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Abstract 

Non-response is a regular occurrence in sample surveys. Developing estimators when 

non-response exists may result in large biases when estimating population parameters. 

In this study, a finite population mean estimator has been developed under two stage 

cluster sampling with replacement in the presence of random non-response. It is as­

sumed that non-response arises in the survey variable in the second stage of cluster 

sampling assuming full auxiliary information is known. Weighting method of com­

pensating for non-response has been applied. Kernel density estimation was used and 

the modified transformation of data method was incorporated in order to address the 

boundary effects due to Nadaraya-Watson estimator used in the estimation process. 

Asymptotic properties of the proposed estimator of the finite population mean have 

been derived. The performance of the proposed estimator has been compared with 

other estimators based on bias, mean squared error and confidence interval lengths us­

ing simulated data. The results revealed that the estimator proposed has smaller mean 

squared error values and shorter confidence interval lengths when compared to other 

estimators of the finite population mean. The bias results also indicated that the pro­

posed estimator of finite population mean performed better than the Nadaraya-Watson 

and the improved Nadaraya-Watson estimators. The transformed estimator proposed 

to address boundary bias due to Nadaraya-Watson has also been shown to have smaller 

values of the bias, smaller mean squared error values and shorter confidence interval 

lengths compared to those of N adaraya-Watson estimator. The results obtained can be 

useful in choosing efficient estimators of finite population mean for instance in demo­

graphic health sample surveys. 
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CHAPTER ONE 

INTRODUCTION 

This chapter presents the background of the study, statement of the problem and the 

objectives of the study. The outline of the thesis is also highlighted in this chapter. 

1.1 Background of the Study 

There are many situations in practise that necessitate estimation of population param­

eters. Some of these parameters include but not limited to population variance, popu­

lation mean or total and population proportions. Estimation of finite population mean 

is the subject of this study. 

Statisticians need to assess the properties of different estimators so that better ones can 

be adopted. More often, these properties include minimal variance, unbiasedness and 

asymptotic mean squared error. A good sampling strategy can allow one to obtain an 

estimator that possess these properties. Auxiliary information has been used in this re­

search in an attempt to produce better results in estimation of a finite population mean 

in presence of random non-response. 

Research by statisticians have shown that failure to compensate for non-response of 

data can affect inference, (Khare, 2013). Hansen and Hurwitz (1946) considered the 

problem of estimating population mean under non-response. The proposed estimator 

was given by 

where n is the sample size selected from a population of size N whereas n 1 are units 

that respond and n 2 are units that fail to respond in the survey ; y1 is the sample mean 

of the response group while y2 is the sample mean of the non-response group. f)* is 

an unbiased estimator for the population mean assuming that y1 and f}2 are unbiased 

for the population mean of the response and non-response groups respectively, and has 

variance given by 

( -*) ( 1 1 ) 2 ( ) N 2 s;2 var y = --- S + f- 1 -.-
n N Yl N n 



where s;l is the population variance of the response group, s;2 is the population vari­

ance of the non-responding units of the population, N2 is the population size of the 

non-response group and f is the finite population correction given by "H· 

El-Badry (1956) extended (Hansen and Hurwitz, 1946) methodology and further indi­

cated how sub-sampling can be used to reduce the problem of non-response. Several 

authors such as (Anderson, 1979), (Holt and Elliot, 1991), (Singh and Kumar, 2009) 

and (Singh and Kumar, 2010) have also studied the problem of non-response under 

simple random sampling using various assumptions. 

Onyango et al. (2010), in improving estimation of population parameters, developed 

estimators of population total in two stage cluster sampling in large sample approxi­

mations using model-based method. Odhiambo and Onyango (2014) considered the 

estimation of population total under non-response by modifying and symmetrizing 

Murthy's estimator given by 

~ ~~=l P( s/i) 
Ym = P(s) 

where Ym is an estimator of population total based on ordered samples s( i), Yi refers to 

the ith unit in the population, P ( s / i) is the conditional probability of getting the set of 

units that was drawn given that the ith unit was drawn first, P( s) is the unconditional 

probability of getting the set of units that was drawn such that 0 < P( s) ~ 1. The 

study obtained the variance and bias of the calibrated estimator as 

where Ne is the population size in class c, me is the number of units with complete data, 

N is the population size given by N = ~~=l Ne partitioned into k classes such that 

m = ~~=l me, n = ~~=l ne where ne is the number of units with complete data in the 

sample selected, s; is the population variance given by s; = Nel-l [ ~~1 Y:2 - NYc 2] 

and R is a vector of samples with complete data; t:U is a sequence of point estimators 
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given by t:U = (Ycl, · · · , Ycmc) · 

The estimator of (Hansen and Hurwitz, 1946) has been extended by (Bahl and Tuteja, 

1991) by introducing an exponential ratio-type estimator for population mean given by 

(x -x) 
Yer = Yexp X + X 

where X and x are the population mean and sample mean of the auxiliary variables 

respectively, Ye1• is the exponential ratio-type estimator of the population mean y. The 

bias of the estimator is given by 

B. (- ) _ (1 1 )Y- (3c; pCyCx) 
WS Yer - ;, - N S - 2 

whereas the MSE of the estimator is given by 

MSE(y- ) = (~- ~)Y2 (c2 + c;- pC C) S2 + (!- 1)N2 S2 
er n N y 4 y X y nN y 2 

where s; is the population variance of the response group and s;2 is the population 

variance of the non-response group of the population; N2 is the population stratum 

of the non-response group and f is the finite population correction given by f!r, n is 

the sample size selected from a population of size N, Y is the population mean to 

be estimated, p is the correlation coefficient of all stratified data, Cx and Cy are the 

coefficients of variation for auxiliary and survey variables respectively. 

However, this study adopted cluster sampling in two stages when non-response occurs 

in the second stage of sampling of study variables assuming full auxiliary random 

values are known in the population. 

1.2 Statement of the Problem 

Many authors have developed estimators for finite population mean where non-response 

exists in the study and auxiliary variables, for details see (Singh and Kumar, 2008), 

(Singh et al., 2010) and (Ismail et al., 2011). Besides, (Singh and Kumar, 2010) as­

sumed that non-response occurs in the second stage of sampling in both the study and 

auxiliary variables in the estimation of finite population mean. However, there exist 
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cases that do not exhibit non-response at all in the auxiliary variables. In a manu­

facturing survey, for instance, the number of employees can be used as an auxiliary 

variable for the estimation of the mean of items produced in bundles. Information can 

be obtained completely in the number of employees while there may be non-response 

on the average amount of items produced in bundles. Therefore the assumption that 

non-response exists in both the auxiliary and survey variable may not always hold. 

Singh et a!. (2011) noted that ratio, product and regression are examples of estima­

tors that utilize auxiliary information in the estimation of finite population mean under 

non-response. The study proposed a combination of regression and ratio estimators of 

finite population mean. However, these estimators still need improvements in terms 

of efficiency and bias reduction. In the sequence of improving the estimators of finite 

population mean under random non-response, (Khan et al., 2014) proposed a class of 

estimators that uses fractional raw moments of auxiliary variables and noted that the 

efficiency of the estimators is increased only if the raw moments of the auxiliary vari­

ables are available. This study therefore proposed the use of auxiliary information at 

the estimation stage via a regression model in two stage cluster sampling with replace­

ment. Kernel weights are used to compensate for non-response. A finite population 

mean is estimated assuming non-response is observed at random in the survey variable 

in the second stage of cluster sampling assuming full auxiliary information is available 

at both stage one and two. 

1.3 Objectives of the Study 

1.3.1 Main Objective 

To estimate the mean of a finite population under random non-response in two stage 

cluster sampling with replacement. 

1.3.2 Specific Objectives 

I. To develop a mean estimator of finite population in the presence of random non­

response using two stage cluster sampling method. 

2. To derive the boundary bias correction of mean estimator of a finite population 

using the weighting method under random non-response in two stage cluster 

sampling with replacement. 

4 



I 
3. To perform a comparative study of the proposed estimator, transformed estimator 

of the finite population mean and Nadaraya-Watson estimator using the values 

of the bias, mean squared error values and the confidence interval lengths. 

1.4 Significance of the Study 

Suppose a researcher wishes to estimate the average health insurance coverage in 

Nairobi County. One could take a random sample of say, 200 households. There­

fore a sampling list of Nairobi households is required. If the list is not available, a 

census needs to be conducted. The complete coverage of Nairobi County is required 

so that all the households are listed; this could be very expensive. Besides, since the 

sample size selected is smaller in comparison to the total number of households, only 

a few individuals say three or four in each block need to be sampled. 

Alternatively, a researcher could select ten blocks assuming the county is made up of 

three hundred blocks and in each block thirty households are interviewed. A house­

hold listing frame for only ten blocks need to be constructed; this is economical both 

temporally and financially. A list of non-respondents is then drafted so that a suitable 

mechanism for compensating for the non-response can be put in place. To compensate 

for random non-response, kernel weights are used in this study. The weights help to 

improve on the precision of the estimator of the finite population mean. 

1.5 Scope of the Study 

Estimation of finite population parameters involves mostly, either parametric or non­

parametric approaches. Model-assisted non-parametric kernel regression technique is 

considered in this study. Two stage cluster sampling with replacement is used in pres­

ence of random non-response. Kernel weights are used to compensate for the random 

non-response. In particular, the Nadaraya-Watson kernel regression technique is used 

to develop the estimator of the finite population mean. To reduce the edge effects as­

sociated with the Nadaraya-Watson regression technique, modified transformation of 

data method estimator due to (Marron and Ruppert, 1994) has been proposed in this 

study and its asymptotic properties derived. The efficiency of the proposed estimator, 

transformation of data method estimator, Nadaraya-Watson and improved Nadaraya­

Watson due to (Demir and Toktami§, 20 I 0) have been compared in terms of bias, MSE 
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and confidence interval lengths using simulated data. 

1.6 Outline of the Thesis 

This thesis has been ordered in terms of chapters as follows: The statement of the 

problem and objectives of the study are presented in chapter one. Literature review 

is discussed in chapter two. The proposed estimator and its properties have been pre­

sented in chapter three. Chapter four presents the method of reducing boundary bias 

arising from Nadaraya-Watson estimator. Description of the simulation experiment, 

presentation and discussion of the results have been done in chapter five. Areas for 

further research have also been suggested in chapter five. 
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CHAPTER TWO 

LITERATURE REVIEW 

2.1 Introduction 

This chapter presents a review of non-response and methods of compensating for non­

response. Estimation of Kernel Density Functions and Regression Functions is also 

reviewed. Methods of reducing boundary bias and methods of selecting a smoothing 

parameter are also discussed in this chapter. A review of how to handle the error terms 

of asymptotic expansions in order algebra is also presented in this chapter. The chapter 

ends with a brief summary of the literature reviewed. 

2.2 Review of Non-Response 

In survey sampling, non-response is one source of errors in data analysis. Non-response 

introduces bias in the estimation of population characteristics. It also causes samples 

to fail to follow the distributions determined by the original sampling design. This 

study seeks to reduce the non-response bias in estimating a finite mean of population 

in two stage cluster sampling. The use of regression models is recognized as one of 

the procedures for reducing bias due to non-response using auxiliary information, for 

details see (Andridge and Little, 2010). In practise, information on the variables of in­

terest is not available for non-respondents but information on auxiliary variables may 

be available for non-respondents. It is therefore desirable to model the response be­

haviour and incorporate the auxiliary data into the estimation so that the bias arising 

from non-response can be reduced. If the auxiliary variables are correlated with the 

response behaviour, then the regression estimators would be more precise in estimation 

of population parameters, given the auxiliary information is known. 

Imputation techniques have been used to account for non-response in the study vari­

able. For instance, (Singh and Horn, 2000) applied compromised method of imputa­

tion to estimate a finite population mean under two stage cluster sampling, this method 
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however produced a large bias. In this study, the Nadaraya-Watson regression tech­

nique due to (N adaraya, 1964) and (Watson, 1964) is applied in deriving the estima­

tor for the finite population mean. Kernel weights are used to compensate for non­

response. 

A lot of significance is attached to efficient and cost-effective survey sampling designs 

in sample surveys, see for instance (Fife-Schaw, 2000). Therefore, careful design of 

samples based on random selection with known probabilities of population elements 

should be considered. This gives a target sample of intended respondents where each 

may provide responses to a set of survey questions that results in an array of responses. 

Van Buuren et al. (1999) observed that non-response occurs if some of the expected 

responses are missing, for instance where a whole vector of responses is missing for 

some sampled units or where responses are obtained for some questions and not to 

others in the sample selected. 

The basis for statistical inference is therefore formed by a sampling design that pro­

vides a link between a sample and the population. As observed by (Holt and Elliot, 

1991), a good sample survey practise is a very important approach to non-response. 

Besides, (Holt and Elliot, 1991) noted that collection of the intended data, if possible, 

is more important than to rely on subsequent methods of adjustment and compensating 

for non-response in the analysis stage. 

Non-response is a probable source of error in sample survey estimation as observed 

by (Bound et al., 2001). It shows a variation from the probability sampling design. 

