~ D be a map of differential graded vector spaces. Define a 
commutative differential graded vector space, called the mapping cone and 
denoted by Rel*(¢), as follows Reln(<P) = Cn_1 E9Dn with differential8(= 6q,) 

of degree -1 given by 8(a, b) = (- dA(a),¢(a) + dD(b)). Further, define 

chain maps J: Dn ~ Reln(<P) and P: Reln(<P) ~ An-1 by J(b) = (0, b) 
and P( a, b) = a. These give short exact sequence of chain complexes 

J p 

Which leads to a long exact sequence in homology 

H(P) H(¢) H(.J) 
· · · ~ Hn+l(Rel(¢)) Hn(C) --t Hn(D) --t Hn(Rel(¢)) ~ · · · 

Whose connecting homomorphism is H ( <P). We refer to this sequence as the 
long exact homology sequence of ¢. 

Let f : X ~ Y be a map between simply connected CW-complexes with 
X finite and <P : (AV, d) ~ (1\W, d) a Sullivan model of f. The long 
exact sequence induced by f* : map(X, X; 1) ~ map(X, Y; 1) on rational 
homotopy groups is equivalent to the long exact homology sequence of the 
map 

¢*: Der(!\W,!\W;1) ~ Der(/\V,/\W;¢)[16]. 

Suppose given a commutative differential graded algebra map <P : A ~ B, 
from this map, the following commutative diagram can be formed; 
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Here, c; denotes the augmentation of either A or B. On passing to homology 
and using the naturality of the mapping cone construction, we obtain the 
following homology ladder ( n 2: 2): 

_H_(_J)-} Hn+l (Rel(¢*)) H(P) Hn(Der(B , B ; 1)) H(</>") Hn(Der(A, B; ¢)) · · · 

lH(E. E.) - lH(o.) - lf/(g.) 
_H_(_J)-} Hn+l(Rel(-;j})) H(P) Hn(Der(B,Q : c)) H(<i>"$ H n (Der(A,Q: ~-)) · · · . 

Suppose ¢ : A ---+ B is a map of commutative differential graded algebras, 
we define the evaluation subgroups of ¢ by; 

Gn(A, B; ¢) = 'im{H(c:*) : Hn(Der(A, B ; ¢))---+ Hn(Der(A, Q; c:))} . 

In the special case A = B and ¢ = IE, we refer to the Gottlieb group of B, 
and use the notation Gn(B) . The nth relative evaluation subgroup of¢ is 
defined by; 

G~e1 (A, B ; ¢) = im{H(c:*, c:*) : Hn(Rel(¢*)) ---+ Hn(Rel(¢;*))} 

Moreover, Gn(B) ~ Gn(Y) ® Q and Gn(A, B; ¢) ~ Gn(Y, X; f)® Q [16], 
and c:e1(Y, X;¢) is the relative Gottlieb group of the mapping cylinder of 
f : X ---+ Y [27]. Then the image of the upper long exact sequence in the 
lower, of the ladder above, gives a (not necessarily exact) sequence 

H(l) H(P) H(¢•) H(J) 

· · · G~~1(A , B; ¢) Gn(B) Gn(A, B; ¢) -~ 

that we terminate in G2 (A, B; ¢). We refer to this sequence as the a­
sequence of the map ¢ : A ---+ B . 

4.2 The inclusion Gr(2, n) Y Gr(2, n + 1) 

Recal that the cohomology rings of Gr(2, n) and Gr(2, n + 1) are: 

H* ( Gr(2, n), Q) = /\(y2 , Y4) I (hn-1, hn) and 

H* ( Gr(2, n + 1), Q) = /\(x2, x4) I (hn, hn+l) respectively. 
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The minimal Sullivan model of Gr(2, n) is 

( l\(y2, Y4, Y2n-3, Y2n-d, d) with d(y2) = d(y4) = 0, d(Y2n-3) = hn-1, d(Y2n-d = 
hn. In the same way, a minimal Sullivan model of Gr(2, n + 1) is given 

by ( 1\ (x2 ,x4,X2n-l,X2n+l),d) with dx2 = dx4 = 0, dx2n-1 = hn and 

dx2n+l = hn+1· 

Proof. Write the Taylor series (1 + x2 + x4)-1 = 1 + h1 + h2 + · · · where, 
lhil = 2i. From (1 + x2 + x4)(1 + x2 + x4)-1 = 1, one gets the relation 
hn+l = -x2hn - x4hn-1 0 

In particular, hn+l is co-boundary in ( 1\ (x2, x4, x2n-3, X2n-1), d), that is, 

there exists a of degree 2n + 1 such that da = hn+l· 

Theorem6. LetB = (l\(y2,Y4,Y2n-3 1 Y2n-l),d). ThenGn(B) = ([Y2n-3], [Y2n-l]). 

Proof. Let a2n-1 = (Y2n-l, 1) and a2n-3 = (Y2n-3 1 1). Then 8an-1 = 8a2n-3 = 
0. Moreover, a2n-3 and a 2n-1 can not be boundaries for degree reason. 

Therefore, [a2n_3J and [a2n_1] are non zero homology classes in H* ( Der(B, B; 1)). 
Further, c*(a2n-3) = Y2n-3 and c*(a2n-1) = Y2n-l· 

As Gr(2 , n) is a finite OW-complex then Geven (B) = 0 [5, Pg.379] . Hence, 
Gn (B) = ( [Y2n-3] , [Y2n-l]) · 0 

The inclusion Gr(2, n) c.......t Gr-(2, n + 1) has a model of the form 

¢: 1\V = ( 1\ (x2 ,X4,X2n-l,X2n+l),d) ----7 ( 1\ (y2 ,Y4 ,Y2n-3,Y2n-l),d) = B, 

where ¢(x2) = Y2, ¢(x4) = y4, ¢(x2n-I) = Y2n-l and ¢(x2n+I) = a, where 
da = hn+1 by Lemma 1. 

Theorem 7. Consider the incl'US'ion Gr(2 , n) c.......t Gr(2 , n+ 1) and¢ : (/\ V, d) ----7 

(B ,d) its S'Ullivan model, then G*(I\V,B;¢) ~ ([x;n_1], [x;n+l]) . 

Proof. As Gr(2, n) is formal, Der(l\ V, B; ¢) --=--+ Der(l\ V, H(B); f o¢), where 
f : B ~ H (B) is a quasi isomorphism. Similarly, since B is formal Der( B, B; 1) ~ 
Der(B , H(B); f) . Define (}2n-1 = (x2n-b 1), (}2n+l = (x2n+l > 1) in Der(l\ V, H(B); fo 
¢). Then 8(}2n-l = 8(}2n+l = 0. Moreover, [(}2n-1] and [(}2n+I] are nonzero co-

homology classes in H* ( Der(l\ V, H*(B); f o ¢)) . 

We note that, (}2 = (x2 , 1) and (}4 = (x4 , 1) are not cycles in 
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Der( 1\ V, H(B); J o ¢) [20]. 

Further, H(c*)([B2n-1]) = [x;n_ 1] E G2n-1(1\V,H(B);J o ¢). In a similar 
way, H(c*)([B2n+1]) = [ x2n+1] E G2n+l(/\ V, H(B); f o ¢ ). It then follows that 
G*(I\V,H(B);fo¢) = ([x;n_1], [x2n+1]). D 

We can now compute the relative Gottlieb group of the inclusion Gr(2, n) c........t 

Gr(2, n + 1). 

Theorem 8. Consider the inclusion Gr(2, n) c........t Gr(2, n + 1) and 

¢: (1\V,d) = ( 1\ (x2,.'r4,X2n-1,.'t2n+1),d)---+ 

( 1\ (y2, Y4, Y2n-3, Y2n-d, d) = B 

its Sullivan model, then c:el(I\V,B;¢) = ([(x2n_3,0)], [(O,y2n+l)]). 

Proof. Consider the diagram below [16]. 

~ J Der( B, H (B); f) ---'-----+ Der(l\ V, H (B); f o ¢) ----=---7 Rel ( ¢*) 

lE• ¢• lE• l~E•) 
Der(B, !Q; c) Der(l\ V, !Q; c) J Rel(¢*). 

Let a2n-1 = (Y2n-l, 1), a2n-3 (Y2n-3, 1) E Der(B, H(B); f) and B2n-l' 
B2n+l E Der(I\V,H*(B);¢) as defined above. Then ¢*(a2n-d = B2n-l and 
¢*(a2n-3) = 0. 

Further, D(sa2n-l' 0) = (0, B2n-1), D(sa2n-3 , 0) = (0, 0) and D(O, B2n_ 1 , 0) = 
0 = D(O, B2n+l) · Therefore, [(a2n-3, 0)] and [(0, B2n+I)] are non zero homology 

classes in H* ( Rel(¢*)). Moreover, H(c*, c*) [(a2n-3, 0)] = [(x2n_3, 0)] and 

H(c*, c*)([(O, B2n+l)]) = [(0, Y2n+ 1)]. A straightforward computation shows 
that [(x;n_3,0)] and [(O,y2n+1)] spanH(c*,c*). D . 

The G-sequence reduces to 

0 ----+ G2n+l(/\V, B; ¢) H~J) G2~+1(/\V, B; ¢)---+ 0 · · · 

H(¢*) 
· · · 0 ---+ G2n-l (B) ~ G2n-1 (A V, B; ¢)---+ 0 · · · 

· · · 0---+ G2~_2 (AV, B; ¢) 
H(P) 

G2n-3(B) ---+0. 
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and is exact. 

Example 1. Consider Gr(2,4) Y Gr(2,5). A model of the inclusion is 
. given by 

where dx2 = dx4 = 0, dx7 = x~ - 3x2x4 + xt dx9 = 4x~x4 - 3x2x~ - x~ 
dy2 = dy4 = 0, dys = 2Y2Y4 - y~ and dy7 = y~ - 3y~y4 + Y~. 

Moreover, ¢(x2) = Y2, ¢(x4) = Y4, ¢(x7) = Y1 and ¢(xg) = -Y2Y7- Y4Y4· 

We compute c:el(I\V, B; ¢). Let a.7 = (y7, 1), a.5 = (y5 , 1) E Der1(B, H(B); f) 

where f: B ~ H(B) and ()7 = (x7, 1), ()9 = (x9 , 1) E Der(l\ V, H*(B); f o ¢) 
then¢*(a.7) = ()7 and¢*(a.5 ) = 0. Moreover, D(sa.7,0) = (0,()7), D(sa.5 ,0) = 
(0,0) and D(0,()7) = D(0,()9 ) = (0,0). Hence [(sa.5 ,0)] and [(O,(Jg)] are non 
zero homology classes. Moreover, (E*, E*)(sa.5 , 0) = (sy5, 0), (E*, E*)(O, ()9 ) = 

(0, Y9). Therefore 

c:e1
(/\ V, B; ¢) = ([(0, x;)] , [(sy;, 0)]) . 

4.3 The inclusion Gr(2, n) Y Gr(2, n + r) for 
r > 1 

The cohomology rings of Gr(2, n + r) is: 

H* ( Gr(2, n + r), Q) = l\(y2, Y4) I (hn+r-1, hn+r)· 

The minimal model of Gr(2, n + r) is 

( 1\ (y2,Y4,Y2n+2r-3,Y2n+2r-1),d) with d(y2) = d(y4) = 0, d(Y2n+2T-3) 

hn+r-1, d(Y2n+2r-1) = hn+r· A model of the inclusion is then given by 

where, ¢(y2) = X2, ¢(y4) = X4, ¢(Y2n+2r-3) = (3 and ¢(Y2n+2r-d = (2 with 
d/3 = hn+r-1 and de= hn+r respectively. 

Theorem 9. Consider the inclusion Gr(2, n) Y Gr(2, n + r), r > 1, then 
G*(I\V,B;¢) = (Y2n+2r-3,Y2n+2r-1) = Gn(I\V) and 
c:e1(1\V,B;¢) = ((sx;n_1,0), (sx;n-3,0), (O,y2n+27"-1),(0,y2n+27·-3)). 
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Proof. In sDer(B, Q; c)tJJDeT(/\ V, Q; c) we have (sx;n-l> 0) , (sx2n-3> 0) , (0, Y2n+2r-l) 
and (0, Y2n+Zr-3 ) which are all cycles. 
Hence, G*(/\V,B;¢) = (Y2n+Zr-3 ,y2n+Zr-l) = Gn(/\V) and 
c:e1(/\V,B;¢) = ((x2n-1,0), (x2n-3,0), (O,y2n+27·-l),(O,y2n+2r-3)). D 

Example 2. Consider Gr(2, 4) Y Gr(2 , 6). A model of the inclusion is 
given by 

where, ¢(y2) = x2, ¢(y4 ) = x4, ¢(y9 ) = h5 = 4x~x4 - 3xzx~ - x~ and 

¢(Yn) = h6 = -x~ + 6x~x~- 5x~x4 + x~. 

In sDer(B, Q; c)tJJDer(/\ V, Q; c) we have (sx5, 0), (sx~, 0), (0, Y9) and (0, Yi1 ) 

which are all cycles. 
Hence, c:e1

(/\ V, H*(B)) ~ ((x5, 0), (x~ , 0), (0, y9), (0, Yi1 )) and 

G*(/\V,H*(B)) = (y9 ,Yil). 

4.4 The Inclusion Gr(2, n) y r:_pN 

The Plucker embedding, i : Gr(2, n) Y c_pN is the inclusion of the Grass­
mannian of 2-subspaces of en into the complex projective space of dimension 
N- 1 where N = n(n

2
-l). The inclusion i : Gr(2, n) Y c_pN has a Sullivan 

model given by 

¢: (1\(xz,XzN-l),d) = (1\V,d)--+ (/\(yz,y4, Y2n-3 ,Y2n-l),d) = (1\W,d). 

A direct computation shows G*(/\W) = ( [Y2n-3] , [Y2n-l] ) . 

Lemma 2. Let N = n(n
2
-

1
). Then 2(N- 1) > 4n- 8 for n 2:: 4. 

Proof. 2(N- 1) = n(n- 1)- 2. The inequality n(n- 1) > 4n- 8 holds for 
n = 4. For n 2 5, then n(n- 1) 2:: 4n, hence n(n- 1)- 2 > 4n- 8. D 

Lemma 3. Let¢ : (1\(xz, XzN-l), d) --+ (1\(yz, Y4, Yzn-3 , Yzn-l), d) , where 
¢(xz) = Yz, ¢(xzN-l) = y such that dy = yf. There is a ¢-derivation az 
such that a 2 = (x2 , 1) and which is a cycle. 

Proof. Define az on XzN-l so that daz(XzN-l)- az(dxzN-l) = 0. Hence 

daz(XzN-l) = daz(XzN-l)- az(xf) 

daz(XzN-l)- Nyf- 1
. 
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As the dimension of Gr(2, n) is less than 2(N -1) by Lemma 2, then Nyf- 1 is 
a coboundary, that is Nyf- 1 = z with z = a2(X2N-d · Moreover, 8a2 = 0. As 
a 2 = (x2, 1) can not be a boundary, it hence represents a non zero homology 
class in H*(Der(/\V,/\W;¢),5). D 

Further, the ¢-derivation a 2N_ 1 = (x2N_ 1 , 1) represents a non zero homology 
class as well. As H(c*)([a2]) = [x;] and H(c*)([a2N-1]) = [x;N_1], we get 
the result below. 

Proposition 1. G*(I\V, 1\W; ¢) = Q ([x2], [x2N-ll). 

We decompose Rel*( ¢*) = K er(c*, c*) {;f)K. AsK is isomorphic to im(c*, c*), 
a non zero element in c:el ( 1\ V, 1\ W; ¢) is represented by an element in K 
modulo the kernel of (c*, c*) . Moreover, the vector space K is spanned by 

where (Jj = (yj, 1). 

Lemma 4. (0, a 2 ) = J(a2 ) represents a nonzero homology class in H2(Rel*(¢*)). 

Proof. As (0, a 2) is a cycle, it remains to show that it is not a boundary. 
Otherwise, there exists (3; E Der(l\ W) and a 3 E Der(l\ V, 1\ W; ¢) such that 
d(sf3;,a3) = (-sf3;,5a3 + ¢*((3;)) = (O,a2). Hence 5(3; = 0 and ¢*((3;) = 
a2 - 5a3 . For degree reasons a 3 (x2) = 0, hence (5a3)(x2) = 0. Therefore, 
¢' (f3;)(x2) = a 2(x2) = 1. We deduce that f3;(y2) = 1. Moreover, (3; cannot 
be a cycle, otherwise H(c*)([fJ;]) = [y2] =/= 0 would be a non zero Gottlieb 
element in 1r2(X0 ), which is impossible, [5, Proposition 28 .8] . We conclude 
that [(0, a 2)] is a nonzero homology class in H2(Rel(¢*)). D 

We can now determine c:el ( 1\ V, 1\ W; ¢) . 

Theorem 10. The relative Gottlieb group c:e1(1\ V, 1\ W; ¢) is isomorphic to 
the direct sum sG*(I\W) {;f) G2N_ 1(1\V, 1\W; ¢) . Moreover, the sequence 

H(J) 
0 = G2(/\W)-----+G2(/\ V, 1\W; ¢) c;e1(1\ V, 1\W; ¢)------+0 

is not exact. 

Proof. For degree reasons, df32 = 0 = df34 . Moreover, (sf32n_3 , 0) and (sf32n_ 1 , 0) 
represent nonzero homology classes in Rel* ( ¢*). However, in Rel* ( ¢*), one 
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gets d(sy~, 0) = (0, $*(y~)) = (0, x;). Hence H(c*, c*)([O, a 2]) = [(0 , x;)] is 
zero in H(Rel*($*)). We conclude that G2e1(!\V, 1\W; ¢) = 0. Therefore 

c:el ( !\ v, !\ w; ¢) imH(c*,c*) 

([(sy;n-3> 0)], [(sy;n-1> 0)], [(0, x;N-1)]) 
sG*(!\W) E9 G2N-1(AV, 1\W; ¢). 

D 

The sequence is not exact as H(l)([x2]) = 0. Hence H(l) is not injective. 

Remark 1. It was incorrectly stated in {14} that c:e1(!\V, 1\W; ¢) = 0. 
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Chapter 5 

Rational Homotopy Type of 
Gr(k,n) ~ Gr(k,n+r) 

We can now generalise Theorem 2 as follows. 

Theorem 11. If r > nk- k2 - n + 2k- 1, then the rational cohomology of 

map( Gr(k, n), Gr(k, n+r); in,r) contains a truncated algebra Q [x] I x 1·+n+k
2
-nk, 

where lxl = 2, fork 2:: 2 and n 2:: 4. 

Proof. Consider Gr(k, n) "---+ Gr(k, n + r). A Sullivan model of the inclusion 
is given by 

cP : !\ V = ( !\ (x2, X4, X5, · · · , X2k 1 X2(n+r-k)+l, · · · , X2(n+r)-d, d) 

---+ B = /\(y2, Y4, Y6, · · · , Y2k) I (hn-k+l> · · · , hk), 

where ( !\ (x2, X4, x6, · · · , X2k, X2(n+r-k)+l> · · · , X2(n+r)-d, d) is the minimal 

Sullivan model of Gr(k, n + r), with d(x2) = d(x4) = d(x6) = · · · = d(x2k) = 
0. 

H* ( Gr(k, n), Q) = B = /\(y2, Y4, Y6, · · · Y2k) I (hn-k+l, · · · , hk)-

Note that ¢(x2) = 'Y2, ¢(x4) = y4, ¢(x6) = Y6, · · · , = ¢(x2k) = 'Y2k and 
¢(x2n+2r-2k+I) = · · · = ¢(x2n+2r-d = 0. In L = Der(!\ V, B; ¢) we con­
sider the derivation a 2k = (x2k. 1), the highest even degree derivation. Then 

a1 = (8a2k)(x2n+2r-2k+I), 
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are polynomials of degree at least 2n + 2r - 4k + 2. 
If r > nk - k2 - n + 2k - 1, then 2n + 2r - 4 + 2 > 2nk - 2k2

. Hence 
a1, a2 , · · · , ak are zero in B. Therefore, a 2k is a cycle. 

On the other hand, let "(2 = (x4 , y2 ). Then 

b1 = Zm('Y2 , "(2, · · · , 'Y2), 

bk = Zm('Y2, 'Y2 1 • • • , 'Y2) 

are polynomials of degree 2: 2n+2r-2k+2-2m. Ifm < r+n+k2+1-nk-k, 
then b1 , b2 , · · · , bk are of degree> 2k(n- k) . 
Therefore, Zm('Y2, "(2, · · · , "(2) = 0 form= 2, · · · , (r + n + k2 + 1-nk- k) . In 
C00 (s-1 L) , let 'Y2 = tp2 , then ['P~] =/= 0 fori = 1, .. · , (r+n+k 2+ 1-nk-k) . 0 

Theorem 12. If r > 2nk - n - 2k2 + 2k - 2, then the cohomology of 

map( Gr(k, n), Gr(k, n + r); in,1.) contains a polynomial algebra over a gen­

erator of degree 2. 

Proof. Let 

¢ : 1\ V = ( 1\ (x2, X4, X5, · · · 1 X2k, X2(n+r-k)+l 1 • • • 1 X2(n+r)-r) 1 d) 
-~ B = l\(y2, Y4 1 Y6, · · · 1 ) I (hn-k+l , · · · , hk), 

be a model of the inclusion and L = Der(l\ V, B; ¢). Assume n 2: 4 in 
particular 
r < 2nk - n - 2k2 then any odd derivation is of degree at least 2n + 2r -
2k- 2nk + 2k2 + 1. Hence 
L1 = L 3 = · · · = L f = 0 where f = 2n + 2r - 2k - 2nk + 2k2 

- 1. It suffices 
to show that Zm('Y2,"f2, · · · ,"(2) = 0 form 2: 2. Consider n+r even, the other 
case is dealt with in a similar way. 