Non-response is common in most complex surveys and if the attributes of the non­

responding units differ from those that respond, direct estimates obtained on the basis 

of the respondents will be biased. The primary goal in the analysis of survey data, 

therefore, is to reduce the bias due to non-response. 

Various terms have been used to describe non-response by different researchers. The 

term 'non-response' has been adopted by (Anderson, 1979; Fuller et al., 1994; Madden 

et al., 1996) ; 'Missing data' is used by (Ford, 1976; Kalsbeek, 1980) ; 'Incomplete 

samples' is used by (Singh, 1985) among others. In this research, 'non-response' is 

used to explain the failure to get data from an element in a chosen sample. Under 
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weighting strategy, the original sampling weights for responding units are increased by 

use of the response probability. Imputation techniques compensate for non-response 

values by imputed values, (Kalton and Kasprzyk, 1982). 

As observed by (Kalsbeek et al., 1980) and (Kim and Kim, 2007), two general models 

for non-response are available, that is, stochastic and deterministic. A deterministic 

model partitions a population of N elements into two mutually exclusive and exhaus­

tive strata that is, N1 elements responding, if selected in a sample and N0 elements 

failing to respond, if selected in a sample, that is, N = N0 + N1, (Anderson, 1979). 

In a stochastic model, the response probabilities, Pi(i = 1, · · · , N) may be any value 

between 0 and 1, whereas in deterministic model there is either Pi = 0 or Pi = 1. 

A stochastic model may be a more realistic model for a survey since the response 

probabilities are random variables. The response probabilities are mostly taken to be 

correlated with certain characteristics such as age, race and income for a human popu­

lation survey, ( for details see (Liang and Zeger, 1993)). Bethlehem (1988) and (Kim 

and Kim, 2007) discussed a modified Horvitz-Thompson estimator to correct for non­

response problem using the weighting strategy. The estimator used was defined by 

N 

YHT = N-1 ~ (¢kPHTr
1
YkTk 

k=1 

where PHT is given by 
N 

PHT = N-1 ~¢;;1 /'k 
k=1 

where Yk , k E U is the value of the kth survey variable taken from a sample s selected 

from a finite population, U = (1,2,··· ,N), ¢k is the inclusion probability given 

by ¢k = Pr ( k E s), /'k is the value of the kth respondent in the sample selected, s. 

The estimator YHT adjusts the weights by an unbiased estimator PHT, of the response 

probabilities of the population mean which is given by 
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Thus an approximate bias of the estimator YHT is given by 

where 
N 

Y* = N-lpNl LPiYi 
i=l 

and 
N 

CpY = N-l L (Pi- PN)(Yi- Y) 
i=l 

If CpY is close to zero, the bias will be small, for more details see (Sarndal, 1980). The 

adjusted Horvitz-Thompson estimator, YHr, is an illustration of re-weighting measure­

ments of respondents without using auxiliary information. This study uses auxiliary 

information in the estimation procedure. In what follows, a review of imputation meth­

ods for non-response are discussed. 

2.2.1 Imputation Methods for Non-Response 

Imputation entails compensating for non-response values by proxy values as observed 

by (Sarndal and Lundstrom, 2005). Following the procedure by (Durrant et al., 2005), 

let Y = 1J L~ Y; represents the finite population mean to be estimated. Besides, 

let a simple random sample, say, S with replacement be drawn from the population, 

e = 1, 2, ... , N to estimate Y. The sampleS of units has r responding units (r < n) 

making a set Rand (n- r) non-responding units with the subspace (n- r) having the 

symbol R0 in the population. For every unit i E R, the value of the survey variable Yi 

is obtained. 

However, imputed values are to be derived for the non-response set of units, that is, for 

every i E R0 , since the Yi values are missing. It is assumed that auxiliary data xi are 

known for every i E S. The value of the auxiliary, xi, imputes the non-response values 

when i E R0 , that is, for a sampleS assume that the data x 8 = xi : i E s are given and 

S = R U R0 . Using this set up, ratio method of imputation, an example of different 

imputation techniques, can be defined as in equation (2. I). Using the notations of 

(Rancourt et al., 1994), if the ith unit is to be imputed, the value bxi is obtained, where 
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bxi = ~iER y; . The data after imputation becomes 
L-iERX, 

{ 

Yi, if i E R 
Y·i = A • c 

bxi, 2 E R 

For details, see (Singh and Horn, 2000). The imputation ratio estimator is given by 

where Xn = ~ L::iEs Xi , Xr = ~ L::iER Xi and Yr = ~ L::iER Y i · The bias and the mean 

squared error of the imputation ratio estimator due to (Singh and Horn, 2000) are given 

below. 

where Cx = ~, Cy = ~ and p = fxsv . Sx and Sy are the standard deviations of X 

andY values respectively while Sxy is the co-variance between X andY. The MSE is 

given by 

where R1 = ~ - Ahmed et al. (2006) observed that though this method of imputation 

is better than other existing techniques like mean and compromised method of impu­

tation, its bias and MSE are still large compared to rival approaches of compensating 

for non-response such as weighting techniques. 

2.2.2 Re-weighting Method 

It has been observed by authors such as (Pike, 2008) that non-response causes loss of 

observations and therefore re-weighting means that the weights are increased for all 

or almost all of the elements that fail to respond in a survey. The population mean, 

Y, is estimated by selecting a sample of size n at random with replacement. If the 

responding units of item y are independent so that the probability of unit j responding 

in cluster i is Pij(i = 1, 2, · · · , n ; j = 1, 2, · · · , m), then following the work of (Rao, 
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1996), an imputed estimator, y1 , for Y is given by 

where wij = 1r
1

· gives the survey weight tied to unit} in cluster i and Irij = p[i, j E s] 
'1 

is its probability of inclusion, sr, is the set of r responding units to item y, sm is the 

set of m units that failed to respond to item y so that r + m = n while y;j is the value 

imputed so that the missing value Yij is compensated for, (Andridge and Little, 2010). 

2.2.3 Estimation of Kernel Density Functions and Regression Functions 

The Rosenblatt-Parzens conventional kernel density estimator (KDE) is one of the ear­

liest in statistical literature. It is based on a random sample x 1 , · · · , Xn drawn from 

a population with unknown density function, f ( x), for details see (Silverman, 1986), 

(Wand and Jones, 1994a) among others. The estimator is given by 

where b is the bandwidth such that as n --+ oo, b --+ 0 while nb --+ oo and K (.) is a 

kernel function. The choice of the bandwidth has been demonstrated widely for exam­

ple in the works of (Baszczyri.ska, 2015). 

In the regression models of the form Yi = m(xi) + Ei, for i = 1, 2, · · · , n, n E 

N,E(Ei) = O,var(Ei) = CJ
2 > 0, the approximation of an unknown function m(.) 

can be done using kernel estimation with a bandwidth band a kernel function K. Most 

commonly used kernel regression estimator is the Nadaraya-Watson estimator given 

by 

"· K(x-X;)y: DtEs b t 

m(ii) = L w(xi)Yi = ( ) , 
iEs '\"'. K x-X; 

DtEs b 

i= 1,2,··· ,n 

An improvement of the Nadaraya-Watson estimator has been proposed by (Demir and 

Toktami§, 2010) using local bandwidth factor .\i determined using (Abramson, 1982) 

and (Lauter, 1988) algorithm. The improved Nadaraya-Watson (I NW) estimator of 
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m(xi ) is given by 

(2 .1) 

where b is a smoothing parameter whereas 

where a is given by a= L~=l j(Xi)/n while a is a parameter satisfying 0 :::;: a ::=;: 1. 

Abramson (1982) and (Lauter, 1988) suggested that taking a = ~ produce good re­

sults. For details on the asymptotic properties of miNw(ii ), see (Demir and Toktami§, 

2010) . The improved Nadaraya-Watson estimator in equation (2. 1) can be used toes­

timate m(x), an unknown function of auxiliary random variables . 

Kernel estimates give a smooth curve and also have advantage over histogram in terms 

of bias. The bias of a histogram estimator with bin width b is of order b, o(b) while 

centering the kernel at each data point and using a symmetric kernel reduces this term 

to zero and therefore produces a bias term for the kernel estimate of order b2 , o( b2 ) . 

2.3 Methods of Reducing Boundary Bias in Estimation of Popula­

tion Parameters 

Estimation of population parameters, for example the population mean using kernel 

density estimators in presence of non-response often lead to bias due to boundary ef­

fects. This affects the optimality of the estimators for the population parameters. To 

address this problem, (Sheather and Jones, 1991) suggested the use of optimal band­

width. However, this does not eliminate the boundary bias. Weighting method of 

compensating for non-response in two stage cluster sampling is proposed in this study 

using modified transformation of data method. This is because the boundary correction 

estimates obtained from transformation of data method are non-negative and have low 

variance, for details see (Wand and Jones, 1994a) and (Marron and Ruppert, 1994 ). 

The values of the auxiliary variables X ij are assumed to be known for all the clusters 

while the values of the survey variable Y'ii are only known for response units in the 

sample selected. 
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Let Yii represents the values of the survey variable Yii for unit i in cluster j, for 

j = 1, 2, ... , N; i = 1, 2, .. . , NI. The problem is to estimate the survey values of the 

non-response component in the second stage of sampling in the selected sample. This 

is done by first generating data using a regression model applied by (Ouma and Wafula, 

2005) and (Onyango et al., 2010). The model is given by 

(2.2) 

where m(.) is a smooth function of the auxiliary variables and eii is the residual term 

with mean zero and variance which is strictly positive. Auxiliary data is assumed to be 

known throughout the study and is therefore used to predict the non-response values. 

In the following sections, different methods of reducing boundary effects when es­

timating the non-response values of the survey variable Yii using a function of the 

auxiliary data, m(.), are discussed. 

Let g be a probability density function with the support [0, oo) and consider non-

parametric estimator of g from a random sample Xij, j = 1, 2, ... , n; i = 1, 2, ... , m 

from g. The kernel estimator of g due to (Marron and Ruppert, 1994) is given by 

(2.3) 

such that K is a specified kernel density function, symmetric about zero over the inter­

val [ - 1, 1 J with b as the bandwidth such that b --+ 0 as mn --+ oo. The properties of 

flmn under some smoothness assumptions for Xij 2: 0 are: 

E(flmn(x)) = g(x) [~ k(w)dw- bgt(x) [~ wk(w)dw 

b2 1c + -gn(x) w2k(w)dw + o(b2
) 

2 -1 

where c = min ( ~, 1). For x 2: b, that is, the interior points, the bias of flmn ( x) is 

of order o(b2
). However, at the boundary points, that is for x E [0, b), flmn ( x) is not 

consistent. In non-parametric curve estimation problems, this phenomenon is called 
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I 
"boundary effects" of the estimator in equation (2.3). 

2.4 Methods of Reducing Boundary Bias due to N adaraya-Watson 

Estimator 

Generally, kernel density estimators are known to be inconsistent when estimating 

a density near the finite end points of the support of the density to be estimated, 

(Karunamuni and Alberts, 2005). This is due to the boundary effects that occur in 

non-parametric curve estimation. The estimator proposed by (Bii et al., 20 18) suffers 

from boundary problem induced by Nadaraya-Watson estimator used. Notably, it is 

often desirable to have an optimal bandwidth to balance the bias-variance trade-off. If 

K is a symmetric density function constant across estimation support, then the infer­

ence is generally simplified for unbounded support, i.e ( -oo, oo), (Hardie, 1990). But 

the function m( Xij) is not consistent at the boundary [0, b) where b is the bandwidth 

for such a choice of K, for details see (Silverman, 1986) and (Malec and Schienle, 

2014). So for x E [0, b), the bias is of order o(b) instead of order o(b2
) at the boundary 

points. To reduce the boundary effects in kernel density estimation, techniques such 

as data reflection, pseudo data method, boundary kernel method and transformation of 

data method have been proposed in literature. Discussion of each one of these methods 

is given below. 

2.4.1 Reflection of Data Method 

This is one of the frequently used methods in practise for bias reduction in kernel 

density estimation, (Baszczyriska, 2015). The modification of the conventional KDE 

consists in isolating that part of the kernel function that is outside the interval of the 

support of the random variable and then on its symmetrical reflection. This reflection 

is done in relation to the boundary support, for instance [a; oo) for left boundary of the 

support and ( -oo; b] in case of right boundary of the support. This method has been 

explored by (Silverman, 1986), (Jones, 1993), (Simonoff, 2012) and (lvanka et al., 

2012). It is also known as "data-reflected technique". To apply this method, one has to 

add -Xi, i = 1, · · · , n to the data set. Since the kernel penalizes for lack of data on the 

negative axis, the estimator therefore gradually applies reduced amount of data in its 
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window as it approaches the boundary thus resulting in a boundary bias; the addition 

of -Xi, i = 1, 2, .. . , n compensates for the lack of data. The method uses reflections of 

the points in the boundary resulting in a new data set X 1 , -X1 , · · · , Xn, -Xn- Under 

the assumption that the kernel is differentiable and symmetric, the resulting estimator 

has zero derivative at the boundary. The estimator of m( x) is defined by 

for x ;::: 0, m' (;) = 0, m( x) is a function of auxiliary random variables assumed to be 

known throughout the study. For x < 0 it can be shown that mt(;) = 0, therefore it 

becomes better than other methods if the underlying density has the property mt(O) = 

0; if this property does not hold, the method may become cumbersome to apply. 

2.4.2 Pseudo-Data Method 

This method was suggested by (Cowling and Hall, 1996). In this method, data is gen­

erated outside the interval of estimation. Those data are assumed to be linear functions 

of order statistics in the original sample X. This transforms the data into a new set, 

then puts it on the negative axis. The estimator of m( x) is given by 

where m :::; n and 
10 

X(-i) = -5X(.£)- 4X(.£i) + -
3 

X(i) 
3 3 

where X(i) linearly interpolates among 0, X(l), X(2), ... , X(n) in that order, for details 

see (Cowling and Hall, 1996). Though this method is simple to implement and allows 

a minimal variance of the usual kernel estimator, the drawback is that straight data 

reflection corrects only for a jump in the value of the density at the ends of its support, 

not for discontinuities in the derivatives of the density. Therefore, the method does 

not adequately correct bias problems caused by the edge effects in kernel estimators of 

order 2 or higher . 
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2.4.3 Boundary Kernel Method 

The boundary kernel estimate at a particular point of estimation in the boundary region 

is obtained by first constructing the appropriate kernel for that point. Many researchers 

including (Gasser and Miiller, 1979), (Miiller, 1991), Jones (1993) and (Zhang and 

Karunamuni, 2000) have explored this approach. The method applies a different kernel 

for estimating function at each point in the boundary region. Due to this, some kernels 

may not hold the symmetry property and can therefore put more weight on the positive 

axis. The estimator form( x) using this method is 

A 1 ~ (X- xi) 
m(x) = nb ~Kh(cJ b 

i=l c 

where x = cb, O~c~1, h(c) = 2- c Besides, Kc is such that for O~c < 1 

12 { 3c
2 

- 2c + 1 } K(c)(z) = )4 (1 + z) (1- 2c)z + {- 1~z~1} 
(1 + c 2 

The boundary kernel methods normally have smaller bias though with an increase in 

variance. It has been noted, see for instance, (Miiller, 1991) that methods dealing 

only with kernel adjustments without regards to data, such as boundary kernel method, 

mostly suffer increased variance. Besides, the corresponding estimates have negative 

values around the boundary points. This is due to the fact that some kernels may not be 

symmetric and can therefore put more weight on the positive axis. These drawbacks 

limit the use of this method. 

2.4.4 Transformation of Data Method 

This technique has been discussed by (Wand and Jones, 1994a) and (Marron and Rup­

pert, 1994). Original data X 1 , ... , Xn is transformed to g(X1 ), ... , g(Xn), while re­

taining the original data, where g is a non-negative, continuous and monotonically 

increasing function for [ 0, oo) --+ [ 0, oo). To use this method, one can take a one­

to-one continuous function: [0, oo) --+ [0, oo). A regular kernel estimator is thus used 

with the transformed data set{g(Xl), g(X2 ), ... , g(Xn) }. The estimator is 

A -!__~(X- g(Xi)) 
m(x)- nb ~ b 

t=l 
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This method gives the estimator of the probability density function of g(X) not that 

of X. The strength of this method is that estimates obtained using transformation of 

data are positive with low variance. The non-negativity property is very vital in prac­

tical applications and it is therefore worth-exploring to consider methods that result 

in non-negative variance of estimators. A modified version of this method is there­

fore proposed in this study since it is not computationally-intensive and is easier to 

implement compared to the other methods . In chapter four, the estimator of the finite 

population mean is modified using transformation of data technique, and further, its 

asymptotic properties are derived. 

2.5 Methods of Selecting a Smoothing Parameter 

Asymptotic properties of estimators of population parameters are usually a function of 

a smoothing parameter mostly known as a bandwidth. In non-parametric curve estima­

tion, (Wand and Jones, 1994a) noted that the choice of the bandwidth is very critical 

since it determines the stability and rates of convergence of asymptotic properties of 

estimators of population characteristics. Moreover, reliable finite sample performance 

and faster convergence rates are of great importance in data analysis as noted by (Wand 

and Jones, 1994b). 

It has been demonstrated that estimates of population parameters obtained using kernel 

densities should be drawn using more than one value of the bandwidth, for example 

(Terrell and Scott, 1992) recommended using a sequence of estimates based on the 

sequence of smoothing parameters starting with the sample over-smoothed bandwidth 

and stopping when the estimate displays some instability and error variation near the 

peaks. Practical importance and performance of bandwidth selection have been dis­

cussed by (Jones et al., 1992) and (Kim eta!., 1994). The results showed that there 

is no selection criteria of a bandwidth that gives better results for all the densities. In 

this research, kernel weights are used in estimating the non-response component of 

the finite population mean. It is noted that a kernel is a function of the bandwidth 

hence the reason for reviewing the various methods of bandwidth selection in the next 

subsections. 
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2.5.1 Cross-Validation 

This technique is one of the data-driven methods for selecting bandwidth. It comprises 

of least squares cross-validation as discussed by (Hardie and Marron, 1985), biased 

cross-validation, (Sain et al., 1994) and over-smoothing discussed by (Sheather, 2004 ). 

It has been shown by (Hall and Marron, 1987) that cross-validation is limited by a 

high sample variability while over-smoothing hides important characteristics of the 

data which may affect optimal convergence. Though these limitations may reduce 

the usefulness of cross-validation, it has been argued by (Silverman, 1986) that cross­

validation works well for continuous samples. This study adopted a modified optimal 

bandwidth suggested by (Loader et al., 1999) obtained using cross-validation technique 

given by 
n m 2 

CV(b) = (mn)-1 L L { Yij- m(Xij)} w(Xij) 
i=l i=l 

where m( xij) is a given data function of the auxiliary random variables, xij' while 

w(Xij) is a non-negative weight function. 

2.5.2 Plug-in Method 

Plug-in methods of bandwidth selection that include direct plug-in, solve-the-equation 

and simple rule of thumb have been fronted by (Ruppert et al., 1995) and (Wand and 

Jones, 1994a). Ruppert et al. (1995) for instance concluded that these techniques per­

form fairly well especially during simulations. Goh et al. (2004) recommends consid­

eration of a family of density estimates for a given data-set based on different values 

of the bandwidth. The conclusion was that such a family of estimates ought to be 

based around a "center point" that gives an effective choice of the bandwidth. Goh 

et al. (2004) suggested the adoption of the plug-in method due to (Jones et al., 1996). 

However, in a comprehensive research on bandwidth selectors done by (Loader et al., 

1999), it was observed that plug-in methods perform poorly since they rely a lot on trial 

and error method which is often biased. The conclusion is that classical methods like 

cross-validation give more informative estimates than plug-in methods. More recently, 

(Lang' at, 20 17) observed that plug-in methods are associated with various weaknesses 

which lead to less informative results and for this reason cross-validation technique 

should be adopted for bandwidth selection. Based on this literature, cross-validation 

technique is adopted in this study. 
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2.6 The Big "0" notation and the Little "o" notation as used in 

order algebra 

Big 0-notation is used to describe the asymptotic behaviour of functions. They are 

used to explain how fast a function grows or declines. For instance, when analyzing 

algorithms, one might find that the time (or number of steps) it takes to complete a 

problem of size n is given by T(n) = 6n2 
- 3n + 9. If the constants and the slower 

growing terms are ignored, one could say T(n) grows at order of n 2 and therefore 

express T(n) = O(n2
), (Bach et al., 1996). 

In Mathematical Statistics, it is very vital to handle the error term of an approximation, 

for instance, 

for x ~ 0. This equation can be written to express the fact that the error is smaller in 

absolute value than some constant times x2 if x is close enough to zero, that means the 

main term ofF ( x) grows like x 7 while the correction terms are at most some constant 

times x2
. Furthermore, suppose f ( x) and g ( x) are two functions defined on some 

subset of real numbers. Then f(x) = O(g(x)) if and only if there exist constants a and 

a0 such that 

lf(x)l ~ alg(x)l, 'lfx > ao 

This means f ( x) does not grow faster than g ( x) and if C is some real number, then 

f(x) = O(g(x)) 

for x ~ E if and only if :3 constants o > 0 and a such that 

lf(x)l ~ alg(x)l, '1/x >a 

with lx- cl < o, (Jeffrey and Dai, 2008) . 

If an expression is given as 

f(x) = o(g(x)) 
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as x ----+ oo, then the a-notation means that g( x) -=/= 0 for sufficiently large x and 

lim f(x) = 0 
x-+oo g(x) 

If this relation holds then f ( x) is said to be of smaller order than g ( x). 

Big-0 notations have to be true for at least one constant say a0 while little-o notations 

have to be true for every positive constant, say E, for more details see (Serfling, 2009). 

These notations have been reviewed here since they are used in chapter three and four 

in the derivation of asymptotic properties of the estimators. 

2. 7 Summary of Literature Review 

In summary, estimation of a finite population mean in presence of non-response has 

been done by many researchers using various methods of compensating for non-response. 

For example (Singh and Horn, 2000) and (Durrant et al., 2005) used imputation tech­

niques to compensate for non-response in the estimation of a finite population mean. 

However, the estimators developed using imputation technique produced a large bias. 

Kernel weights derived using Nadaraya-Watson technique are proposed in this study to 

compensate for non-response. However, this is limited by the boundary bias. Transfor­

mation of data method discussed by (Wand and Jones, 1994a) and (Marron and Rup­

pert, 1994) and further extended by (Baszczynska, 2015) has been proposed in this 

study to correct the boundary effects due to Nadaraya-Watson kernel weights. More­

over, (Marron and Ruppert, 1994) observed that the selection of the bandwidth used in 

kernel density estimations is a critical problem in determining the asymptotic proper­

ties of estimators of finite population parameters. For that reason, the cross-validation 

technique due to (Loader et al., 1999) was adopted in this study using two stage cluster 

sampling since it gives more informative estimates than other methods such as plug-in 

method. 
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CHAPTER THREE 

THE PROPOSED ESTIMATOR 

3.1 Introduction 

In this chapter, an estimator of a finite population mean is proposed in the presence of 

non-response. Also, asymptotic properties of the proposed estimator such as the bias 

and the mean squared error are derived. 

3.2 The Proposed Estimator of a Finite Population Mean 

Consider a finite population of size N consisting of M clusters with N1 elements in the 

/h cluster. A sample of m clusters is selected so that n 1i units respond and n 2i units 

fail to respond. Let Yii denote the value of the survey variable y for unit j in cluster i, 

fori= 1, 2, · · · , N , j = 1, 2, · · · , Ni and let population mean be given by 

Let an estimator of the finite population mean be defined by Y as follows 

where 8ij is an indicator variable defined by 

_ { 1, if /h unit in the ith cluster responds 
8ij-

0, elsewhere 

(3.1) 

(3.2) 

(3.3) 

and n 1i and n 2i are the number of units that respond and those that fail to respond 

respectively. 1fi j is the probability of selecting the ith unit from the /h cluster into the 

sample while "fi1 estimates the survey values, Y;1 . Let w(xij) = 
7
/ , where 0 < 1fij < 
'J 

1, be the inverse of the second order inclusion probabilities and Xij be the ith auxiliary 
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random variable from the /h cluster. It follows that (3 .2) becomes 

Suppose Oij is known to be an indicator variable with probability of success o;j, then, 

E(oij) = Pr(oij = 1) = oij and Var(oij) = oij(l- oi.J). Thus, the expected value of 

the estimator is given by 

Assuming non-response in the second stage of sampling, the problem is therefore to 

estimate the values of Yij. To do this, a regression model applied by (Ouma and Wafula, 

2005) and (Onyango et al., 2010) given below is used; 

(3.6) 

where m( .) is a smooth function of the auxiliary variables and eij is the residual term 

with mean zero and variance which is strictly positive. Substituting equation (3.6) in 

equation (3 .5) the following result is obtained: 

(3.7) 

Assume n 1i = n 2i = n, this assumption was taken as a special case since there are 

cases where n1i =/::. n2i. Using this assumption, equation (3.7) was then simplified to 

obtain 

E(Y) = ~n { L ~ w(xij)o;jYij 
tEs JES 

+ L~E(I-w(xij)) ( m(xij) +eij)a:j} 
tES Jf/;S 

(3.8) 
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The second term in equation (3.8) is simplified as follows: 

N~n{ LLE(1- w(xij)) ( m(xij) + eij)6:j} 
tES J~S 

= ~n { L L E( 1- w(xij) )m(Xij)5;j} (3.9) 
tES J~S 

+ ~ n { L L E ( 1 - w ( Xij)) 5;j eij } 
tES J~S 

But E (m(xij)) = m(xij) = m(xij), (Dorfman, 1992). Thus the following equation is 

obtained: 

(3.10) 

Equation (3. I 0) is simplified as follows: 