Form> n+r l = 0. Assume 2 < m < n+r 
2 1 m - -2 ' 

lm ("12 1 "(2 1 • • • , "(2 ) ( X2n+2r- r) = Ck 

are polynomials of total degree 2: 2n + 2r - 2k + 2 - 2m. If r > 2k + nk -
k2 - n- 1, then 2n + 2T- 2k +2-2m > k(n- k) . 0 
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Chapter 6 

Conclusions and 
Recommendations 

6.1 Summary 

In Chapter one, we laid the ground work by defining concepts that were to 
be used in the course of the research . Precisely, the Sullivan model of the 
Grassmann manifold from which we defined the model of the inclusion. We 
recalled the concepts of cdga' s and Leo-algebras which formed an integral 
part of the research. 

In Chapter two, we gave a historical outline of the research in function spaces. 
Specific to this research was the paper by [2] due to the following result, 
Let¢ : (/\ V, d) ----+ B be a cdga model of (X, Y; f) in which (!\ V, d) is the 
minimal Sullivan model of Y and B is a connected finite dimensional cdga 
model of the finite OW-complex X. If L = s-1vu, then¢": B"----+ Ceo(L) 
is a commutative differential graded co-algebra morphism modeling f which 
induces an Leo structure on Hom( B*, L) with brackets [, · · · , ]<I>" . It is from 
the structure of Ceo(L) that we based our research to obtain our results. 

In Chapter three, we studied using numerical examples the inclusion of 
Gr(2, 4) in Gr(2, 5) , Gr(2, 4) in Gr(2 , 7), Gr(2 , 4) in Gr(2, 8) and Gr(3 , 6) 
in Gr(3, 7) which led to theorems 1, 2, 3, 4 and 5. For the generalisation 
Gr(2 , n) Y Gr(2, n + 1) it was possible to deduce that i5 : L2i ----+ L2i-l is 
injective for i = 1, 2 as there were only two cohomology classes hence; it was 
relatively easy to obtain their equivalence classes. Hence theorem 1 could be 
proved. For the case of Gr(3 , n) Y Gr(3, n+ 1) , it was not possible to deter­
mine all the equivalent cohomology classes, hence rendering many redundant 
derivations that would otherwise have been reduced. It was hence possible 
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to deduce that ·i : Gr(2, n) '---+ Gr(2, n + 1) has the rational homotopy type of 
a product of odd spheres as was also the case with Gr(3, n) '---+ Gr(3, n + 1). 

In chapter four, we studied rationalized evaluation subgroups of mapping 
spaces between complex Grassmannian and G-Sequences and expressed 
c:e1(Gr(2, n+r), Gr(2, n); in,r)®Q in terms of G*(Gr(2, n+r), Gr(2, n); in,r)® 
Q and G*(Gr(2,n+r)) EBQ. 

In Chapter five, we related the results of Chapter 3 and 4 to the general 
case Gr(k, n) '---+ Gr(k, n + r) and in particular it was possible to relate 
Theorems 2 and 3 to Theorems 6 and 7. Further, we showed that the co-

homology of map ( Gr(2, n), Gr(2, n + r); in,r) contains a truncated algebra 

Q[x] / (xr-n+4), where JxJ = 2. 

6.2 Future work 

For the case of Gr(3, n) '---+ Gr(3, n+ 1) and in general Gr(k, n) '---+ GT(k, n+ 
T), it was not possible to determine cohomology algebra given mapping 
spaces. 

Rationalized evaluation subgroups of mapping spaces between complex Grass­
mannians for the case when r 2:: 1. We only determined the evaluation 
subgroups for the case r = 1, that is Gr(2, n) '---+ Gr(2, n + 1). An even 
interesting case would be the case when k > 2. 

Another area of research that immediately crops up would be the study of ra­
tional cohomology algebra of the Plucker embedding of some complex Grass­
mannians. Here, we only managed to determine the evaluation subgroups of 
the said embedding. 
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RATIONAL HOMOTOPY OF MAPPING SPACES 
BETWEEN COMPLEX GRASSMANNIAN 

PAUL ANTONY OTIENO, JEAN BAPTISTE GATSINZI, 
AND VITALIS ONYANGO-OTIENO 

ABSTRACT . The complex Grassmann Gr(k, n) is the space of k 
dimensional subspaces of en. It is a complex manifold of complex 
dimension k(n- k) . There is a natural inclusion ik ,n: Gr(k, n) <-+ 
Gr(k , n + r). In this paper, we use Sullivan models to compute 
the rational homotopy type of the component of the inclusion 
Gr-(2, n) <-+ GT(2 , n + r) in the space of mappings from Gr-(2 , n) to 

Gr(2, n + r), r 2': 1. We show in particular that map( Gr(2, n) --> 

Gr(2, n + 1), in) has the rational homotopy type of odd spheres . 

1. INTRODUCTION 

The study of the rational homotopy type of spaces started with Thorn 
in the case where the codomain is an Eilenberg-MacLane space [10] . 
The first description of a Sullivan model of function spaces is due to 
Haefl.iger [4]. Moreover, a model of function spaces between com­
plex projective spaces was given by M0ller and Raussen using the 
Postnikov tower [9]. However, there is no explicit and complete de­
scription of the homotopy type of the component of the inclusion 
Gr(k , n) <--+ Gr(k, n + r) in the space of mappings from Gr(2, n) to 
Gr(2 , n + r), r 2:: 1. We begin our work with a model of the inclusion. 

The Grassmannian Gr(k, n) is the set of k dimensional subspaces of 
en . Particularly, Gr(1 , n) is the collection of lines through the origin. 
It is called the complex projective space and is denoted by epn-l . 

The Grassmann manifold is endowed with the quotient topology as de­
fined by the function (v1,v2,·· · ,vk)---+ (v1, v2,· ·· ,vk) of the Stiefel 
manifold Vk(en) onto Gr(k, n), where the Stiefel manifold of orthonor­
mal k frames in en is the subspace of ( vl , V2, ... 'Vk) E (S2n-l )k such 

Key words and phrases. Grassmannian manifold,mapping space, Sullivan model, 
L 00 algebra. 
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that (vi, v1) = t5i j [6, Pg.13]. Moreover, 

Gr(k, n) ~ U(n) I U(k) x U(n- k) , 

where U(n) is the unitary group [8, Chap.18]. There is a canonical 
inclusion ·in : GT(k, n) y Gr(k , n + 1) which is induced by in : en ---7 

cn+l defined by ·in(xl , · · · , xn) = (x1 , · · · , xn,O). 

2. SULLIVAN MODELS 

Definition 1. A differential graded algebra (dga) is a graded algebra 
A = ffin>o An together with a derivation d of degree + 1. This means 
that for e-ach n, there is a vector space homomorphism d = dn : An ---7 

An+l such that dod= 0 and d(a · b) = d(a) · b + ( -1)na · d(b) . Then 
(A , d) is called a cochain algebra. A graded algebra A is commutative 
if a . b = ( -1)deg adeg bb ·a for a, bE A [3 , Chap. 3] . 

Definition 2. A Sullivan algebra is a commutative cochain algebra of 
the form (1\V,d) where V = {VP}P2:2 and 1\V denotes the graded 
free commutative algebra on V . A Sullivan model for a commutative 
cochain algebra (A , d) is a quasi isomoprphism m : (/\ V, d) ---7 (A , d) 
from a Sullivan algebra ( 1\ V, d) . A Sullivan algebra is said to be min­
imal if the differential is decomposable, that is I m d c 1\ +v · 1\ +v. 
Moreover, if H 0 (A) = W, then (A, d) has a minimal model which is 
determined up to isomorphism. If X is a nilpotent space and APL(X) 
the commutative differential graded algebra (cdga) of piecewise linear 
forms on X, then a Sullivan model of X is a Sullivan model of APL(X) 
[3 , Chap .12] . A space X is formal if there is a quasi isomorphism 
(I\ V, d) ---7 H *(X, Q). Moreover, complex Grassmann manifolds are 
formal [2]. 

The cohomology ring H *(Gr(k ,n) ,Q) of Gr(k,n) is generated by the 
Chern classes ci E H 2i(Gr(k, n) , Q), for 1 :S i :S k. Further, the coho­
mology ring has a presentation 

H *(Gr(k , n) , Q) = /\(c1, c2, · · · , ck) I (hn-k+l , · · · , hn) 

as the quotient of the polynomial ring generated by C1, C2 , · · · , Ck , jcij = 
2·i, modulo the ideal generated by the elements hi , n - k + 1 :S j :S n . 
Here, hi is defined as the 2lh degree term in the Taylor's expansion of 
(1 + c1 + c2 + c3 + ck)-1 where, (1 + c1 + c2 + c3 + ck) is the total Chern 
class [5] . 

For instance, H* ( Gr(2 , 4), Q) = /\(x2, x4) I (h3, h4) where h3 = 2x2x4-
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x~ and h4 = x~ - 3x~x4 + xi. As (2x2x4 - x~ , x~ - 3x~x4 + xi) 
forms a regular sequence, the Sullivan model of Gr(2 , 4) is hence given 
by (!\(x2 , x4, Xs, X7 ), d) with dx2 = dx4 = 0, dxs = 2Y2Y4 - y~ and 
dx7 = y~ - 3y~y4 + Yi· 
Definition 3. On a graded vector space L, an L00 structure, usually 
denoted by (L, {lk}k;::-:1) , is a collection of linear maps, {lk}k;::-:1) called 
brackets, where lk = [, · · · , ] : @k L --+ L such that the following 
conditions are satisfied: 

(1) lk are graded skew symmetric, that is, for any k permutation a 

[xu(l) , · · · , XCT(k)] = sgn(a)E"'[xl, · · · , xk], 

where Eu is the sign given by the Koszul convention. 
(2) The generalised Jacobi identity holds, that is, 

L L .sgn(CT)Eu( -l)i(j-l) [[xu(l) • · .. , Xu(i)], Xu(l}• .. · , Xu(n)] = 0, 
i+j=n+l uES(i ,n-i) 

where S(i, n- i) denotes the ('i, n- 'i) shuffles which are per­
mutations 0' such that 0'(1) < · · · < O'(·i) and O'(i + 1) < · · · < 
O'(n) E Sn . 

An Leo algebra (L, {lkh>1) is minimal if l1 = 0. Moreover Leo struc­
tures are in one to one correspondence with codifferentials on the non 
unital, free commutative coalgebra A+ sL in which s denotes suspension, 
that is ( sL )k = Lk-1 [7]. 

Note that if L is a graded vector space of finite type, an L00 struc­
ture on L induces a commutative differential graded algebra struc-

ture ceo(L) = ( !\ (sL)~ , d)' d = Lj2':1 dj, where dj : v --+ 1\j+lV 

is defined by (di v;sx1 !\ · · · !\ sxi) = (-1Y(v;s[x1 , ··· ,xi]) and E = 
( -1)1vi+Et:i (j-k) lxk l [7]. This is a generalisation of the Quillen cochain 
functor to Leo algebras [3, Chap. 23]. 