~n{ L L E( 1- w(xij)) ( m(xij) + eij )5;j} 
tEs J~S 

~ ~n { ( M- (m + !J) (N- (n + !J) [o;;m(x,;) 
(3.11) 

- w(xij)5;jm(xij)] + (M- (m + 1))(N- (n + 1)) 

x [o;;E(e,;)- E(e,;)Oi;w(x,;)l} 

But as shown by (Onyango et al., 2010), E(eij) = 0, thus on simplification, equation 

(3. I I ) reduces to 

(3.12) 
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But w(xij) = _1 so that equation (3 . 12) is thus equivalent to: 
"'1 

(3.13) 

where .6.2 = { 5;im(xii) ( 7r:!i~ 1 ) }. Assume the sample sizes are large i.e. as n-+ N 

and m -t M, equation (3 .13) simplifies to 

(3.14) 

Combining equation (3. 14) and the first term in equation (3 . 8) the following result is 

obtained: 

Since the first term represents the response units, their values are all known and hence 

5;i = 1. The problem is to estimate the non-response units in the second term. The 

problem now reduces to that of estimating the function m(xii), which is a function of 

the auxiliary variables. Hence the expected value of the estimator of finite population 

mean under non-response is given as; 

A 1 { ""'""' ""'""' (7rij- 1) } E(Y) = Mn DDYii + ~Dm(xii) 1ri· 
tEs JES tEs J~S J 

(3.16) 

where 0 < 1rij < 1. In order to derive the asymptotic properties of the expected 

value of the proposed estimator in equation (3 . 16), first a review of Nadaraya-Watson 

estimator is given below: 
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3.3 Review of Nadaraya-Watson Estimator 

Given a random sample of bi-variate data (xi, Yi), · · · , (xn, Yn) having a joint p.d.f 

g(x,y) with the regression model given by fij = m(xij) + eij as in equation (3.6), 

where m(.) is unknown. It is assumed that the error term satisfies the following condi­

tions: 

(3.17) 

Furthermore, let K (.) denote a kernel density function which is twice continuously 

differentiable with the following conditions due to (Nadaraya, 1964; Watson, 1964): 

J~oo k(w)dw = 1 

J~oo wk(w)dw = 0 

J~oo k2(w)dw < oo 

f~oo w2k(w)dw = dk 

k(w) = k(-w) 

In addition, let the smoothing weights be given by 

K(~) . . 
w(xij) = ( ) ,~ = 1,2, · · · ,n,J = 1,2, · · · ,m 

'\"""" '\"""" X- X ij 
uiEs UjEs K b 

(3.18) 

(3.19) 

where b is a smoothing parameter, normally referred to as the bandwidth such that 

L:iEsl::jEsw(Xij) = 1. 

Using equation (3.19), the Nadaraya-Watson estimator of m(xij) is 

'\"""" '\"""" ( x-X; ·) 
A uiEs UjEs K ~ Yij 

m(Xij) = .2:::= .2:::= w(Xij)Yij = ( _ .. ) , 
iEs jEs '\"""". '\"""". K x X,J 

UtEs UJES b 
(3.20) 

i = 1,2,··· ,n,j = 1,2,· ·· ,m 

Given the model Yij = m(i:ij) + eij and the conditions of the error term as stated in 

(3. 17) above, the expression of the expected value of the survey variable Yij relative to 
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the auxiliary variable Xij can be given as a joint p.d.f of g ( Xij, Yij) as follows: 

m(xij) = E (~i/Xij = Xij) 

= J y g [y I X l dy 

Equation (3.2 1) can therefore be written as 

m(xi') = Jyg(x,y)dy 
1 J g (x, y) dy 

(3.21) 

(3.22) 

where J g (x, y) dy is the marginal density of Xij· The numerator and the denomina­

tor of equation (3.22) can be estimated separately using kernel functions as follows: 

g(x, y) is estimated by: 

and 

J A 1 '"''"'/(1 (X-X··) 1 (y-Y:·)) yg(x, y)dy = mn ~ ~ y;K b tJ y;K b tJ ydy 
t J 

Using change of variables technique, let 

so that 

w- y-Yij 
- b 

y = wb+ ~j 

dy = bdw 

J A 1 '"''"'/1 (x-X··) 1 yg(x, y)dy = mn ~ ~ y;K b tJ b (bw + ~j) K(w)bdw 
t J 

27 

(3.24) 

(3.25) 

(3.26) 



this reduces to 

j yg(;,y)dy= m~bLLK(x-bXij) [! wK(w)bdw 
t J 

+ ~Yi; J K(w)bdw] 

(3.27) 

From the conditions specified in equation (3. 18) , equation (3.27) can be simplified to 

J A 1 """"' """"' (X - xij ) yg(x, y)dy = mnb ~ ~ K b [0 + YiJ] 
t J 

(3.28) 

which reduces to 

J A 1 '\:"""''\:"""' (x-X· ) yg(x, y)dy = mnb ~ ~ K b tJ YiJ 
t J 

(3.29) 

Following the same procedure, the denominator of equation (3.22) reduces to 

(3 .30) 

Re-writing equation (3 .30) gives 

(3.31) 

Using change of variable technique as in equation (3.25), equation (3.3 1) can be re­

written as follows 

J A 1 '\:"""''\:"""' (X-X·)j1 g(x, y)dy = mnb ~ ~ K b tJ bK(w)bdw 
t J 

(3.32) 

which yields 

J A 1 """"'""""' (X-X . ) g(x,y)dy=mnb~~K b tJ 

t J 

(3.33) 

since J t K ( w )bdw is a p.d.f and therefore integrates to I. 

It follows from equation (3 .29) and (3.33) that the estimator m(xi j) is as given in 

equation (3.20). Given a random sample and a specified kernel function, then for a 

given auxiliary value Xij, the corresponding y-estimate is obtained by the estimator 
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outlined in equation (3 .20), which can be written as: 

Yij = mNw(xij) = L L wij(Xij)Yij 
j 

(3.34) 

where m NW ( xi1) is the N adaraya-Watson estimator for estimating the unknown func­

tion m(.), for details see (Nadaraya, 1964; Watson, 1964). Since the choice of the 

kernel function is not critical for the performance of the kernel regression estimator, a 

simplified normal kernel having mean 0 and variance 1 is used in this study. This is 

given by 

(3.35) 

In this case, the Nadaraya-Watson kernel estimation at any point Xij is given by 

(3.36) 

where b is the bandwidth. 

This provides a way of estimating for instance the non-response values of the survey 

variable Y;1, given the auxiliary values XiJ• for a specified kernel function. 

3.4 Asymptotic Bias of the Mean estimator, Y 

Equation (3. 16) may be written as 

(3 .37) 

Re-writing equation (3.34) using the property of symmetry associated with Nadaraya-

Watson estimator, 

(3.38) 
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Following the procedure by (Takezawa, 2005), equation (3 .38) can be re-written as 

(3.39) 

where g(xij) is the estimated marginal density of auxiliary variables Xij· But for a 

finite population mean, the expected value of the estimator is given in equation (3.37). 

The bias is given by 

Bias (Y) = E(Y - Y) (3.40) 

(3.41) 

which reduces to 

(3.42) 

Re-writing the regression model given by Yij = m(Xij) + eij as 

(3.43) 

and substituting it in equation (3.39) gives 

(3.44) 
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Hence the first term in equation (3.42) before taking expectation is given as: 

{ 

1 "'\:""'N "'\:""'M (Xi ·-xi·) } _1_ ffinij Di=n+l Dj=m+l K ~ Yij 
Mn g(xi1) 

{ 

N M 
1 1 X· · -x· 

= Mn (xi") mnb .L .L K ( 
21 

b 
21

) m(xij) 
g 1 2=n+l J=m+l . (3.45) 

1 ~ ~ (X· ·- x · ·) [ J + mnb 6 6 K 2J b 2J m(Xij)- m(xij)) 
i=n+lj=m+l 

Simplifying equation (3.45) the following is obtained: 

{ 

N M } 1 1 X.- X·· _ K 21 21 y; . 
Mn mnbg(xi") _L _L ( b ) 2

1 
1 2=n+l J=m+l 

1 ( 1 ){ N M 
= Mn mnb (xi") .L _L g(xij)m(xij) 

g 1 2=n+l J=m+l 

(3.46) 

+ m 1(i;;) + m 2 (X;;)} 

where 

(3.47) 

(3.48) 

Taking conditional expectation of equation (3.46) leads to 

(3.49) 

To obtain the relationship between the conditional mean and the selected bandwidth, 

the following theorem suggested by (Dorfman, 1992) was applied. 
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Theorem 3.1 Let K(w) be a symmetric density function with J wk(w)dw = 0 and 

J w2k(w)dw = k2. Asswne nand N increase together such that IJ ~ 1r with 0 < 1r < 

1. Besides, assume the sampled and non-sampled values of x are in the interval [c, d] 

and are obtained by densities d8 and dp-s respectively where both are bounded away 

from zero on [c, d] with continuous second derivatives. If for any variable Z, E(Z jU = 

u) = A(u) + O(B) and Var(Z/U = u) = O(C), then Z = A(u) + Op(B + Ct). 

Applying this theorem, the conditional mean squared error, partitioned into conditional 

variance and bias can be obtained as 

(3.50) 

The conditional variance and bias terms can thus be separately obtained. From the 

conditions stated in (3. I 7) it follows that E ( eij I xij) = 0. Therefore, E [ m2 ( Xij) = 0] . 

Thus, E [ m 1 ( Xij) J can be obtained as follows: 

N M 

[m1(xij)J = ~n (m~b)E{ .L . L K( Xii ~ Xij) 
i=n+l j=m+l •=n+l J=m+l (3.51) 

X [m(Xij)- m(Xij)]} 

Using substitution and change of variable technique below 

(3.52) 
w- V-X;j 

- b 

V = Xij + bw 

dV = bdw 

Equation (3.51) can be simplified to: 

N M 

E L L [ml(i;ij)] = ~n { M:~bmn J k(w) [m( Xij + bw) 
i=n+l j=m+l (3.53) 

- m(xij)J J g(xij + bw)bdw} 
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which simplifies to 

E t t [m,(i;;)] = ~n { Mn,:,. mn J k(w) [m(x,1 + bw) 
i=n+lj=m+I (3.54) 

- m(xi1)] J g(xii + bw )dw} 

Using Taylor's series expansion about the point xi1, the kth order kernel can be derived 

as follows: 

( ) 
1 2 2 

g Xij + bw = g(xii) + gt(xi1)bw + 2.g//(xii)b w + · · · 

+ ~!gk(xij)bkwk + o(b2) 
(3.55) 

Similarly, 

( ) 
1 2 2 

m Xij + bw = m(xi1) + mt(xi1)bw + 2m//(xij)b w + · · · 

+ ~! mk(xij)bkwk + o(b2
) 

(3.56) 

Expanding up to the 3rd order kernels, equation (3.56) becomes 

[( ) ] 
1 221 33 2 m Xij + bw - m(xi1) = mt(xij)bw + 2m//(xi1)b w + 

31 
mm(xi1)b w + o(b ) 

(3.57) 

In a similar manner, the expansion of equation (3 .54) up to order o(b2 ) is given by: 

E t t [m,(i;;)] = ~n { Mn;n mn J k(w)(m!(x;;)bw 
i=n+l j=m+l · (3.58) 

+ ~m//(xi1 )b2w2 )(g(xi1 ) + gt(xi1))bwdw} 
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Simplifying equation (3 .58) gives: 

Using the conditions stated in equation (3.1 8), the derivation in equation (3.59) can 

further be simplified to obtain: 

E t t [m1(xij )] = ~n ( M n;:n mn) [gt(xi1)mt(xi1) 

i = n +l j=m+l (3.60) 

+ ~g(xij)mff(xi1 )] b2dk + o(b2
) 

Hence the expected value of the second term in equation (3.49) then becomes: 

Simplifying equation (3.6 1) gives: 

(3 .62) 

where C(x) = [g(xi1)t1 
[ ~mff(xi1 )g(xi1 ) + gt(xi1)mt(xi1)] and dk = J w2k(w)dw. 

Using equation of the bias given in (3.40) and the conditional expectation in equation 

(3 .49), the following equation for the conditional bias of the estimator was obtained: 

(3.63) 
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3.5 Asymptotic variance of the estimator of the population mean 

Using equation (3.37), the variance of the estimator is given as 

(3.64) 

(3.65) 

where m ( Xij) is given by 

( 

A ) 1 [ 1 '"" '"" ( xij - Xij ) l 
m Xij = g(xii) mnb L: 7 K b Yii (3.66) 

where g( Xij) is the estimated marginal density of auxiliary variables Xij, see equa­

tion (3.33). Re-writing the regression model Y;j = m(Xij) + eij as Y;j = m(xij) + 
[m(Xij)- m(xij)] + eij and substituting in equation (3.66) leads to 

From equation (3 .48), 

(3.68) 

Hence 

(3.69) 
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where Dx = K(xij~Xij)eij· Expressing equation (3.69) in terms of expectation the 

following equation is obtained 

~ ~ [ A J 1 [(Mn- mn)
2

] { [ ] 2 [ 2 } Var _D _D m2(xiJ) = (Mn)2 mnb2 E Dx - E(Dx)] (3.70) 
t=n+l J=m+l 

Using the fact that the conditional expectation E(eiJ/ XiJ) = 0, the second term in 

equation (3.70) reduces to zero. Therefore, 

N M [(M )2] A 1 n- mn 2 
Var _L _L [m2(xiJ)] = (Mn) 2 mnb2 O"ij 

t=n+l J=m+l 

where E ( eij I xij) 
2 = (}"fj. 

Let X = XiJ' and x = xiJ and make the following substitutions 

so that 

W _ X-x 
- b 

X-x=bw 

dX = bdw. 

N M 2 
~ ~ A (Mn- mn) J X- x 2 2 

Var D D [m2(xij)] = mnb2(Mn)2 K( b ) O"x g(X)dX 
i=n+l j=m+l 

Equation (3.7l) can also be written as 

N M (M )2 ~ ~ [ A J n - mn J 2 2 ( · ) VaT D . D m2(xij) = mnb2(Mn)2 K(w) O"x g x + bw bdw 
t=n+l J=m+l . 

which can be simplified to get: 

36 

(3 .71) 

(3.72) 

(3.73) 

(3.74) 



Following the same procedure for getting the variance of m 2 ( xij), 

V ar I::f:n+l I:J:m+l [ m1 (xij) J can similarly be obtained as follows: 

(3.76) 

Equation (3.76) can be re-written as 

where X = bw + x so that dX = bdw. Changing variables and applying Taylor's 

series expansion about the point Xij 

N M 2 

""' ""' [ A J (Mn- mn) J 2 [ J 2 Var _D . D ml(Xij) = mnb2 (Mn) 2 K(w) m(x + bw)- m(x) 
t=n+l J=m+l 

x g(x + bw)dw 
(3 .78) 

which gives 

Var_t _t [m1(xij)] = ~~2(::;2
2 J K(w2)[m(x) +mt(x)bw 

t=n+l J=m+l (3.79) 

+ ... - m(x) J 
2 

(g(x) + gt(x)bw )dw 

Following the procedure by (Bach et al. , 1996) and simplifying, equation (3.79) re-

duces to 

(3.80) 

For large samples, as n--+ N, m--+ M and b--+ 0, then mnb--+ oo. Hence the variance 

in equation (3.79) asymptotically tends to zero, i.e, Varl::f: 1 l:J:1 [m1(xij)] --+ 0 
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so that the variance of the estimator of the population mean reduces to 

V (YA I . ·) = (Mn- mn)
2 ~ ~ V [ ( ··) m1(xij) + m2(xij)] 

ar xt1 mnb(Mn) 2 ~ ~ ar m xt1 + (x · ·) 
i=n+ 1 j=m+ 1 g tJ 

(3.81) 

Simplifying equation (3 . 8 I) leads to 

(3 .82) 

Substituting equation (3.75) into (3.82) yields the following : 

(

A • · ) _ 1 { (Mn- mn)2 J K(w)
2
(}";,idw [(Mn- mn)2 

V ar Y I xt1 - ( M )2 b ( A ) + o b n mn g Xij mn 

+ m~b]} 
(3.83) 

This can further be simplified to get 

(3 .84) 

where H(w) = J K(w) 2dw. 

It is notable that the variance term still depends on the marginal density function, g( Xij) 

of the auxiliary variables Xij. It can also be observed that the variance is inversely 

related to the smoothing parameter, b. This implies that an increase in b results in a 

smaller variance. However, increasing the bandwidth would give a larger bias. Hence 

the bias and the variance of the estimated population mean are inversely proportional 

based on the bandwidth. A bandwidth that provides a compromise between the two 

measures would therefore be desirable. 

3.6 MSE of the Estimator of Finite Population Mean 

The MSE combines the bias and the variance terms of the estimator, (Y), that is, 

A A 

MSE(Y) = E(Y- Y) 2 
(3 .85) 
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Equation (3.85) can be re-written as: 

A A A A 

MSE(Y) = E(Y- E[Y] + E[Y] - Y)
2 

(3.86) 

Expanding equation (3. 86) gives 

A A A A 

MSE(Y) = E(Y- E[Y]) 2 + E(E[Y- [Y]]) 2 + 2E(Y- E[Y])([Y]- Y) (3.87) 

It can be deduced from equation (3.87) that 

M SE(Y) = V ar(Y) + Bias2 (Y) + 0 (3.88) 

Using the theorem due to Dorfman (1992), the conditional mean squared error is thus 

given by 

Combining the conditional bias in equation (3 .63) and the conditional variance in 

equation (3. 84) and conditioning on the auxiliary values Xij of the auxiliary variables 

xij' the following equation is obtained 

which gives 

(3.91) 

Where H(w) = J K(w) 2dw, dk = J w 2 K(w)dw, 

C(x) = [g(xi1)]-1 
[ ~mll(xi1 )g(xi1 ) + gt(xi1)mt(xi1)] as used earlier. Therefore from 
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equation (3.91) it can be noted that if the sample size is large, that is as n ---+ N 

and m ---+ M, the MSE of Y due to the kernel tends to zero for a sufficiently small 

bandwidth, b. The estimator Y is therefore asymptotically consistent since its M SE 

converges to zero in probability. 

However, it can be observed that the M SE is still a function of mll(xij ), g(xij ), 

gl(xij) and ml(xij) which are unknown. Optimal bandwidth, b, may not eliminate 

these functions either. In the next chapter, weighting method of compensating for non­

response in two stage cluster sampling is proposed using modified transformation of 

data method. 
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CHAPTER FOUR 

BOUNDARY BIAS CORRECTION USING THE WEIGHTING METHOD 

UNDER RANDOM NON RESPONSE IN TWO STAGE CLUSTER 

SAMPLING WITH REPLACEMENT 

4.1 Introduction 

In this chapter, transformation of data method is used to develop an estimator for finite 

population mean. It is one of the methods of reducing boundary bias in kernel density 

estimations as discussed in the literature review. 

4.2 Proposed Estimator of Finite Population Mean using Modified 

Transformation of Data Method 

Consider a finite population of size N consisting of M clusters with Nj elements in 

the ith cluster. Let Yij denote the value of the survey variable y for unit j in cluster i, 

for i = 1, 2, ... , N; j = 1, 2, ... , M. To estimate the non-response values in the second 

stage of sampling, a regression model given in (2.2) is used. Auxiliary data is assumed 

to be known throughout the study and is therefore used to predict the non-response 

values. The estimator proposed in chapter three due to Nadaraya-Watson suffers from 

boundary bias. Following the work of (Baszczyriska, 2015), a non-parametric regres­

sion estimator for the finite population mean that resolves boundary bias is obtained. 

The function of auxiliary variables given in equation ( 4. I) below is used to predict the 

non-response values of the study variable Yij; the estimator is defined by 

mrnM(Xij) = m~b t f { K(Xij ~ Xij) + K(Xij + ~(Xij))} (4.1) 
t=l J=l 

where mrnM(x) is the function of auxiliary variables due to modified transformation 

of data method proposed. Following the work of (Cowling and Hall, 1996), data should 

be generated beyond the left endpoint of the support of the density function g such that 

the data provides a natural adjustment of the density g outside its support. The data 
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generation procedure combines the transformation and the reflection of data meth­

ods. To do this, first transform the original data XiJ, j = 1, 2, · · · , n; i = 1, 2, · · · , m 

to g( xij)' j = 1' 2, ... 'n; i = 1' 2' ... 'm while retaining the original data where 

g is a non-negative, continuous and monotonically increasing function from [ 0, oo) 

to [O,oo). Secondly, reflect g(X11 ), · · · ,g(Xmn) around the origin so that we have 

-g(X11 ), · · · , -g(Xmn)· Consequently, using the enlarged data sample -g(Xij),j = 

1, 2, · · · , n; i = 1, 2, · · · , m the new mean estimator of the population is defined by 

(4.2) 

where YiJ represents the estimator of the non-response units and can be re-written as 

YiJ = mrnM(Xij) = L L Wij(xiJ)YiJ 
j 

(4.3) 

* - N M { K( ~ +I<( x;i+~(X;j))} 
where Wij(Xij) - I::i=n+l I::j=m+l { ( } are 

"'N "'M J( x;i-Xii +I< Xi j+g(X;j) 
L,,= n+l L,J = m+l b b 

the modified weights arising from the proposed procedure. From equation (4.3), the 

following equation is obtained 

Using equation (4 .4), the estimator of the population mean is therefore given by 

In what follows, some properties of the proposed estimator are derived. 
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4.3 Asymptotic Bias of the Transformation of Data Method Esti-

mator 

Boundary bias occurs in the interval [ 0, b) due to lack of data following the reduction 

of such data at this interval. This implies that the density function has continuity on 

[0, oo) and is 0 for Xij < 0. Due to reduced amount of data, the resulting estimators 

are biased. This is possible if the selected bandwidth is greater than the value of Xij 

i.e if b > Xij· Consider the Nadaraya-Watson estimator given by equation (3 .20). In 

addition, consider m( ab) for a E [ 0, 1) where Xij = ab so that for w = x;2 ~ X;i one 

can obtain 

0 .::; Xij .::; oo => 0 .::; b( a - w) .::; oo (4.6) 

so that -oo .::; w .::; a. Next, consider a kernel estimator given in equation (2.3) which 

has the support [ - 1, 1 J ; this means the variable w must be contained in the interval 

[- 1, 1 J, so that for a E [0 , 1) we have -1 .::; w .::; a. Since the main problem is to 

estimate the non-response component of the proposed estimator, the following theorem 

due to (Cowling and Hall, 1996), under certain conditions on g(.) and m(.) outlined 

below is applied. 

Theorem 4.2 Assume that mff( xii) and gff( xij) exist and are continuous, where 

g(xij) = Xij + dx7j + Ad2xfi such that A > 0 and d = 7::(~]. Assume that g-1 (0) = 

0, gt(O) = 1, gff(O) = 
2;;:~~~) and m(o) = m, g(o) = g, where g- 1 is the inverse 

function of g while m(i) and g(i) are the ith derivatives of m and g respectively for 

i ~ 0. Furthermore, let x = ab, where 0 .::; a .::; 1. Assume the kernel function K 

is non-negative, symmetric function with support [ -1, 1] such that J K ( w )dw = 1 , 

J wK(w)dw = 0 and 0 < J w2k(w)dw < oo. 

The second term in equation (4.2) represents the non-response component of the es­

timator. Since Yii = mrDM(Xij) as expressed in equation (4.~), the theorem stated 

above due to (Cowling and Hall, 1996) can be used to obtain the expected value of the 

non-response component as follows 

(4.7) 
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which can be expanded to obtain 

E(mrmvi (XiJ)) = m(xiJ) 1: K(w)dw- bmt(xiJ) 1: wK(w)dw 

+ mlf(~iJ)b2 l: w2K(w)dw+tEK(xiJ+~(Xij)) (4.8) 

+ o(b2
) 

and 

Using change of variables technique and simplifying, equation (4 .9) becomes, 

which expands to 

~EK(xiJ + g(Xij)) = 11 K(w){m(g-1(0)) + (w- a)b 
b b a gt(g-1(0)) 

gt(g-1(0))mt(g- 1(0)- glf(g-1(0)m(g- 1(0)) 
X 3 

[gt(g-l(O))] 

+ b2 (w _ a)2 [gt(g-1(0)mlf(g-1(0))- glf(g-1(0)m(g- 1(0)) 
2 

[gt(g-1 (0)) r 
3g~t(g-1(0)) [gt(g-1(0)mt(g-1(0)) - glf(g-1(0)m(g-1(0))] l } 

- dw 
[gt(g-l(o))r · 

( 4.11) 
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which on simplification yields 

~EK ( Xij + ~(Xij)) = m(O) 11 

K(w)dw + b 11 

(w- a)K(w)dw 

b211 x [mt(O)- gii(O)m(o)J + 2 a (w- a)
2
K(w)dw 

x { mii(O)- gii(O)m(O)- 3g11(0) [mi(O) 

- gii(O )m(O)] } + o(b') 

Substituting equation ( 4. 12) in equation ( 4.8) the following is obtained 

E(mrnM(Xij)) = m(xi1) 1: K(w)dw + m(O) 11 

K(w)dw 

+b{- ml(x;;) { wK(w)dw + [ (w- a)K(w)dw 

} b2 ja 
x [mt(O)- gii(O)m(o)J + 2 mlf(xi1) _

1 
w2K(w)dw 

b211 + 2 a (w- a) 2 
K(w)dw + { mii(O)- gii(O)m(O) 

- 3g11(0) [ mt(O) - gii(O)m(O) J} + o(b2
) 

Since jii(O) exists and is continuous near 0, then for x = ab we have 

mt(xi1) = mt(O) + abmii(O) + o(b) 

mlf(xi1) = mii(O) + o(l) 

Simplifying equation ( 4. 13) gives 

E(mrnM(xi1)) = m(xi1) + b 11 

(w- a)K(w)dw[2mt(O)- gii(O)m(o)J 

b2 11 b211 +-mii(O) w2K(w)dw-- (w-a) 2K(w)dw 
2 -1 2 a 

x { gii(O)m(O) + 3g11(0) [ mt(O) - gii(O)m(O) J} + o(b2
) 
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It follows that the bias of the estimator of the non-response component in equation 

(4.5) can be expressed as 

E(mrDM(xi1))- m(xi1 ) = b 11 

(w- a)K(w)dw[2m1(0)- gii(O)m(o)] 

b2 11 b211 + -mii(O) w2 K(w)dw-- (w- a) 2 
K(w)dw 

2 -1 2 a 

(4.15) 

x { gii(O)m(O) + 3g11(0) [ m/(0) - gii(O)m(O) J } + o(b2
) 

As b --+ 0, it is noted that E ( mr DM ( Xij)) - m( Xij) is approximately equal to zero. 