Further, an L 00 algebra is an L 00 model of a simply connected space 
X, if it is a model of the differential graded Lie algebra >.(X). Here 
>. denotes the Quillen functor that associates to any simply connected 
space X, a differential graded Lie algebra >.(X), which determines an 
equivalence between the homotopy categories of rational simply con­
nected spaces and that of reduced differential graded Lie algebras over 
the rationals. If X is simply connected and of finite type, and L de­
notes the Quillen model of .\(X), then ceo(L) is a Sullivan model of X 
[3 , Chap. 22] . 
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Definition 4. Let ¢ ; (A, dA) --+ (B, ds) be a morphism of cochain 
algebras. A ¢-derivation() of degree n is a linear map A* --+ A*-n such 
that e(ab) = e(a)¢(b) + ( -1)nia1¢(a)()(b) . We denote by Dern(A, B, ¢) 
the vector space of all ¢-derivations of degree n. Define a differential 
of chain complexes 8 : Dern(A,B ,¢) --+ Dern-I(A,B ,¢), by 8() = 
ds()- (- )il1i()dA-

If ¢ : (/\ V, d) --+ (B, d) is a morphism of commutative differential 
graded algebras, then there is an isomorphism of vector spaces 

Der(l\ V, B , ¢,) ---=-+ H om(V, B). 

Moreover, if {vi, ··· ,vn} is a basis for V, we will denote by (vi,bi) the 
¢-derivation () such that: 

{
()(vi)= bi 
()(vj) = 0 i =/= j , bi E B. 

We now follow [1] for this definition. 

Consider positive derivations defined by: 

- {Deri(I\V, B , ¢) 
Der;(l\ V, B , ¢) = z ( Deri(l\ V, B, ¢)) 

if i 2: 2 

ih = 1. 

If (A, d) = (/\ V, d) is a Sullivan algebra, then given j 2: 2 and 'PI, · · · , 'Pj E 

Der( 1\ V, B , ¢), of degrees p1, · · · , pj , we define their bracket of length 

j, ['PI,··· ,<pi] E Der(I\V, B ,¢) by 

['Pl, · ·· ,<pj](v) = (-l)Pr+··+p;-l L (. L_ E¢>(v1···v; 1 • • ·v;j ···vk)<p(v;,) · · ·<pj(v;1)), 

where dv = L v1 · · · vk and E is the sign given by the Koszul convention. 
These operations may be desuspended to define a set of linear maps 
Vih2:1 each of degree j- 2 on s-1 Der(l\ V, B, ¢) as follows: 
For j = 1 

li; s-IDer(I\V,B,¢)--+ s- 1Der(I\V,B,¢), li(s-1()) = -s-18() . 

For j = 2 define 

· zi: s-1 Der(I\V, B, ¢) 0 · · · 0 s-1Der(I\V, B, ¢)--+ s-1 Der(I\V, B, ¢) 

by 
li(s-I<p1 , · · · , s-I'Pi) = ( -1)o:s-1[<pl , · · · , 'Pi] 

and a= 2::~-:,;(j- n) + I'Pnl · 
Let f : X --+ Y be a continuous function between 1-connected spaces 
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RATIONAL HOMOTOPY OF MAPPING SPACES BETWEEN Grk(C") 5 

and map( X, Y; f) the component off in the space of continuous maps 
from X to Y. Let ¢; : ( 1\ V, d) -----+ B be a cdga model of f. Lemma 3. 3 

of [1] proves that (s-1 Der(I\V, B, ¢), {lJ}j;:::l) is an L 00 modelofmap(X, Y; f). 

3. INCLUSION OF Gr(2, 4) IN Gr(2, 5) 

Recall that 

H* ( Gr(2, 4), Q) = /\(y2, Y4) I (2Y2Y4 - Y~, Yi - 3y~y4 + Y~). 
Moreover, 

H* ( Gr(2, 5), Q) = /\(x2, X4) I (x~- 3x~x4 + x~, 4x~x4- 3x2x~- x~) . 

Hence the minimal Sullivan model of Gr(2, 5) is given by ( /\(x2 , x4, x1, x9 ), d) 

where dx2 = dx4 = 0, dx1 = x~- 3x~x4 + x~ and dxg = 4x~x4- 3x2x~-
X~. 

The inclusion Gr(2, 4) ~ Gr(2, 5) has a model given by 

¢;: /\((x2, X4, x1, Xg), d) -----+ /\(y2, Y4) I (2Y2Y4- y~, Y~- 3y~y4 + y~), 
where ¢(x2) = Y2, ¢(x4) = y4 , ¢;(x1) = 0 and ¢(xg) = 0. Let (/\ V, d) = 
A(x2, X4, X7, Xg) and B = /\(y2, Y4) I 2Y2Y4 - y~, Yi- 3y~y4 + YD· The 

vector space Der-(1\V,B,¢;) is generated by: 

ag = (xg , 1), a7 = (xg, Y2), as = (xg, Y4), a~ = (xg , YD, a3 
(xg ,Y2Y4), a1 = (xg,yi = 2y~y4), 
f37 = (x7,1),f3s = (x7,y2),f33 = (x7,Y4),(3~ = (x7,yn, f3l 
(x7, Y2Y4), 
14 = (x4, 1) ,12 = (x4 , y2), 
82 = (:r2 , 1) . 

Moreover, 882 = -4al + 2(31, 012 = -a1 - 4(31 and 014 = -a3 + 4(3~ 
and oai = of3j = 0. 
Computing the Lie brackets we get 

[82, 82] = -96a3 + 24(3~- 6(33, [82 , 12] = 18a3- 6(3~, 
[82, 14] = 24a~ - 6as - 6f3s, [12, 12] = -6a3 + 2(3~ , 
[r2, 14] = -6a~ + 2f3s , [r4, 14] = 2(37, 
[82 , 82, B2] = 24as - 120a~ + 24f3s, [82 , 82, 12] = 24a~ - 6f3s, 
[82 , 82, 14] = 24a7- 6(31, [B2 , 12, 12] = -6a~, 
[82 , 14, 14] = -6ag, [82, 12, 14] = -6a1, 
[B2, B2, B2, B2] = -120a7 + 24(37, 
[B2, 82, B2, 12] = 24a7, [B2, 82, 82, 14] = 24ag, 
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[B2, e2, e2, e2, B2] = -120ag , 
the other brackets being zero. 

If L = s-1 Der(A V, B, ¢) and letting xi = a~, YJ = JJJ, WJ = 'YJ and 

z2 = et 
C00 (£) = (A (xl,Yl,W2,Z2,X3,y3,y;,w4,X5,X~,y5,X7,Y7,X9),d), 

where; d(z2) = d(w2) = 0, d(xi) = -~z2- w2, d(yi) = ~z2- ~w2, 
d(x3) = W4- -kz~ + 1~w2z2- iw~, d(y3) = ~w4- iz~, 
d(x5) = f4z~-iz2w4, d(x~) = - 1~0 z~+f4z~w2+f4z2w4-iz2w~-iw2w4, 
d(y5) = f4z~ - iz?w2 - iz2w4 + ~w2w4, 
d(x1) = f4z~w4 + f4z~w2 + 1 ~0 z~ - iz2w2w4, 
d(y7) = f4zi- iz~w4 + f4w~, d(xg) = - 1~0 z~- f4z~w4- z2w~. 

Note that the ideal generated by (x1, y1 , w2 , z2) is acyclic, hence C00 (L) 
is quasi isomorphic to 