This shows that for the bias to reduce, the bandwidth must tend to zero as the sample 

size increases, as b --+ 0, mn --+ oo. 

4.4 Asymptotic Variance of the Transformation of Data Method 

Estimator 

The variance of the transformed estimator proposed is given as 

(4.16) 

(4.17) 
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which can be re-written as follows 

V ( ( ~ · ·)) = (Mn-mn)
2
E[K(Xij-Xij) K(xi1+g(Xi1))]

2 

ar mTDM xtJ (mn)2b2 b + b 

_ (Mn- mn)
2 
{E [K(Xij- Xij) + K(Xij + g(Xi1))] }

2 

(mn)2b2 b b 

=A+B 
( 4.18) 

where 

and 

A~ (M:~bn;n)2 J hx;; ~ Y;;) + K(";; + :(Y;;)) r f(y)dy 

~ (M";,~b';m) 2 {! Hx;; ~ Y;;) 2 f(y)dy + J K(x;; + :(Y;;) )' 

x f(y)dyl + 2 J K(";; ~ y;;)K("'i + :(Y;;))f(y)dy} 

( 4.19) 

B = _ (Mn- mn)
2 
{E[K(Xij- Xij) + K(Xij + g(Xi1))] }

2 

( 4 _2Q) 
(mn)2b2 b b 

Equation ( 4.21) can be expanded to get 

A;~ (M::b;nn) 2 {! hx;; ~ Y;;) 2 f(y)dy + J K(x;; + :(Y;;)) 2 

X f(y)dy]} + 2{ (M::b2mn) 2 J hx;; ~ y;;)K(x;; + :(y;;)) l (4.22) 

X f(y)dy} 
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Using change of variables technique, equation ( 4.22) can be expressed as 

(4.23) 

which on simplification reduces to 

(Mn- mn)
211 

1 
A1 = b K(w) 2dw + o(-b) mn _1 mn 

(4.24) 

Next we have, 

(Mn-mn)
2 1a ( ) (Xij+g(a-w)b) ( ) A2 = 2 b2 K w K b x m a - w bdw mn _1 

(4.25) 

Since gil(.) is continuous, Taylor's series expansion gives 

g(a- w)b =(a- w)b + o(b2
) (4.26) 

Replacing g (a - w) b given by equation ( 4.26) in equation ( 4.25) yields 

( ) 
2 Mn-mn a 

A2 = 2 mnb2 [
1 
K(w)K((2a- w) + o(b))m((a- w)b)dw (4.27) 

which reduces on simplification to 

(Mn- mn)
2 11 

1 
A2 = 2 b2 K(w)K(2a- w)dw + o(-· -b) (4.28) 

mn _1 mn 

Next is to evaluate B which as earlier outlined in equation (4.20) is given by 

B = _ (Mn- mn)
2 {E [K(Xij- Xij) + K(Xij + g(Xi1))] }

2 

(4_29) 
(mn)2b2 b b 

Applying Taylor's series expansion and following the same procedure as for A, B 

would simplify to 
1 

B=o(-b) mn 
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Hence putting together A i.e A1 + A2 and B we have 

A (Mn-mn)
2 [j 1 

2 Var(mrDM(xi1)) =A+ B = b K(w) dw 
mn _1 

l a 1 
+ 2 _

1 
K(w)K(2a- w)dw] + o(mnb) 

(4.31) 

It can be noted that Var( mrDM(Xij)) is decreasing in mnb. This is because as mn -+ 

oo, the bandwidth b -+ 0 and hence mnb -+ oo; that is, the bandwidth decreases but 

not at a faster rate than the sample size. Thus for a large sample size, the variance is 

reduced significantly. 

4.5 Conclusion 

It is noted that the the variance is decreasing in mnb whereas the bias is increasing in 

b. Both the bias and the variance must become small as mn -+ oo for the estimator 

to be optimal. Therefore, as mn -+ oo, the bandwidth must tend to zero, b -+ 0 and 

mnb -+ oo. That means the bandwidth must decrease but not at a faster rate than the 

sample size. This suffices to establish the consistency of the transformation of data 

method estimator proposed. That is, for all XiJ• mrDM(Xij) -+ m(xij) in probability 

as mn-+ oo. 
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CHAPTER FIVE 

SIMULATION STUDY, PRESENTATION AND DISCUSSION OF 

THE RESULTS 

5.1 Introduction 

In this chapter, simulation and discussion of the results for the various estimators is 

carried out. 

5.2 Significance of Simulation 

The comparison of the performance of the various estimators of finite population mean 

in terms of the bias, variance, the MSE and the confidence interval lengths may not be 

easy to establish due to the complex nature of their asymptotic expressions. This neces­

sitated the simulation study to be conducted. The simulation results give researchers 

an insight on the performance of a given estimator of a population parameter. In this 

study, the aim of the simulation exercise was to conduct a comparative study on the 

efficiency of the proposed estimator against Nadaraya-Watson estimator and modified 

transformation of data estimators. The data were generated using both linear and non­

linear data functions. Non-linear data functions included quadratic, sine, exponential, 

bump and jump functions. The results are presented using graphs and tables. 

5.3 Description of the simulation experiment 

To obtain the estimator for the finite population mean, Y, the auxiliary variables Xij 

were generated as identically and independently distributed random variables on U(O, 1). 

The population consisted of 30 clusters. In stage one, a sample of mi = 10 clusters 

was chosen by simple random sampling with replacement which constituted primary 

sampling units (PSUs). 

In stage two, from each selected cluster, say i, ( i 1 · · · m·) a sample m· · J. 
' ' ~ ~J' 
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1, 2, · · · , 120 from j = 1, 2, · · · , mk, · · · , 1200 was selected, that is, the lh sample 

from a fixed selected ith cluster was selected using S RSW R from a total Mk = 1200 

elements. 

Consider the survey variable }ij, j = 1, 2, · · · , mk, · · · , Mk that are known only for 

the respondents in the sample. Using known auxiliary variables, Xij, j = 1, 2, · · · , mk. 

non-response values were generated using the model fij = m( Xij) + eij using SRSWR 

within the ith cluster. 

Moreover, let K(u) '""' U[O, 1], eij '""' N(O, 1) such that the estimator of a finite popu­

lation mean is given by equation (3. 7) where m( Xij) is a function of auxiliary random 

variables generated using different data functions outlined in the following subsection. 
A A 

This procedure was repeated iteratively to obtain Yi1 , · · · , Yin· 95% confidence inter-

vals (CI) were then constructed for the estimators of population means Yi, i = 1, 2, 3, 4 

which corresponded to the proposed estimator, Nadaraya-Watson estimator, transfor­

mation of data method and improved Nadaraya-Watson estimators of finite population 

means respectively. 

A normal kernel having a mean 0 and standard deviation 1 was used since it has smooth 

and continuous derivatives at every data point. To maintain stability in terms of the 

variation of the random values simulated, an optimal bandwidth obtained using the 

cross-validation technique was used. Linear and non-linear functions of m( Xij) were 

used in simulation of data to compare the performance of the estimators of the popu­

lation mean. 

5.4 Equations of Data Functions of m( Xij) Simulated 

Table 5.1: Equations of Data Functions Simulated 

Data function 

Linear 
Quadratic 

Sine 
Exponential 

Bump 
Jump 

Equation 

1 + 2(x- 0.5) 
1 + 2(x- 0.5)2 

2 + sin(21rx) 
exp( -8x) 

1 + 2(x- 0.5) + exp{ - 200(x- 0.5) 2
} 

1 + 2(x- 0.5)Ix::;0.65 + 0.65Ix20.65 

These data functions have been applied by various authors for data simulations, see 
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for instance (Kim et al., 2003) and (Lang'at, 2017). The data functions in table 5.1 

that were used for simulation are widely applicable in real life and are often used in 

statistics for data simulations. Exponential function for instance is used for modeling 

successive times between two rare events such as the number of misprints on a page of 

a textbook while jumps and bumps are mostly used in such events as bio-surveillance 

for modeling disease-outbreaks or floods within a certain limit of time in a given place. 

Bump functions are also used in curve fitting, uncertainty analysis and approximation 

of non-linear relationships in scattered data. Sine functions are used to model periodic 

events such as light waves and average temperature variations throughout the year 

while quadratic functions are used in physics to describe trajectory followed by objects 

thrown upward at an angle whereas in economics quadratic functions can be used to 

develop profit and loss functions. 

5.5 Simulation Results 

Results of the data simulated are illustrated using tables and graphs in the following 

section. R codes used in the simulation are provided in the appendix. 

Table 5.2: Results of Biases Simulated from a Linear Data Function 

Population sizes 300 450 600 750 900 1200 

Proposed Est. -0.17243 -0.15902 -0.1522 -0.1677 -0.1494 -0.13351 
N-W -0.3615 0.4315 -0.33124 -0.40746 -0.4228 -0.3959 

Transformed Est. -0.00159 -0.00064 -0.00213 -0.00148 -0.00150 -0.0015 
Improved N-W -0.18152 -0.21607 -0.16668 -0.20447 -0.21217 -0.19871 

Table 5.3: Results of Biases Simulated from Exponential Data Function 

Population sizes 300 450 600 750 900 1200 

Proposed Est. -0.02437 -0.01552 -0.01909 -0.01228 -0.02158 -0.01865 

N-W 0.83211 0.59492 0.72252 0.58382 0.58567 0.52649 

Transformed Est. -0.00562 -0.00439 -0.00412 -0.00367 0.00057 -0.00589 

Improved N-W 0.41325 0.29527 0.35919 0.29008 0.29312 0.26030 

52 



Table 5.4: Results of Biases Simulated from Sine Data Function 

Population sizes 300 450 600 750 900 1200 

Proposed -0.34306 -0.3321 -0.31596 -0.29083 -0.28649 -0.28522 

N-W -1.1712 -1.1942 -1.231 -1.17087 -1.2288 -1.2457 

Transformed -0.01914 -0.01647 -0.05211 -0.02913 -0.03182 -0.02729 

Improved N-W -0.59519 -0.60534 -0.64161 -0.5999 -0.63029 -0.6365 

Tables 5.2, 5.3 and 5.4 present bias values for the data generated from different mean 

functions indicated. Negative values imply underestimation while positive values of 

the bias indicate overestimation of the finite population mean by the different estima­

tors. The transformation of data method estimator has relatively smaller values of the 

bias than the rest of the estimators with the smallest being observed in table 5.3 on 

exponential mean function. In fact a closer look at the values of bias for the transfor­

mation of data method estimator reveals that the bias is tending to zero as the popula­

tion size increases from 300 to 900. The proposed estimator also follows closely with 

smaller bias values as noted in the three tables. It is noted that the transformation of 

data method estimator was proposed to correct boundary bias due to Nadaraya-Watson 

estimators and this has clearly been evident in its relatively smaller values of the bias. 
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Figure 5. 1: Graphs showing how the cluster means estimate the population mean for 
data simulated using the quadratic function for different population sizes. Figure 5. I a 
was obtained from a population of size 600, figure 5. I b was obtained from a population 
of size 750, figure 5. I c was obtained from a population of size 900 whereas figure 5. I d 
was obtained from a population of size 1200. 

From these graphs it is clear that the transformed estimator is vary close to the ex­

pected values of the population means . The proposed estimator closely follows in the 

second place while the Nadaraya-Watson and improved Nadaraya-Watson estimators 

are relatively farther away from the expected population values of the mean, though on 

minimal frequencies they coincide with the expected values of the population mean as 

can be seen from the graphs 5.1 a to 5. 1 d. 
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Figure 5.2: Graphs showing how the cluster means estimate the population mean for 
data simulated using the exponential function for different population sizes. Figure 
5.2a was obtained from a population of size 450, figure 5.2b was obtained from a 
population of size 600, figure 5.2c was obtained from a population of size 750 whereas 
figure 5.2cl was obtained from a population of size 900. 

In all these graphs, it can be observed that the cluster means for the proposed estimator 

closely follows the expected means of the population values. This is more conspicuous 

in graph 5 .2a. Secondly, it is noted that the transformation of data method estimator av­

erages the points below and above the expected trend-line due to reflection of the trans­

formed data at the boundaries. This estimator was proposed in chapter four to correct 

for boundary effects due to Nadaraya-Watson regression technique used. From graphs 

5.2a to 5.2cl, it can also be noted that both the Nadaraya-Watson and its improved coun­

terpart have got their cluster means relatively farther away from the expected values 

of the population mean with Nadaraya-Watson having the farthest cluster means away 
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from the expected means. 

Table 5.5: Summary Results of Bias 

Data function Proposed Estimator N-W Transformed Estimator Improved N-W 

Linear -0.16774 -0.40747 -0.00147 -0.20447 
Quadratic 0.02981 0.06921 -0.00958 -0.17728 

Sine -0.29083 -1.17087 -0.02913 -0.5999 
Exponential -0.01228 0.58383 -0.00368 0.29008 

Bump -0.18757 -0.51888 -0.00089 -0.25989 
Jump -0.2537 -0.30344 -0.01307 -0.15825 

It can be noted in table 5.5 that the bias for the proposed estimator is smaller than those 

for the other respective estimators. However, the bias for the transformed estimator is 

even much smaller than all the other methods. This may be attributed to the reflection 

of the transformed data at the boundaries of the support of the kernel density function 

used. The transformation of data method was proposed in chapter four to address the 

boundary bias arising from Nadaraya-Watson technique. 

A few selected graphs plotted using data generated from the different data functions 

stated in table 5.1 are given in the following pages. They show how the different 

estimators considered performed in terms of the bias. 
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Figure 5.3: Graphs showing the biases of the estimators simulated using the linear 
function for different population sizes. Figure 5.3a was obtained from a population 
of size 450, figure 5.3b was obtained from a population of size 600, figure 5.3c was 
obtained from a population of size 750 whereas figure 5.3cl was obtained from a pop­
ulation of size 1200. 

Due to reflection of transformed data at the boundaries, the transformation of data 

method as noted from the graphs 5.3a to 5.3cl crosses the line 0.0 most frequently 

than the rest of the estimators considered. The proposed estimator follows in the sec­

ond position while the Nadaraya-Watson and imroved Nadaraya-Watson estimators are 

relatively more biased than the rest of the estimators. 
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Figure 5.4: Graphs showing the biases of the estimators simulated using the exponen­
tial function for different population sizes. Figure 5 .4a was obtained from a population 
of size 450, figure 5.4b was obtained from a population of size 600, figure 5.4c was 
obtained from a population of size 750 whereas figure 5.4cl was obtained from a pop­
ulation of size 900. 

Using exponential mean function, it can be seen that in all the graphs from 5 .4a to S .4cl 

that the proposed estimator and the transformation of data method estimator are very 

close to zero compared to Nadaraya-Watson and improved Nadaraya-Watson estima­

tors. In fact the transformation of data method estimator almost coincides completely 

with the zero-trend-line (benchmark for measuring unbiasedness) of the bias as seen 

in graph 5 .4c. 
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Table 5.6: Results of MSEs Simulated from Linear Data Function 

Population sizes 300 450 600 750 900 1200 

Proposed Est. 0.06136 0.05592 0.04332 0.04867 0.04162 0.03843 

N-W 0.15127 0.22155 0.13214 0.19015 0.2087 0.1852 

Transformed Est. 0.13065 0.18618 0.10972 0.16603 0.17878 0.1567 

Improved N-W 0.03802 0.05555 0.03339 0.04783 0.05246 0.04662 

Table 5.7: Results of MSEs Simulated from Sine Data Function 

Population sizes 300 450 600 750 900 1200 

Proposed 0.17689 0.15257 0.15174 0.13688 0.13642 0.13321 

N-W 1.39212 1.47663 1.55518 1.41025 1.54450 1.58529 

Transformed 1.3718 1.42615 1.5157 1.37093 1.50988 1.55179 

Improved N-W 0.35932 0.37915 0.42154 0.36981 0.40596 0.41353 

Table 5.8: Results of MSEs Simulated from Exponential Data Function 

Population sizes 300 450 600 750 900 1200 

Proposed 0.00548 0.00208 0.00239 0.00314 0.00210 0.00163 

N-W 1.4425 1.09392 1.3780 1.1673 1.1959 0.95237 

Transformed 0.69241 0.35393 0.52204 0.34085 0.34301 0.27719 

Improved N-W 0.35807 0.2722 0.3430 0.29075 0.29916 0.23655 

Mean squared error combines both the variance and the squared bias terms of an es­

timator. The MSE values presented in tables 5.6, 5.7 and 5.8 were generated using 

different data functions as indicated. It can be noted that the the MSE values for the 

proposed estimator are relatively smaller than the rest of the estimators considered. 

The transformation of data method estimator follows closely in the second place with 

smaller MSE values compared to Nadaraya-Watson and improved Nadaraya-Watson 

estimators. Nadara-Watson has the largest MSE values than any other estimator con­

sidered. Comparing the MSE values for these estimators shows that the proposed 

estimator outperformed the rest of the estimators. 
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Table 5.9: Summary Results of MSEs 

Data function Proposed Estimator N-W Transformed Estimator Improved N-W 

Linear 0.04867 0.19015 0.16603 0.04782 
Quadratic 0.04451 0.56209 0.00479 0.14017 

Sine 0.13688 1.41025 1.3709 0.36981 
Exponential 0.00314 1.16734 0.34085 0.29075 

Bump 0.06229 0.32087 0.26924 0.08046 
Jump 0.08790 0.94584 0.09208 0.23835 

Efficiency of the mean estimator of the population mean was obtained using its mean 

squared error. This is illustrated in table 5.9. Measures for the MSE were simulated 

for purposes of comparison. Comparatively, the proposed estimator of the finite popu­

lation mean outperforms the rest of the estimators in terms of efficiency as noted from 

the table. This is because the MSE of the proposed estimator is relatively smaller com­

pared to Nadaraya-Watson and improved Nadaraya-Watson estimator except for the 

quadratic data function where the transformation of data method estimator stands out. 

Graphs of MSE for selected data functions are presented below. 
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Figure 5.5: Figure 5.5a is a graph ofMSE for the estimators for data simulated using 
an exponential data function, figure S .Sb is a graph of MSE for the estimators for data 
simulated using a jump data function, figure 5 .Sc is a graph of MSE for the estimators 
for data simulated using a linear data function whereas figure S.Sc\ is a graph of MSE 
for the estimators for data simulated using a quadratic data function. 

The MSE for the proposed estimator tends to zero as the population size increases 

from 300 to 1200 as observed in graphs S.Sa to S.Sc\. However, thesere seems to be 

lack of consistency in the transformation estimator from all these graphs of MSE for 

different mean functions. For instance from the exponential data function in graph 

5.5a, the transformation of data method estimator displays a large MSE compared to 

graph S.Sc! for quadratic data function where its MSE is very close to zero. 
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Table 5.10: Results of CI Lengths Simulated from Quadratic Data Function 

Population sizes 300 450 600 750 900 1200 

Proposed 0.87910 0.82502 0.82701 0.76973 0.79899 0.85104 

N-W 3.36413 2.75610 2.99434 2.93895 3.03853 2.89298 

Transformed 1.73943 0.34203 0.37874 0.27133 0.32993 0.12025 

Improved N-W 1.67154 1.37648 1.49507 1.46763 1.52239 1.44527 

Table 5.11: Results of CI Lengths Simulated from Exponential Data Function 

Population sizes 300 450 600 750 900 1200 

Proposed 0.29014 0.17864 0.19169 0.2195 0.17969 0.15844 

N-W 4.7081 4.0999 4.6017 4.2353 4.2869 3.8255 

Transformed 3.26188 2.33210 2.83228 2.28859 2.29583 2.06383 

Improved N-W 2.34569 2.04514 2.29581 2.1137 2.14408 1.90655 

Table 5.12: Results of CI Lengths Simulated from Bump Data Function 

Population sizes 300 450 600 750 900 1200 

Proposed 1.06388 0.96892 0.87839 0.9784 0.84913 0.90361 

N-W 2.18623 2.31586 1.96303 2.22051 2.29845 2.13277 

Transformed 1.98238 2.12953 1.83649 2.03401 2.11702 1.93430 

Improved N-W 1.09189 1.15803 0.98723 1.11193 1.14911 1.06800 

Confidence intervals are normally constructed around point estimators to provide a 

properly scaled measure of uncertainty associated with an estimator of finite population 

parameter of interest. Shorter confidence interval lengths means the estimator is close 

to the true population values being estimated. In view of this, confidence intervals were 

generated at 95% and from the results seen in table 5.10, 5.11 and 5.12, the proposed 

estimator has tighter confidence interval lengths than the other estimators considered. 
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Table 5.13: Summary Results of 95% Confidence Interval (CI) Lengths 

Data function Proposed Estimator N-W Transformed Estimator Improved N-W 

Linear 0.92695 1.70934 1.59725 0.85725 
Quadratic 0.76973 2.93895 0.77713 1.46763 

Sine 1.52697 4.88850 4.82599 2.54509 
Exponential 0.21954 4.23531 2.28859 2.11372 

Bump 0.97842 2.22051 2.03401 1.11193 
Jump 1.09441 3.81237 1.18948 1.91380 

The 95% upper and lower confidence intervals were generated for the estimators of 

finite population mean using the formula Y = Y ± Z% ( V var(Y)) and subsequently 

the confidence interval lengths were obtained. The results of these confidence interval 

lengths are given in table 5.13 above. A good confidence interval has a coverage rate 

closer to the true population mean being estimated and therefore its length has to be 

small. From table 5.13, it can be noted that the confidence interval lengths for the 

proposed estimator are shorter than the other estimators. Therefore, it can safely be 

concluded that the estimator developed in this research is superior to its rival estimators 

at 95% coverage rate. 

5.6 Summary Discussion of the Results 

Estimating finite population parameters is very important both in sample survey theory 

and practise. This study focused on the estimation of a finite population mean using 

two stage cluster sampling scheme in presence of non-response in the second stage of 

sampling. 

Using inclusion probabilities, a sample of clusters were chosen from the population 

from which some elements in the selected clusters failed to respond. Non-response in­

dicator variable was then used to obtain response elements and therefore estimate the 

non-response elements in the selected sample. Kernel weights were then used to com­

pensate for non-response in the estimation process. Nadaraya-Watson kernel estimator 

was used and found to be affected by the boundary effects since the kernel density 

function uses reduced amount of data at the boundaries because it does not detect data 

outside the boundaries of its support. 
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In this research, one of the aims was to first develop an estimator for finite population 

mean under non-response in two stage cluster sampling. The estimator was therefore 

developed and besides, its bias and mean squared error were derived asymptotically. 

This was done in chapter three. 

To reduce the bias due to Nadaraya-Watson estimator, various methods were reviewed 

in chapter two and consequently a method was proposed for this study. Modified trans­

formation of data method was proposed and its asymptotic properties were obtained. 

In chapter five, a simulation study was done to check the performance of the proposed 

estimators with the existing ones. MSE, bias and confidence interval lengths were ob­

tained for all the estimators considered using various data functions stated in table 5.1. 

The bias results in table 5.5 revealed that the proposed estimator has smaller bias than 

its rival estimators except for the transformed estimator which does well due to trans­

formation and reflection of data at the boundaries; this conforms to the explanation 

in chapter two on boundary bias reduction. From table 5.9, it is notable that the pro­

posed estimator has smaller values of MSE compared to other estimators. The graphs 

in appendix also show that the proposed estimator performed well in terms of the MSE 

compared to the others. 

The confidence interval lengths were generated at 95% level and the results tabulated 

in table 5.9 indicate shorter confidence interval lengths for the proposed estimator than 

those of other estimators. 

From the simulation results discussed, it can be concluded that the proposed estimator 

performs better in terms ofMSE than that ofNadaraya-Watson, (Nadaraya, 1964) and 

Watson (1964) and (Demir and Toktami~, 2010). Hence the study improves on the 

existing non-parametric techniques in estimation of population parameters. 

This research however is limited by the choice of the bandwidth. From the litera­

ture discussed in chapter two on bandwidth selection, no universal method exists for 

choosing the bandwidth, though this research adopted the cross-validation technique. 

Besides, a normal kernel with mean 0 and standard deviation 1 was used in the sim­

ulation experiment. Other kernels such as Epanechnikov could also be used in the 

simulation process. 
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5.7 Conclusion 

The main aim of this study was to estimate a finite population mean in presence of 

random non-response using two-stage cluster sampling with replacement. Simula­

tion experiment conducted revealed that the proposed estimator is more efficient than 

Nadaraya-Watson, improved Nadaraya-Watson and transformation of data methodes­

timators. The proposed estimator has smaller bias, lower mean squared error values 

and tighter confidence interval lengths compared to its rival estimators. 

The transformation of data method estimator proposed in chapter four has also proved 

to be efficient in correcting boundary bias associated with existing kernel-based regres­

sion estimators, in particular the Nadaraya-Watson estimator. This can be seen in table 

5.2 from the lower values of the bias of the transformation of data method estimator 

compared to those of other estimators. 