A ( X3, y;, X5, X~, Y5, X7, Y1, Xg), 0). 
Hence, the inclusion Gr(2, 4) '---+ Gr(2, 5) has the rational homotopy 
~~~~x~x~x~x~x~x~x~. 
We can hence generalise the result as follows: 

Theorem 1. Consider the inclusion in : Gr(2, n) '---+ Gr(2, n + 1). The 

mapping space ( Gr(2, n), Gr(2, n + 1), in) has the rational homotopy 
type of a product of odd spheres. 

Proof. Since H* ( Gr(k, n), Q) = A(c1, c2, .. · , ck) I (hn-k+l, · · · , hn), lei I = 

2i, then it follows that 

H * ( Gr(2, n), Q) = A(x2, X4) I (hn-1, hn) and 

H* ( Gr(2, n + 1), Q) = A(x2, X4) I (hn, hn+l) . 

The minimal model of Gr(2, n+ 1) is ( A (x2, x4, X2n-l. X2n+l), d) where 

dx2 = dx4 = 0, dx2n-1 = hn and dx2n+l = hn+l· Assume n 2: 4. Hence 
a model of the inclusion Gr(2, n) '---+ Gr(2, n + 1) is given by; 

¢: (A (x2,x4,X2n-1,X2n+l),d)----+ A(y2,Y4)1(hn-l,ll.n), 

where ¢(x2) = Y2, ¢(x4) = Y4 and ¢(x2n-d = ¢(x2n+l) = 0. Moreover, 
Gr(2 , n) is a complex manifold of dimension 2(n- 2), and of real di-

mension 2(2(n- 2)) = 4n- 8. 
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The Grassmann manifold Gr(2, n) being a sympletic manifold has a 

sympletic class represented by y2 E H 2 ( Gr(2, n), Q). Further, for 

1 :::; i :::; (2n- 4), y~ is a non zero cohomology class. 

Let 

L = Der( /\ (x2, X4, X2n-l, X2n+l), d), /\(y2, Y4) / (hn-l, hn), ¢). 
The only even degree ¢-derivations are B2 = (x2, 1), 'Y2 = (x4 , Y2) and 
'Y4 = (x4, 1) . Let a1 = (x2n-I , y~- 1 ) and f3I = (x2n+I, yg). Moreover, 

Then, 

Hence, 

and 

(6B2)(X2n-1) =an· n · Y~-l + bn-2 · (n- 2) · Y4Y~- 3 + · · · 
(6B2)(x2n+I) = bn · n · Y2 + bn-2 · (n- 1) · Y4Y~-2 + · · · 
(6'Y2)(x2n-I) = an-2 · (n- 2) · Y2Y~-3 + · · · 
(6'Y2)(x2n+I) = bn-2 · (n- 1) · y~-l + · · · 
(6'Y4)(x2n-d = an-2 · (n- 2) · y~- 3 + · · · 
(6'Y4)(X2n+d = bn-2 · (n- 1) · Y~-2 + · · · 

6B2 = n · an · a1 + n · bn · /31 + · · · 
0"'(2 = bn-2(n- 1)al + 0/31 + · · · 

We deduce that 6 : £ 2 -t £ 1 is injective as 6B2 and 0"'(2 are limearly 
independent. Therefore, H2(L , 6) = 0. In the same way H4 (L , 6) = 0. 
Moreover, all brackets with odd dimension derivations are zero. We 
conclude that H.(L) is concentrated in odd degrees with all brackets 
being zero . 

Hence, C*(L) has a minimal model of the form (1\X, 0), where X = 
xadd Therefore map ( Gr(2 , n), Gr(2 , n + 1) ; in) has the rational ho­

motopy type of a product of odd spheres . 
0 

4. THE INCLUSION Gr(2, n) ~ Gr(2, n + r) , r 2: 2 

Having established that map ( Gr(2, n), GT(2, n + 1) ; ·in) has the ratio­

nal homotopy type of a product of odd spheres, we now set to consider 
the inclusion GT(2, n) ~ Gr(2, n + r), r 2: 2 . 

We start with a computational example. Consider the inclusion Gr(2, 4) ~ 

Gr(2,8). Recall that H*(Gr(2,4),Q) = /\(y2 ,y4 )j(h3 ,h4 ). A Sullivan 
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model of Gr(2,8) is /\((x2,x4,x13,x15 ),d) with d(x2) = d(x4) = 0, 

dx13 = -x~ + 6x4x~- lOx~x~ + 4x2x~ and dx1s = x~- 7x~x4 + 15x~x~-
10x~x~ + x!. A model of the inclusion is thus given by; 

¢ : (/\ V, d) = ( 1\ (x2 , X4, X13, X1s), d) ~ /\(y2, Y4) j (h3 , h4) = B 

where; ¢(x2) = Y2, ¢(x4) = Y4 and ¢(xu) = ¢(x15) = 0. The vector 
space Der( 1\ V, B , ¢) is spanned by: 

a15 = (x15, 1), a13 = (.1:15, Y2), an = (x15, Y4), a~1 = (x1s, y~), 
ag = (x1s , y~ = 2Y2Y4) , a7 = (x15 , y~ = 2y~y4 = y~), 
!313 = (x13, 1), f3n = (x13, Y2), f3g = (x13, Y4), /3~ = (xl3,:tJ~), 
!37 = (x13, y~ = 2y2:tJ4), f3s = (x13, y~ = 2y~y4 = y~), 
"12 = (x4, Y2), "(4 = (x4, 1) and 
82 = (x2 , 1). 

Computing the Lie brackets, we get 

[82, 'Y4] = 684f3s, ["!4, 'Y4] = -36/37 + 684a7, ["!2, 'Y4] = -36f3s , 
[82, 82, 82] = -4380/3s, [82, 'Y4, 'Y4] = -60/3~ + 660ag, 
[82 , "(2, 12] = -36/3s, [82, "(4, 'Y2l = -36/37 + 660a7, 
[82, 82 , 'Y4] = -660/37- 4380a7, [82 , 82 , 'Y2] = -660f3s , 
[12, "f2, 'Y2l = 24/3s , ["!2, "(2, "!4] = -34a7 + 24/37, 
["!4, "(4, 'Y4] = 24f3n + 24an- 60a~ 1 , ["!4, "(4, 'Y2] = 24/3~- 34ag, 
[82, 82 , 82, 'Y4] = -60f3g + 720/3~ - 4320ag, 
[82, 82, 82, 'Y2l = 660f37- 4320a7, 
[82, 82, "(4, 'Y4] = -60f3n- 60an + 720a~1 > 
[82 , 82 , "(2, 'Y2] = -60/37 + 660a7 , [82 , 82 , "f2, 'Y4] = -60/3~ + 660ag , 
[82, 82, 82, 82] = -4320f37+36000a7, [82, "f2, "(2, 'Y2] = 24f37-60a7, 
[82, "(4, "(4, 'Y4] = 24/313 - 60a13, [82 , "f2, "(2, 'Y4] = 24/3~ - 60ag, 
[82, "(4, "(4, 'Y2J = 24/311 - 60a~ 1 , ["f4 , "(4, "(4 , "!4] = 24aJs, 
["!2, "(2, "(2, 'Y2l = 24a7, ["!2, "(2, "(4, 'Y4] = 24a~ 1 , 
['Y2,"f2 ,"f2,'Y4] = 24a~, ['Y2,"f4,"f4,"f4] =24a13 , 
[82, 82 , "(4, 'Y4, 'Y4] = -60a15 , [82, 82, 82, 'Y4, 'Y4] = -60/313 + 720al3, 
[82, 82, 82, "f2, 'Y2] = -60f3g + 720ag 
[82, 82, 82, "f2, 'Y4] = -60f3n + 720a~1) [82, e2, "!4, "(4, 'Y2] = -60al3, 
[82, 82 , "f2, "f2, 'Y2] = -60ag, [82, e2 , "f2, "f2, 'Y4] = -60an , 
[82, 82 , 82, 82, 82] = -120f3g- so4of3~ + 35280ag, 
[82, 82, 82, 82, 'Y2l = 7200/3~ - 4320ag , 
[B2, B2, B2, B2, 'Y4] = 720f3n + 720an- 5040a~ 1 , 
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[82 , 82 , 82, 82, 82, 82] = -5040,8u - 5040au + 40320a~l> 
[82 , 82 , 82 , 82, 82 , /2] = 720,8u- 5040a~l > 
[82, 82, 82 , 82, 82 , r4] = noo,el3 - so4ooa13 , 
[82, 82, 82, 82, /4, r4l = 120a1s , 
[82, 82 , 82, 82 , 12, 12] = 720a~ 1 , [82, 82 , 82, 82 , /4, 12] = 720al:J , 
[1J2, 82, 82, 82, 82, 82, 82] = -5040,Bu , 
[82, 82, 82, 82, 82, 82, r4] = -5040als , 
[82, 82 , 82, 82, 82, 82, /2] = -5040al3 and 
[82 , 82, 82, 82, 82 , 82 , 82, 82] = 40320als -

9 

with 812 = 814 = 882 = 0 and the other brackets being zero as well. 
Note that 8 = 0 hence Der(l\ V, B, ¢>) is a minimal L00 algebra. Put 
Xi = aLyj = ,8~, Wj = ~~ and Z2 = 8~ . Hence 

C00 (L) = ( A(z2, w2, w4, Ys, Y7 , X7, yg, y~, Xg, Yu , Xu , x~l> Yl3 , Xl3> XIs), d), 

d(x1) 
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d( :ru) 

d(x~ 1 ) 
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Note that [w2], [w~], [w~] are non zero cohomology classes in H*( C 00 (L )) . 
We can generalise as follows. 

Theorem 2. If r > n-l, then the cohomology of map ( Gr(2, n), Gr(2, n+ 

r), in,r) contains a truncated algebra Q[xJI (xr-n+4), where ixi = 2. 

Proof. Recall that the cohomology rings of Gr(2, n) and Gr(2, n + r) 
are respectively: 

B = H* ( Gr(2, n), Q) = 1\(xz, X4) I (hn-1, hn) and 

H* ( Gr(2 , n + r), Q) = 1\(xz, X4) I (hn+r-1 , hn+r) . 

The minimal model of Gr(2, n + r) is 

(1\V,d) = ( 1\ (xz,X4,X2n+2r-3,X2n+2r-1),d) with d(xz) = d(x4) = 0, 

d(xzn+2r-3) = hn+r-1 , d(x2n+2r-1) = hn+r · A model of the inclusion is 
then given by 

¢: 1\(xz, X4, Xzn+2r-3 , Xzn+2r-1) --+ 1\(yz, Y4) I (hn-1 , hn) , 

where ¢(xz) = Yz , ¢(x4) = Y4 and ¢(xzn+2r-3) = ¢(xzn+2r-l) = 0. The 
vector space Der(I\V, B, ¢)is spanned by: 

URL: http://mc.manuscriptcentral.com/ tqma 

Page 10 of 12 



Page 11 of 12 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
!9 
10 
11 
12 
13 
14 
IS 
16 
17 
18 
19 
:o 
;1 

·2 
3 
4 
5 
6 
7 
8 
9 
0 

Quaestiones Mathematicae 

RATIONAL HOMOTOPY OF MAPPING SPACES BETWEEN Grk(IC") 11 

a2n+2r-1 = (x2n+2r-1, 1) , a2n+2r-3 = (x2n+2r-1 , Y2), a2n+2r-5 = 
(x2n+2r-l,Y4), · · ·, a2n+2r-9 = (x2n+2r-l,Y~n-4 ), 
f32n+2r-3 = (x2n+2r-3 , 1), f32n+2r-5 = (x2n+2r-3, Y2) , f32n+2r-5 = 
(x2n+2r-3 , Y4) , · · · , f32n+2r-11 = (x2n+2r-3 1 Y~n-4 ), 
'Y4 = (x4, 1) , 'Y2 = (x4, Y2) and 
e2 = (x2, 1). 

As P1 = (o'Y4)(x2n+2r-3) and P2 = (o'Y4)(x2n+2r-l) are polynomials of 
degree at least 2n + 2r- 6. If r > n- 1, then 2n + 2r - 6 > 4n- 8. 

Therefore p 1 and P2 are zero in /\(x2 , x4) / (hn-1, hn) · Hence, (o'Y4) = 0. 

Similarly, 8'Y2 = MJ2 = 0. 

On the other hand ql = lk('Y2, · · · , 'Y2)(dx2n+2r-a) and q2 = lk('Y2, · · · , 'Y2) 
(dx2n+2r-l) are polynomials of degree 2:: 2n+2r-2-2k. If k < r-n+3, 
then q1 and q2 are of degree > 4n - 8. Therefore , lk('Y2, · · · , 'Y2) = 0 
fork= 2, · · · , r- n + 3. In C00 (L), put 'Y~ = w2 . Then [w~] =I 0 for 
i = 1, · · · , r - n + 3. D 

Theorem 3. Consider the inclusion in,r: Gr(2, n) <.....7 Gr(2, n + r). If 

r > 3n- 6, then the cohomology of map ( Gr(2, n) , Gr(2, n + r); ·in,r) 
contains a polynomial algebra over a generator of degree 2. 

Proof. Let¢: C·\(x2,x4,X2n+2r-3 ,X2n+2r-d,d)---+ /\(y2,Y4)j(hn-l,hn) 
be a model of in,r. Assume n 2:: 4, in particular r 2:: 3n-8 then any odd 
derivation is of degree at least (2n+2r- 3)- ( 4n- 8) = 2r- 2n+5 2:: 5. 
Hence £ 3 = £ 1 = 0. Moreover, 'Y2 = (x4 , Y2) is automatically a cycle 
(as £ 1 = 0) which is not a boundary (as L 3 = 0) . It is sufficient to 
show that lm('Y2 , · · · , 'Y2 ) = 0 for m 2:: 2, where lm denotes the bracket 
length m. 
We consider the case when n + r is even, the other case is dealt with 