5.8 Suggestions for Further Research 

This study considered boundary correction method for the density. It would be interest­

ing to try complicated estimators that automatically caters for boundary bias. Besides, 

this research adopted an optimal bandwidth obtained from cross-validation technique 

of bandwidth selection. As outlined in chapter two on smoothing parameter selection 

criteria, no one criteria does well in all types of densities with regards to bias-variance 

trade-off. Though bandwidth selection was not the main focus of this study, a research 

to develop the most optimal way of selecting bandwidths could be done so that better 

estimators of population parameters may be obtained. 
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Appendix: R Codes 

#n=2000 

N=40 #size of the cluster 

k=30 #number of clusters 

Pop=N*k 

Pop 

set.seed(500) 

#X1=rnorm(Pop,12.5,5) 

E<-rnorm(Pop,mean=O,sd=.1) #the random error 

X<-runif(Pop, min= 0, max= 1) #the explanatory variable 

#various types of data functions 

mx=1-X+exp(-200*(X-0.5)~2) 

mx.1=2+sin(2*pi*X)#Sine 

Ix <- function(x,h) 1*(X >=h) 

mx . 2 = 1 + 2 * (X- . 5 ) * I x (X, . 6 5 ) + 0 . 6 5 * ( 1- I x (X, . 6 5 ) ) 

mx.3=2+sin(2*Pi*X) 

mx.4=1+2*(X-0.5) 

mx.5=1+2*(X-0.5)+exp(-200*(X-0.5)~2) 

mx.6=exp(-8*X) 

mx.7=1+2*((X-0.5)~2) 

Y <- mx.5+E 

DataR=data.frame(Y) 

DR11=array(as.matrix.data.frame(DataR),dim=c(N,1,k)) 

#DR11 #Total population means 

mean (DR11) 

mean(Y) 

mean(DR11[,,1]) 

mean(DR11[,,2]) 

mean(DR11[,,3]) 

m11=mean(DR11[,,1]) 

for (i in 2:k) 
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mll[i]=mean(DRll[,,i]) 

#mll 

mean(mll)#cluster mean of means 

#plot(mll,type="l") 

vll=var(DRll[,,l]) 

for (i in 2:k) 

vll[i]=var(DRll[,,i]) 

#vll 

mean(mll)#cluster mean of means 

#plot (mll,type="l") 

#delta=sample(c(O,l), replace=TRUE, size=n) 

#Simulating the cluster indicator variables (delta) 

set. seed (1) 

delt=runif(Pop,0.3,1.5) 

#ceiling(delta) 

#floor(delta) 

delta=round(delt) 

#delta 

sum(delta) 

#simulating inclusion probabilities 

phi=runif(Pop,O, .5) 

#round(phi) 

#sample size of the response 

#nl=sum(delta) 

#nl 

#sample size of non-response 

#n2=n-nl 

#n2 

#DRll*delta 

#Y*delta 

length(Y) 
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A=Y*delta 

B=A/phi 

#C=sum(B)/nl 

#C 

D=l- (1/phi) 

E=D*A 

#F=sum(E)/n2 

G=B+E 

sum(G) 

sum(G)/n 

mean(Y) 

S=sum(Y) 

Ss=sum( (Y*phi)) 

Pop=N*k 

Pop 

Samplesize=round((Ss/S)*Pop) 

Samplesize 

#Deltas within the clusters 

DeltaR=data.frame(delta) 

Deltall=array(as.matrix.data.frame(DeltaR),dim=c(N,l,k)) 

#Deltall #Total population means 

#inclusion probabilities within the clusters 

phiR=data.frame(phi) 

phill=array(as.matrix.data.frame(phiR),dim=c(N,l,k)) 

#phill #Total population means 

Al=DRll*Deltall 

B2=Al/phill 

Cl=l-(1/phill) 

C2=Cl*Al 

Dl=B2+C2 

#means of response 

meanBll=mean(B2[,,1]) 

75 



for (i in 2:k) 

meanBll[i]=mean(B2[,,i]) 

#meanBll 

#means of non-response 

meanC2l=mean(C2[,,1]) 

for (i in 2:k) 

meanC2l[i]=mean(C2[,,i]) 

#meanC21 

E2=meanBll+meanC21 #estimated means for the clusters 

#estimated mean 

Ybar2=mean(E2) 

Ybar2 

mean (Dl) 

mean(DRll)#population mean 

var(E2) #variance of the estimated means 

var (DRll) 

#Nadaraya watson 

library(MASS) 

library(sm) 

library(KernSmooth) 

b=hcv(Y) 

b 

fitpol <- locpoly(Y,degree=O, kernel 

bandwidth= b)#weight 

weight=fitpol$y 

#fitpol$y 

"normal", 

#inclusion probabilities within the clusters 

#substituted by the N-W weights 

weightR=data.frame(weight) 

weights=array(as.matrix.data.frame(weightR),dim=c(N,l,k)) 

#weights #Total population means 

All=DRll 
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B22=All*phill #sample with no non-response 

B22a=B22*Deltall #sample with non-response 

Cll=l-(1/phill) 

C22=weightS*DRll 

C222=C22*Deltall 

Dll=B22+C222 

E22=B22a+weights #clusters updated by the N-W 

#cluster means of the N-W 

meanE22=mean(E22[,,1]) 

for (i in 2:k) 

meanE22[i]=mean(E22[,,i]) 

meanE22 

#generating the trasformed data from the reflection 

mf=mf2=TT=O 

ynosample means=O 

mf=mf2=TT=O 

j=O 

MEAN=O 

MTTR=O 

ynosamplemeans=O 

while(j<=Pop) 

sindex=sample(l:Pop,Samplesize) 

x.sample=X[sindex] 

xreflect=c(x.sample,-x.sample) 

#xreflect 

xnosample=setdiff(X,x.sample) 

y.sample=Y[sindex] 

yreflect=c(y.sample,-y.sample) 

yreflect 

ynosample=setdiff(Y,y.sample) 

datal=data.frame(xnosample) 

77 



I 

H3=(ucv(xreflect,nb=Pop,min(x.sample),max(x.sample))) 

H1=(ucv(x.sample,nb=Pop,min(x.sample),max(x.sample))) 

nad1=ksmooth(x.sample,y.sample,kernel="normal", 

bandwidth =b,x.points=xnosample) 

nad2=ksmooth(xreflect,yreflect,kernel="normal", 

bandwidth =b,x.points=xnosample) 

nad3=loess(y.sample-x.sample,span=.5) 

Vr=O 

for(i in l:length(y.sample)) 

f=length(y.sample)/length(Y) 

x_bar=mean(x.sample) 

r=mean(y.sample)/mean(x.sample) 

Vr[i]=(y.sample[i]-r*x.sample[i]) ~2 

VAr=((1-f)/(length(y.sample)*(length(y.sample)-1)) 

*X_bar ~ 2)*SUm(Vr) 

summary(nad3) 

mf=nad1$y 

mf2=nad2$y 

mf1=predict(nad3,data=data1,se=TRUE) 

MTTR[j]=mean(c(y.sample,as.vector(mf2))) 

#mean of the predicted Y 

#MEAN[j]=mean(x.sample) 

j=j+1 

MTTR 

#clusters for the transformed data 

MTTRR=data.frame(MTTR) 

MTTRR1=array(as.matrix.data . frame(MTTRR), 

dim=c (N, 1, k)) 

MTTRR1 
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#cluster means of the transformed data 

meanMTTR=mean(MTTRRl[,,l]) 

for (i in 2:k) 

meanMTTR[i]=mean(MTTRRl[,,i]) 

meanMTTR 

MeanTR=mean(meanMTTR) 

#mean of the transformed model 

VarTR=var(meanMTTR) 

#variance of the transformed model 

#Estimated mean 

Ybar22=mean(meanE22) 

Ybar22 

#mean (011) 

mean(DRll)#population mean 

var(meanE22)#variance of the estimated 

means under N-W 

var(DRll)#Population variance 

#Estimation of the bias 

#1. Proposed model 

Bia=E2-mll 

Biasl=mean(Bia) 

Biasl#Bias of the proposed model 

MSE=var(E2)+Bias1A2 

MSE#MSE of the proposed model 

Hl=(sum(mean(E2)/k))-mean(DR11) 

RBiasl=Hl/mean(DRll) 

RBiasl 

#2. N-W 

Bial=meanE22-mll 

Bias2=mean(Bial) 

Bias2#Bias of the N-W 

MSEl=var(meanE22)+Bias2A2 
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MSEl#MSE of the proposed model 

#relative bias 

H=(sum(meanE22)/k)-mean(DRll) 

RBias2=H/mean(DRll) 

RBias2 

#3. The transformed model 

Bia2=meanMTTR-mll 

Bias3=mean(Bia2)#Bias of the transformed 

MSE2=var(meanMTTR)+Bias2~2 

H3=(sum(mean(meanMTTR))/k)-mean(DRll) 

RBias3=H3/mean(DRll) 

RBias3 

############################## 

#Output 

############################## 

#From the population 

mean(DRll)#population mean 

var(DRll)#Population variance 

b #used bandwidth 

################################ 

################################## 

#proposed model 

################################## 

Ybar2 #mean estimate 

var(E2) #variance of the estimated means 

Biasl#Bias of the proposed model 

MSE#MSE of the proposed model 

################################### 

#Estimation under the N-W 

################################### 

Ybar22 #mean estimate N-W 

var(meanE22)#variance of the estimated means under N-W 
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Bias2#Bias of the N-W 

MSEl#MSE of the N-W 

############################################### 

################################### 

#Estimation under the transformed model 

################################### 

MeanTR #mean of the transformed model 

VarTR #variance of the transformed model 

Bias3#Bias of the transformed model 

MSE2#MSE of the transformed model 

############################################### 

#confindence intervals 

#proposed model 

Ybar2ConL=Ybar2-1.96*sqrt(MSE) 

Ybar2ConU=Ybar2+1.96*sqrt(MSE) 

Ybar2ConL 

Ybar2ConU 

########################################### 

#N-W model 

Ybar22ConL=Ybar22-1.96*sqrt(MSE1) 

Ybar22ConU=Ybar22+1.96*sqrt(MSE1) 

Ybar22ConL 

Ybar22ConU 

############################################# 

#transformed model 

Ybar33ConL=MeanTR-1.96*sqrt(MSE2) 

Ybar33ConU=MeanTR+l.96*sqrt(MSE2) 

Ybar33ConL 

Ybar33ConU 

############################################# 

#improved N-W computations 

TRNW=meanE22+meanMTTR 
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meanTRNW=TRNW/2 

mean(meanTRNW) 

mean(Y) 

TRNWB=Bial+Bia2 

varTRNWB=TRNWB/2 

Bias4=mean(varTRNWB) 

Bias4#Bias of the improved N-W 

MSE4=var(meanTRNW)+Bias4~2 

################################## 

#Estimation under the Improved N-W 

################################### 

mean(meanTRNW) #mean estimate Improved N-W 

var(meanTRNW) 

#variance of the estimated means under N-W 

Bias4#Bias of the improved N-W 

MSE4#MSE of the improved N-W 

#confindence intervals of improved N-W 

YbarTNWConL=mean(meanTRNW)-1.96*sqrt(MSE4) 

YbarTNWConU=mean(meanTRNW)+l.96*sqrt(MSE4) 

YbarTNWConL 

YbarTNWConU 

############################################### 

#plotting the cluster means 

#library(ggplot2) 

Clusters=c(l:k) 

plot(Clusters,mll, ylim=c(0.2,2), type="l", 

lty=l,col=l,ylab="Cluster Means",cex=2) 

#cluster means for the population 

lines(Clusters,E2, type="l", lty=2,col=2,cex=2) 

#cluster means for the proposed model 

lines(Clusters,meanE22,type="l",lty=3,col=3,cex=2) 

lines(Clusters,meanMTTR,type="l",lty=4,col=4,cex=2) 
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lines(Clusters,meanTRNW,type="l",lty=S,col=S,cex=2) 

#abline(h=mean(Y), col="yellow") 

legend("topright", c("Expected", "Proposed estimator " 

"Nadaraya-Watson", "Transformed","Improved N-W"), 

col= c(1,2,3,4,5),lty = c(1,2,3,4,5)) 

#plotting the cluster Biases 

#library(ggplot2) 

Clusters=c(l:k) 

plot(Clusters,Bia, ylim=c{-0.9,1), type="l", 

lty=l,col=l,ylab="Cluster Biases",cex=2) 

lines(Clusters,Bial, type="l", lty=2,col=2,cex=2) 

#cluster means for the proposed model 

lines(Clusters,Bia2,type="l",lty=3,col=3,cex=2) 

lines(Clusters,varTRNWB,type="l",lty=S,col=S,cex=2) 

abline(h=O, col="blue") 

legend("topright", c("Proposed estimator", 

"Nadaraya-Watson", "Transformed","Improved N-W"), 

col= c(1,2,3,5),1ty = c(1,2,3,5)) 

#lines(Clusters,mllimpu,type="l",lty=S) 
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