in a similar way. 
For m > n+r l = 0. Assume 2 < m < n+r 2 'm - -2 ' 

"""a ·yi-m . ymyn+r-2i 
L.....-'4 22 ' 
i~m 

l ( ) ( ) """/3 i-m m n+r-1-2i m 'Y2, ' · · , 'Y2 X2n+2r-3 = L..,... iY4 · Y2 · · · Y2 · 

(1) 

(2) 

The right hand side of (1) and (2) are polynomials of total degree 
2:: 2n + 2r- 2m-2. Assume now that r > 3n- 6, then 

n + r - 2 > 4n - 8 ::::} 2n + 2r - 2 - ( n + r) > 4n - 8 

::::} 2n + 2r - 2m - 2 > 4n - 8. 
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Therefore, lm ( "(2 , · · · , "(2) = 0 for all m 2: 0. This shows that H* ( COC) ( L)) 
contains a polynomial algebra over a generator of degree 2. 

0 
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RATIONALIZED EVALUATION SUBGROUPS OF 
MAPPING SPACES BETWEEN COMPLEX 

GRASSMANNIANS. 

PAUL ANTONY OTIENO, JEAN BAPTISTE GATSINZI, 
AND VITALIS ONYANGO-OTIENO 

ABSTRACT. We determine evaluation subgroups of the inclusion 
Gr(2, n) '-+ Gr(2, n + 1) between complex Grassmannians. 

1. INTRODUCTION 

Given a pointed topological space (X, x 0 ), the nth Gotttlieb group of X, 
also called the evaluation subgroup of 7rn(X) and denoted by Gn(X), 
consists of those a E 7rn(X) for which there is a map F : X X sn ---7 X 
such that the following diagram commutes: 

X X sn __ F_-t X 

JT \7T 
X v sn lxVf X v X 

l 

where f : sn ----+ X is a representative of a and \7 is the folding 
map. Thus for every a E Gn(X, x0 ), there exists at least one map 
F : X x sn ---7 X such that F(x0 , s) = f(s). We say that F is an 
affiliated map to a [3]. If X has a base point x0 and aut X denotes the 
monoid of self homotopy equivalences of X with ev : aut X ---7 X the 
evaluation map at x0 , then it follows from the definition that 

Gn(X) = im( ev~ : 7rn(aut X, lx) ---7 7rn(X, xo)). 

Similarly, iff: X ---7 Y is a based map between simply connected CW 
complexes and map(X, Y; f), the space of maps from X to Y which 

are homotopic to/, then Gn(Y,X;f) = im(ev~: map(X,Y;f) ---7 

7rn(Y)) is the nth evaluation subgroup of f [9]. In [10], Woo and Lee 

2010 Mathematics Subject Classification. Primary 55P62; 54C35. 
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2 P.A OTIENO, J .-B . GATSINZI, AND V.O OTIENO 

defined relative evaluation subgroups G~e1 (X, Y; f) and showed that 
they fit in a sequence 

· · · ---+ G~~l (Y, X ;f) ---+ Gn(X) ---+ Gn(Y, X; f) ---+ · · · 

called the G-sequence of f. 

We use Sullivan models to compute rational relative Gottlieb groups of 
the inclusion Gr(2, n) '--7 Gr(2, n + 1). We refer to [4] for details and 
work over a field of characteristic zero in this case Q. 

Definition 1. A differential graded algebra ( dga) is a graded algebra 
A = ffin>o An together with a derivation d, d = dn : An ---+ An+l 
such that-dod= 0. Then (A, d) is called a cochain algebra. A graded 
algebra A is commutative if a · b = ( -1)deg a·deg bb · a for a, b E A [2, 
Chap. 3]. 

Definition 2. A Sullivan algebra is a commutative cochain algebra of 
the form (A V, d) where V = {VP} P2': 2 and A V denotes the graded 
free commutative algebra on V. A Sullivan model for a commutative 
cochain algebra (A, d) is a quasi-isomorphism m : (AV, d) ---+ (A, d) 
from a Sullivan algebra (AV, d). A Sullivan algebra is said to be min­
imal if the differential is decomposable, that is, Jm d c A +v · A +v. 
Moreover, if H 0 (A) = Q then (A, d) has a minimal model which is 
unique up to isomorphism. If X is a nilpotent space and APL(X) 
the commutative differential graded algebra (cdga) of piecewise linear 
forms on X, then a Sullivan model of X is a Sullivan model of APL(X) 
[2, Chap.12]. 

2. DERIVATION SPACES AND THE RATIONALIZED G-SEQUENCE 

Given commutative differential graded algebras (A, dA) and (B, ds) and 
a map rp : A ---+ B, define a ¢-derivation of degree n to be a linear map 
e : A* ---+ B*-n which satisfies e(xy) = e(x)¢(y) + ( -1)nfx1¢(x)e(y). 
We only consider derivations of positive degree. Let Dern(A, B; rp) 
denote the vector space of all ¢-derivations ofdegree n for n > 0. Define 
a linear map D : Dern(A, B; ¢)---+ Dern_1(A , B; rp) by D(e) = dsoB­
( -1)191BodA. Then, (Der*(A, B; ¢),D) is a chain complex. In case A= 
B and ¢ = 1s, the chain complex of derivations Der*(B, B; 1) is just 
the usual complex of derivations on the commutative differential graded 
algebra B [ 6] . If ¢ : (A V, d) ---+ (A W, d) is a Sullivan minimal model 

off: X ---+ Y, then Hn ( Der(AV, AW; ¢),D) ~ 1rn (map( X, Y; f)) 0 

Q; n :2: 2 [6],[1] . 

We note that Der(AV,B;¢) ~ Hom(V,B) . If {vi} is a basis of V, we 
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EVALUATION SUBGROUPS AND G-SEQUENCES 3 

denote by (vi, b), the unique ¢-derivation(} such that 

Pre-composition with ¢, respectively post-composition with the aug­
mentation E: B--+ Q, gives a map of chain complexes 

respectively 

Definition 3. Let ¢ : V --+ W be a map of differential graded vector 
spaces. Define a differential graded vector space, Rel* ( ¢), called the 
mapping cone as follows. Reln(¢) = sVn-l EB VVn with differential 0 of 

degree -1 given by o(sv, w) = (- sdv(v), ¢(v) + dw(w)) [7]. There 

are chain maps J: Wn --+ Reln(¢) and P: Reln(¢) --+ Vn-l defined 
by J(w) = (0, w) and P(sv, w) = v. These give a short exact sequence 
of chain complexes 

which leads to a long exact sequence in homology 

· · ·---+ Hn+l(Rel(¢)) H(P) Hn(V) H(4>) Hn(W) H(J) Hn(Rel(¢))---+ · · ., 

whose connecting homomorphism is H(¢) . We refer to this sequence 
as the long exact homology sequence of¢. 

We use Theorem 3.3 of [6] 

Theorem. Let f : X --+ Y be a map between simply connected CW­
complexes and ¢ : (A V, d) --+ (A W, d) ds Sullivan model. The long 
exact sequence induced by f* : map(X, X; 1) ~ map( X, Y; f) on ra­
tional homotopy gro·ups is equivalent to the long exact homology se­
quence of the map 

¢* : Der*(AW, AW; 1)--+ Der*(AV, AW; ¢) 

induced by the minimal model ¢ : (A V, d) --+ (AW, d) of the map 
f : X--+ Y. 

Definition 4. Given a commutative differential graded algebra map ¢ : 
A --+ B, we have the following commutative diagram of differential 
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4 P.A OTIENO, J .-B . GATSINZI, AND V.O OTIENO 

graded vector spaces; 

Here, E: denotes the augmentation of either A or B. On passing to 
homology and using the naturality of the mapping cone construction, 
we obtain the following homology ladder ( n 2:: 2), 

_H_(_J)-t Hn+l(Rel(¢*)) H(P) Hn (D er(B ,B ; 1)) H(cV) Hn(Der(A ,B ; ¢)) · · · 

lH(e.e.) _ lH(t:.) _ lH(e.) 

_H_(_.J)-t Hn+l(Rel(¢;')) H(P) Hn(D er(B ,Q: e)) H(¢•/ Hn(Der(A,Q: e)) · · ·. 

Definition 5. Suppose¢ : A ---+ B is a map of commutative differential 
graded algebras, we define the evaluation subgroups of ¢ by 

Gn(A , B ; ¢) = im{H(t:*) : Hn(Der(A , B; ¢)) ---+ Hn(Der(A, Q; t:))}. 

In the special case A= Band¢= lB, we refer to the Gottlieb group of 
B , and use the notation Gn(B) . If B = (1\V, d) is a model of a simply 
connected space X, then an element a E Gn(B) is represented by a 
linear mapping f : vn ---+ Q that extends into a derivation () of !\ v 
such that {J() = 0. Moreover, Gn(B) ~ Gn(XQ) [2, Proposition 29.8] . 

The nth relative evaluation subgroup of¢ is defined by; 

Then the image of the upper long sequence in the lower, of the ladder 
above, gives a sequence 

... H(J) crel (A B· A-.) H(P) G (B) H(¢;*) G (A B· A-.) H(J) . . . (1) 
n+l ' ' 'f' n n , , 'f' 

that terminates in G2 (A, B ; ¢) . 

We refer to this sequence as the G-sequence of the map ¢ : A ---+ B . 
This can be applied to the minimal model ¢ : ( !\ V, d) ---+ ( !\ W, d) of 
the map f : X ---+ Y as stated and proved in [6 , Theorem 3.5]. 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2 
13 
1 4 
1 5 
16 
1 7 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
10 
11 
12 
l3 
14 
IS 
16 
17 
18 
19 
;o 
>1 
i2 
>3 
>4 

·5 
·6 
o7 
·8 
·9 
:o 
·1 
2 
3 
4 

5 

EVALUATION SUBGROUPS AND G-SEQUENCES 5 

3. THE INCLUSION Gr(2, n) Y Gr(2, n + 1) 

Let Gr(k , n) be the Grassmann manifold of k-dimensional subspaces of 
en. The cohomology ring H*(Gr(k, n), Q) is generated by the Chern 
classes ci E H 2i(Gr(k, n) , Q), for 1 ~ i ~ k . Further , the cohomology 
ring has a presentation 

H*( Gr(k, n) , Q) = /\(c1, c2, · · · , ck) I (hn-k+l, · · · , hn), 

as the quotient of the polynomial ring generated by c1, c2 , · · · , ck, lei I = 
2i, modulo the ideal generated by the elements h1, n - k + 1 ~ j ~ n. 
Here, h1 is defined as the 2jlh degree term in the Taylor's expansion of 
(1 + c1 + c2 + c3 + · · · + ck)-1 where (1 + c1 + c2 + c3 + · · · + ck) is the 
total Chern class [4]. 

In particular, the cohomology rings of Gr(2, n) and Gr(2 , n + 1) are: 

H* ( Gr(2, n), Q) = l\(y2 , Y4) / (hn-l, hn) and 

H* ( Gr(2 , n + 1) , Q) = l\(x2 , X4) I (hn, hn+l) respectively. 

The minimal model of Gr(2, n) is 

( 1\ (y2,Y4,Y2n-3 ,Y2n-l),d) with d(y2) = d(y4) = 0, d(Y2n-3) = hn-l, 

d(Y2n-d = hn· In the same way, a model of Gr(2, n + 1) is given by 

( 1\ (x2, X4, X2n-1, X2n+l), d) with dx2 = dx4 = 0, dx2n-l = hn and 

dx2n+l = hn+l· 

Lemma 1. hn+l = -x2hn - X4hn-l· 

Proof. Write the Taylor series (1 +x2 +x4)-1 = 1 +h1 + h2+ · · · where, 
lhil = 2i. From (1 + x2 + x4)(1 + x2 + x4)-1 = 1, one gets the relation 
hn+l = -x2hn - x4hn-l 0 

In particular, hn+l is co-boundary in ( 1\ (x2, X4, X2n-3, X2n-l), d), 
that is, there exists a of degree 2n + 1 such that da = hn+l · 

Theorem 1. Let B = ( 1\ (y2 ,Y4 ,Y2n-3,Y2n-l),d) . Then Gn(B) = 

( [Y~n-3] ' [Y~n-l]) · 

Proof. Let a2n-1 = (Y2n-l> 1) and a2n-3 = (Y2n-3 , 1) . Then c5an-l = 
c5a2n_3 = 0. Moreover, a2n-3 and a2n-l can not be boundaries for 
degree reason. Therefore, [a2n-3] and [a2n-1] are non zero homol-

ogy classes in H* ( Der(B, B; 1)) . Further, E*(a2n-3) = Y~n-3 and 

E*(a2n-l) = Y~n-l · 
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6 P.A OTIENO, J .-B. GATSINZI, AND V.O OTIENO 

As Gr(2, n) is a finite CW-complex then Geven(B) = 0 [2, Pg.379] 
Hence, Gn(B) = ( [Y2n-3] , [Y2n-l]) . D 

The inclusion Gr(2, n) <---t Gr(2, n + 1) has a model of the form 

¢: 1\V = (A(x2,X4,X2n-1 1 X2n+l),d)--+ (A(y2 , y4 ,Y2n-3 1 Y2n-l) , d) = B 

where ¢(x2) = Y2, ¢(x4) = Y4, ¢(x2n-l) = Y2n-l and ¢(x2n+l) = a 
where da = hn+l by Lemma 1. 

Theorem 2. Consider the inclusion Gr(2, n) <---t Gr(2 , n + 1) and¢ : 
(1\V,d)--+ (B,d) its Sullivan model, thenG*(!\V,B ;¢) ~ ([x2n-l], [x2n+1]). 

Proof. As Gr(2,n) is formal, Der(AV,B;¢)--=-+ Der(!\V,H(B);fo¢) 
where f : B -=r H(B) is a quasi isomorphism. Similarly, since B is 
formal Der(B, B ; 1) '::::' Der(B, H(B); f). Define tJ2n-l = (x2n_1, 1), 
tJ2n+1 = (x2n+l , 1) in Der(AV, H(B) ; jo¢) . Then otJ2n-1 = otJ2n+l = 
0. Moreover, [tJ2n-1] and [B2n+l] are nonzero cohomology classes in 

H* ( Der(!\V, H*(B) ; f o ¢)). 

We note that, 82 = (x2, 1) and (}4 = (x4 , 1) are not cycles in 

Der( A V,H(B);Jo¢) [8] . 

Further, H ( c*) ( [e2n-1D = [ x;n_1] E G2n-l ( !\ V, B; f o ¢). In a similar 
way, H(c*)([tJ2n+l]) = [xin+l] E G2n+l(AV, B ; f o ¢) . It then follows 
that G*(!\V,B;jo¢) = ([x;n_1], [x2n+1]). D 

Theorem 3. Cons·ider the inclusion Gr(2 , n) <---t Gr(2, n + 1) and 

¢ : (A V, d) = ( !\ (x2, X4, X2n-1 1 X2n+l), d) --+ 

(A V(y2 ,Y4 ,Y2n-3 ,Y2n-d,d) = B 

its Sullivan model, then c:e1(AV,B ;¢) = (((x;n_3,0)), ((O,y2n+l)]). 

Proof. Consider the diagram below [6]. 

q,• J 
Der(B, H(B); f) ~ Der(!\ V, H(B); .f o ¢) ~ Rel(¢*) 

}· ¢• 1£· 1:£·) 
Der(B, Q; c) Der(!\ V, Q; c:) J Rel(¢*). 

Let 0'.2n-l = (Y2n-1 1 1) , 0'.2n-3 = (Y2n-3 1 1) E Der(B, H(B) ; f) and 
tJ2n-1, tJ2n+l E Der(!\ V, H*(B); ¢) as defined above. Then ¢*(a2n-1) = 
e2n-l and ¢*(a2n-3) = 0. 
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Further, D(a2n-l , 0) = (0, B2n-I) , D(a2n-3 , 0) = (0 , 0) and D(O, B2n-1. 0) = 
0 = D(O, B2n+I)- Therefore, [(a2n-3 , 0)] and [(0, B2n+I)] are non zero 

homology classes in H* ( Rel(¢*)) . Moreover, H(c* , E*)([a2n-3, 0]) = 
[(x;n_3, 0)] and H(E*, E*)([(O, B2n+l)]) = [(0, Y~n+1 )]. A straightfor­
ward computation shows that [(x;n_3, 0)] and [(0, Y2n+1)] span H(E*, E*) . 

D 

The G-sequence reduces to 

H(J) l 
0 ~ G2n+I(AV, B ; ¢) ~ G2~+l(AV, B; ¢)-- 0 · · · 

H(<f>*) 
G2n-l(AV, B ; ¢)-- 0 · · · 

· · · 0-- crel (AV B· A,) 2n-2 ' ''+' 
H(P) 

G2n-3(B) __ __,._ 0. 

and is exact . 

Example 1. Consider Gr(2, 4) <:....-.7 Gr(2 , 5) . A model of the inclusion is 
given by 

¢ : A V = (A (x2, x4 , x1, xg) , d) ---t (A (y2 , y4, Ys, Y1 ), d) = B, 

where dx2 = dx4 = 0, dx7 = x~- 3x2x4 +xi, dx9 = 4x~x4- 3x2x~- x~ 
dy2 = dy4 = 0, dys = 2Y2Y4 - y~ and dy1 = y~ - 3y~y4 + y~. 

Moreover, ¢(x2) = Y2 , ¢(x4 ) = Y4, ¢(x1) = Y1 and ¢(xg) = -Y2Y7-Y4Y4· 

WecomputeG:ez(AV, B;¢). Leta1 = (y7 , 1) , a 5 = (y5 , 1) E Der1(B,H(B) ; j) 
where f: B ~ H(B) and 87 = (x1, 1) , 89 = (x9 , 1) E Der(A V, H*(B) ; fo 
¢) then ¢*(a7) = 87 and ¢*(a5) = 0. Moreover, D(sa1 , 0) = (0 , 81 ), 
D(sa5 ,0) = (0, 0) and D(O, B7) = D(O,B9 ) = (0 , 0). Hence [(sa5 ,0)] 
and [(0, 89)] are non zero homology classes . Moreover, (t:*, E*)(sa5 , 0) = 
(sy~ , 0) , (E* , E*)(O, 89) = (0, y9) . Therefore 

c:e1(AV, B; ¢) = ([(0, x;)], [(sy~, 0)]). 
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RELATIVE GOTTLIEB GROUPS OF THE PLUCKER 
EMBEDDING OF SOME COMPLEX GRASSMANIANS 

J.-B . GATSINZI, V. 0NYANG0-0TIENO, AND P. A . 0TIENO 

ABSTRACT. Let Gr(k, n) be the Grassmann manifold of k-linear sub­
spaces in en . We compute rational relative Gottlieb groups of the Plucker 
embedding i : Gr(2 , n)-+ l(:pN-I, where N = n(n- 1)/2. 

1. Introduction 

All spaces are assumed to be simply connected CW complexes of finite type. 
We denote by h : X ~ X <Qi the rationalization of X [3 , §9]. Let f : X ~ Y 
be a pointed continuous mapping and map(X, Y; f) the component of f in 
the space of continuous mappings from X to Y. Consider the evaluation map 
ev : map( X, Y; f) ~ Y . The nth evaluation subgroup of f , Gn(Y, X; f), is 
the image of ?Tn(ev) in ?Tn(Y) [17]. In the special case where X = Y and 
f = lx , one obtains the Gottlieb group Gn(X) of X [4] . It is also obtained 
as the image of the connecting map of the long homotopy exact sequence of 
the universal fibration of fibre X . Gottlieb groups play an important role in 
topology. For instance, if Gn(X) = 0, then any fibration X ~ E --+ sn+l 
admits a section [4, Corollary 2-7] . If X is a finite CW complex and Y a simply 
connected CW complex of finite type, then the rationalization h : Y --+ Y<QI 
induces a rationalization h. : map(X, Y; f)--+ map(X, Y; h of) [5] . Therefore 

ev. (?T. (map(X, Y; f)) 0 Q) ~ ev.(?T.(map(X, YQ; h of))). 

In [18] Lee and Woo introduce relative evaluation groups G~el (Y, X ; f) and 
obtain a long sequence 

· · · ~ G~e_f_l (Y, X; f)~ Gn(X)--+ Gn(Y, X; f)--+ G~e1 (Y, X; f)--+·· · , 

called G-sequence [8]. This sequence is exact in some cases , for instance if f is 
a homotopy monomorphism [13] . 

In this paper we describe the rational relative Gottlieb subgroup of the 
Plucker embedding i : Gr(2, n) '--+ cpN-l of the Grassmanian of 2-subspaces 
of en into the the complex projective space of dimension N -1 where N = n(n-
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1)/2. More specifically, we show that: c:•1(CCPN - 1 , Gr(2, n)<Q , hoi) splits as the 
direct sum of the suspension of G. ( Gr(2, n)<Q ) and G2N _1 (CPN - 1

, Gr(2, n)<Q , 
h o ·i) , where h : c_pN-l --+ c_p:;-l is the rationalization. 

2. Relative Gottlieb groups 

We work with rational homotopy models of simply connected topological 
spaces which were introduced by Quillen and Sullivan [14, 16] . In this section 
we give relevant definitions and fix notation. Details can be found in [3]. All 
vector spaces and algebras are over the field of rational numbers Q. 

Definition 1. A differential graded algebra (A , d) is a graded algebra A = 
EBn>oAn together with a differential d : An --+ An+l which is a derivation. The 
deg~ee of an element a is denoted by Ia!. We assume that (A, d) is 1-connected, 
that is, H 0 (A, d) = Q and H 1 (A , d) = 0. A graded algebra A is called commu­
tative if ab = ( -1)1allblba, a, bE A. A commutative differential graded algebra 
(cdga for short) (A, d) is called a Sullivan algebra if A= S(Veven) ® E(Vodd), 
where V = EBk;::: 2Vk . It will be denoted by (1\V,d) . 

Definition 2. A Sullivan algebra (1\V, d) is called minimal if dV C /\2: 2 V. A 
Sullivan model of (A, d) is given by a Sullivan algebra (/\ V, d) together with a 
quasi-isomorphism f : ( !\ V, d) --+ (A, d). It is unique up to isomorphism. 

If X is a simply connected space of finite type, then the (minimal) Sullivan 
model of X is the (minimal) Sullivan model of the cdga APL(X) of polynomial 
differential forms on X [3 , §10] . A simply connected topological space X is 
called formal if there exists a quasi-isomorphism (/\ V, d) --+ H* (X, Q), where 
(A V, d) is a Sullivan model of X. 

The complex Grassmann manifold Gr(k, n) is the space of k dimensional 
subspaces of en. As Gr(k,n) = U(n)/(U(k) x U(n- k)) is a homogeneous 
space of equal rank as well as a Kahler manifold, hence it is formal [16, §12], 
[2]. A Sullivan model of Gr(k, n) can be computed using Proposit ion 15.6 of [3] 
and it is explicitly given by Murillo [11, Theorem 2]. Moreover Gr(k, n) is a 
complex manifold of dimension k(n- k) for which the rational cohomology is 
the quotient algebra 

A(y2, Y4 , · · · , Y2k)/(hn-k+l, · · · , hn-1 , hn) , 

where h1 is the polynomial of degree 2j in the Taylor expansion of the expression 
1/(1 + Y2 + · · · + Y2k) [6]. A Sullivan model is given by 

(A(y2 , · · · , Y2k. Y2n-2k+l, ·. · , Y2n-d, d), 

where dy2i = 0, dy2n-2k+2j-1 = hn-k+i• j = 1, ... , k. Moreover this model is 
minimal. In particular, the minimal Sullivan model of Gr(2, n) is 

A(y2,Y4 , Y2n-3, Y2n-d, dy2 = dy4 = 0, dy2n-3 = hn-1 > dY2n-l = hn · 
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It can be shown by induction that 

N = ( ~ ) > k(n- k) . 

Therefore H'2:. 2N (Gr(k , n), Q) = 0. Hence yf is a coboundary in 

(/\(y2, · · · , Y2k, Y2n-2k+1, · · ·, Y2n-1), d) . 

We recall that the minimal Sullivan model of cpN - 1 is given by 

(/\(x2, X2N-d, d), 

where dx2 = 0 and dx2N- 1 = xf. A Sullivan model of the inclusion i 
Gr(2, n)-+ cpN-l is then 

(1) ¢: (/\(x2,x2N-1) , d)-+ (/\(y2,Y4,Y2n-3,Y2n-1) ,d), 

where ¢(x2) = Y2 and ¢(x2N-1) = y , where dy = yf. 

3 

Recall that if¢ : (A, dA) -+ (B, ds) is a map of chain complexes, the map­
ping cone of¢, denoted by Rel(¢) is given by 

Rel(¢). = (.sA._1 E9 B., D), 

where the differential is defined by D(sa, b) = ( -sdA(a), ¢(a) + dsb) [9] or 
[10, p. 46]. Define chain maps J: En-+ Reln(¢) and P: Reln(¢)-+ An-1 by 
J(b) = (0, b) and P(sa, b)= a. There is an exact sequence of chain complexes 

0-+ B. lt Rei.(¢) ~ A._1 -+ 0 

which induces a long exact sequence in homology [10, Proposition 4.3]. 

Definition 3. Let X be a topological space. We say a E 11'n(X) is a Gottlieb 
element if the map: f v 1 X : sn v X -+ X extends to sn X X ) where f represents 
the homotopy class a [4]. 

Gottlieb elements form a subgroup of 11'.(X) which will be denoted by 
G.(X) . It comes from the definition that G.(X) is the image of 11'.(ev) : 
11'.(aut1 X, 1x)-+ 11'.(X,xo), where ev is the evaluation map at xa. 

Definition 4. Let¢ : (A, d) -+ (B, d) be a morphism of cdga's . A ¢-derivation 
of degree k is a linear mapping(} : An -+ nn-k such that B(ab) = B(a)¢(b) + 
( -1)kfal¢(a)B(b). We denote by Dern(A, B; ¢)the vector space of ¢-derivations 
of degree nand by Der(A, B; ¢) = EBn Dern(A , B; ¢) the Z-graded vector space 
of all ¢-derivations. The differential on Der(A, B; ¢) is defined by 6(} = d(}­
(-1)kBd. We will restrict to derivations of positive degree , however in degree 
one, we only consider those derivations which are cycles. 

If¢: A-+ A is the identity mapping, we simply write Der A for Der(A, A ; 1A)· 
Moreover if A= !\ V where {'v1, v2, .. . } is a basis of V and¢: (/\ V, d) -+ (B, d) 
is a morphism of cdga's, we denote by (vi, b) the unique ¢-derivation (} such 
that B( vi) = b and zero on other elements of the basis. 
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Define the Gottlieb group of (/\ V, d) 

Gn(/\V) = {[B] E Hn(Der/\V,6): B(v) = 1, v E vn} . 

Hence G.(/\V) ~ imH.(t:.), where E. : Der/\V--+ Der(/\V,Ql;E) is the post 
composition with the augmentation map E : 1\ V --+ Q. If X is simply connected 
and (1\V, d) is the minimal Sullivan model of X , then Gn(/\V) ~ Gn(XQ), 
where h: X--+ XQ is the rationalization (3 , Propostion 29.8]. 

Let¢: (1\V,d)--+ (1\W,d) be a Sullivan model off: X--+ Y. It induces a 
chain map¢*: Der(/\W)--+ Der(/\V,/\W;¢) by pre-composition by¢. We get 
the following commutative diagram. 

(2) <I>' 
Der 1\W Der(/\V, 1\W; ¢)~Rei(¢*) 

1 <. ~ 1 <. - 1(<. ,<.) 
<I>' J --Der(/\W, Q, t:)--- Der(/\V,Q, t:)--- Rei(¢*) . 

Then rational evaluation subgroups are corresponding images in the lower lad­
der induced in homology by vertical maps. Therefore there is a long sequence 

· · ·--+ Gn(/\W) H~') Gn(/\V, 1\W; ¢) HJ.!) G~el(/\V, 1\W; ¢) H_if) · · · . 

We will use the following result for our computations (9, Theorem 2.1], [1, 
Corollary 7] . 

Theorem 5. Let f : X--+ Y be a map between simply connected CW complexes 
where X is of finite type and ¢ : (/\ V, d) --+ (/\ W, d) its Sullivan model. The 
long exact sequence induced by the map f. : map(X, X; 1x) --+ map( X, Y; f) 
on rational homotopy groups is equivalent to the long exact sequence of 

¢* : Der(/\W,d)--+ Der(/\V,/\W;¢). 

We consider the particular case where f is the inclusion i : Gr(2, n) --+ 
cpN-l for which the Sullivan model is given by (1). A direct computation 
shows G.(/\ W) = ([Y2n- 3 ], [Y2n-l]). See [15] for a general result on rational 
Gottlieb groups of flag manifolds. 

Lemma 6. Let N = n(n- 1)/2. Then 2(N- 1) > 4n- 8 for n:::?: 4. 

Proof. Here 2(N- 1) = n(n- 1)- 2. The inequality n(n- 1) > 4n- 8 holds 
for n = 4. For n:::?: 5, then n(n- 1) :::?: 4n, hence n(n- 1) - 2 > 4n- 8. 0 

Lemma 7. Let¢ : (/\(x2 , x2N-1),d) --+ (/\(y2 ,Y4,Y2n-3 , Y2n-d , d), where 
¢(x2) ~ Y2 1 ¢(x2N-1) = y and dy = y!j. Ther-e ·is a ¢-derivat·ion a:i such 
that a2(x2) = 1 and which is a cycle. 

Proof. We need to define a2 on x2N-1 so that 

da2(x2N-1)- a2(dx2N-1) = 0. 
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Hence 

dcx2(x2N-1)- cx2(dx2N-1) = dcx2(x2N-d- cx2(xf) 

= da.2(X2N-d- Nyfj-l 

As the dimension of Gr(2, n) is less than 2(N -1) by Lemma 6, then Ny!j- 1 is 
a coboundary, that is, Ny!j- 1 = dz . Define a.2(x2N-d = z . Moreover 6a.2 = 0. 
As a.2(x2) = 1, then a.2 cannot be a boundary, hence it represents a non zero 
homology class in H. (Der( 1\ V, 1\ W; ¢), 6) . D 

It is easily seen that the ¢-derivation a2N-l = (x2N-l, 1) represents a non 
zero homology class as well. As H(E.)([cx2]) = [x2] and H(E. )([a2N-1]) 
[x2N-l], we get the following result . 

Proposition 8. G.(AV,I\W;¢) =Q([x2],[x2N_1]). 

We decompose Rei.(¢*)= Ker(E., e.)EBK. AsK is isomorphic to im(E., E.), 
a non zero element in a:el ( 1\ V, 1\ W; ¢) is represented by an element in K, 
modulo the kernel of (e., E.). Moreover the vector space K is spanned by 

{ (0, a2), (0, a2N-d, (sfh, 0), (s,B4, 0), (sf32n-3, 0), (sf32n-1, 0) }, 

where ,Bi = (yj, 1). 

Lemma 9 . (0, a.2 ) = J(cx 2) represents a non zero homology class in 
H2(Rel.(¢*)). 

Proof. As (0, a.2) is a cycle, it remains to show that it is not a boundary. 
Otherwise there exist ,B~ E Der(I\W) and as E Der(I\V,I\W;¢) such that 
d(s,B~,a3) = (-s6,8~,6a3 + ¢*(,8~)) = (O,a2) . Hence 6,8~ = 0 and ¢*(,8~) = 
a2 - 6aa. For degree reasons a 3 (x2) = 0, hence (6a3 )(x2) = 0. Therefore 
¢*(,B~)(x2) = a2(x2) = 1. We deduce that ,B~(Y2) = 1. Moreover ,B~ cannot be 
a cycle, otherwise H(e.)([.Bm = [y2] i' 0 would be a non zero Gottlieb element 
in 1r2(XQ), which is impossible [3, Proposition 28.8] . We conclude that [(0, a.2)] 
is non zero homology class in H2(Rel(¢*)) . D 

We can now determine a:•1 ( 1\ V; 1\ W; ¢). 

Theorem 10. The relative rational Gottlieb group c:el(I\V; 1\W; ¢)is isomor­
phic to the direct sum sG.(I\W) ffi G2N- 1 (AV, 1\W; ¢). Moreover the sequence 

(3) 
H(J) 

0 = G2(1\W)--- G2(1\V, 1\W; ¢)--- G2•1(AV, 1\W; ¢)--- 0 

is not exact. 

Proof. A short calculation shows that d,B2 i' 0 and d,B4 i' 0 (see [12]). Moreover 
(sf32n-3, 0) and (sf32n-3, 0) represent non zero homology classes in Rei.(¢*) . 

However , in Rei.(¢*), one gets d(sy2,0) = (0, ¢*(y2)) = (O,x2)· Hence 
H(e.,e.)([(O,a2)]) = [(O,x2)] is zero in H(Rel.(¢;*)) . We conclude that 

G~el(l\ V, 1\W; ¢) = 0. 
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Therefore 

c:e1(AV, f\W ; ¢*) = imH(t:., E.) 

= ([(syin-3> 0)], [(syin-l> 0)], [(0, x2N-l)]) 

= sG.(AW) EB G2N-1(AV, f\W ; ¢) . 

The sequence (3) is not exact as H(i)([x2]) = 0. Hence H(i) is not injective. 

Remark 11. It was incorrectly stated that c:e1(!\V, f\W; ¢*) = 0 in [7] . 

Example 12. Consider Gr(2, 4) for which the minimal Sullivan model is 

(A(y2, Y4 , Y5, Y1 ), d), 

D 

where dy2 = dy4 = 0, dy5 = y~ - 2Y2Y4, dy7 = y~ - Y~Y4· The inclusion 
Gr(2, 4) --+ CP5 is modelled by 

¢: (A(x2,xu),d)--+ (A(y2,Y4,Y5,Y7) , d), 

where ¢(x2) = Y2· As Gr(2, 4) is a smooth manifold of dimension 8, then 
the cohomology class [y~] is zero. Therefore there exits y E !\ W such that 
dy = y~. A short computation shows that y~ = d(y~y5 - 2Y4Y5 - 4Y2Y7 ), 
therefore y~ = d(y~y5-2Y2Y4Y5-4Y~Y7 ). Hence ¢(xn) = Y~Y5-2Y2Y4Y5-4Y~Y7· 

Let o:2 E Der(f\V, f\W; ¢) be the ¢-derivation defined by o:2(x2) = 1 and 
o:2(xn) = 6(y~y5- 2Y4Y5- 4Y2Y7)· Then 0:2 is a cycle, hence H(t:.)([o:2]) 
[x2] E G2(AV,AW;¢) is in the kernel of H(i). 
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