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Abstract

Over the years, control efforts to curb malaria transmission have been initiated and im-
plemented by World Health Organization (WHO). These control efforts however rely on
the use of insecticide based control interventions which has enhanced the emergence and
persistence of insecticide resistance to almost every insecticide class used. This study
determines the optimal combination strategies for malaria control in the presence of in-
secticide resistance and climatic variation in Kenya. A deterministic model representing
malaria transmission dynamics in the human and mosquito population is formulated
and studied. The model equations are solved numerically using fourth and fifth order
Runge-Kutta methods while the optimal control framework is solved numerically using
forward-backward sweep method. The basic reproduction number Ry is derived and the
disease free equilibrium is shown to be locally and globally asymptotically stable. Sensi-
tivity analysis reveals that the resting rate of susceptible mosquitoes a; and the mosquito
mortality rate due to the use of insecticides 9, are the most influential parameters in de-
termining malaria transmission dynamics. Numerical simulation results show that in the
presence of insecticide resistance, Ry is 1.2721 implying that malaria disease persists in
the population. The spatial distribution of the reproduction number across Kenya further
show that regions whose climatic conditions are favourable for malaria vector survival ex-
perience higher malaria transmission compared to areas whose climatic conditions are less
favourable for vector survival and development. Additionally, based on optimal control
analysis, the best malaria control intervention is when personal protection, treatment
and vaccination are used simultaneously. This study reveals that insecticide resistance
and climatic variation have a significant impact in the spread of malaria. Therefore, the
study’s findings can be adopted by national malaria control program stakeholders in the

fight against malaria in Kenya.



Chapter 1: Introduction

1.1 Background to the Study

Malaria is a life threatening disease found in most parts of the world including the trop-
ical and subtropical regions, especially in Africa, Asia, Latin America, the Middle East
and some parts of Europe (Tumwiine et al., 2007; Azu-Tungmah et al., 2019). Although
malaria is both preventable and treatable, it is one of the leading causes of mortality
globally with children and pregnant women being most vulnerable (Olutimo et al., 2024).
According to the 2024 World Health Organization (WHO) report on malaria status, there
were an estimated 263 million new malaria cases and 597,000 malaria deaths in the world
with African region accounting for 95% of the total malaria cases (WHO, 2024). Among
the malaria cases in Africa, Ethiopia, Nigeria and Uganda bore the greatest burden of
increase in malaria cases of 1.3 million, 1.3 million and 597, 000, respectively (WHO,
2024).

The disease burden in Africa has been enhanced by low socio-economic and educational
status especially in the rural and poor zones (Romero-Leiton and Ibargiien-Mondragon,
2019; Ngandu et al., 2020; Darteh et al., 2021), with the changing climatic conditions
accelerating the survival and reproduction rate of malaria vectors (Mieguim Ngninpogni
et al., 2021; Nkiruka et al., 2021). Additionally, other factors such as the prolonged effects
of COVID-19 on service delivery, limited healthcare access, inadequate funding, drug and
insecticide resistance, ongoing conflicts and emergencies and uneven implementation of
core malaria interventions continue to enhance the persistence of malaria disease in sub-
Saharan Africa.

In Kenya, about 6.7 million malaria cases are reported yearly, with 70% of the population
being at risk of the disease and 13-15% of outpatient consultations being malaria cases
(Sultana et al., 2017; Elnour et al., 2023). Climatic factors such as altitude, tempera-
ture, and rainfall patterns continue to influence malaria transmission and infection risk in
Kenya with its prevalence varying across seasons and regions (USAID, 2017). In the lake
and coastal regions, malaria transmission is high as the climatic conditions are suitable
for the survival of malaria vector. In the highland regions, malaria transmission is sea-
sonal with annual variation experienced in the area (USAID, 2017; Kenya, 2020). With

favourable climatic conditions, the breeding of malaria vector is sustained, increasing the



transmission intensity of the disease (Kenya, 2020). Consequently, this will introduce
malaria disease in regions where it did not exist before.

Control interventions to curb malaria transmission have been initiated and implemented
by WHO over the years. In 2015, The Global Technical Strategy (GTS) was launched
whose goals was to achieve a reduction of malaria mortality and case incidence by 40% in
2020, by 75% in 2025, and by 90% in 2030 (WHO, 2015). However, by 2017, there were
no significant improvements towards these global goals and this prompted the launch of
WHO “High burden to high impact” initiative, which made a call to mobilise resources
for intensified efforts in the eleven highest-burden countries (WHO, 2018).

Inspite of the efforts made, the global malaria response has faced a growing number of
threats and of key concern is insecticide resistance and climate change (WHO, 2023). In-
secticide resistance has been of key concern as present malaria control measures have been
limited to synthetic pyrethroids for long lasting insecticide treated nets (LLINs) and insec-
ticide residual spraying (IRS) (Metchanun, 2020). Additionally, climatic variations have
influenced mosquito development, their feeding frequency, survival and parasite devel-
opment inside the mosquito enhancing malaria transmission (Patz et al., 2003; Sutherst,
2004). Emerging resistance to pyrethroids and climate change threaten the previous gains
and render achieving malaria elimination in the near future elusive (WHO, 2023). There
is therefore need to continually conduct research to enhance malaria control interventions
and reduce malaria incidence and mortality rates.

Over decades, mathematical models have been one of the widely used tools to gain better
knowledge and insights of malaria disease in terms of transmission dynamics and assess-
ing the effectiveness of control interventions. The models have proven to be useful due
to their increased predictive computational capability. Malaria models originated from
the works of Ross and Macdonald (Mandal et al., 2011), and have continuously been re-
fined by the scientific community to capture the dynamical changes in the transmission.
Some of the changes being the development of resistance to the currently used insecti-

cides reducing their effectiveness and the rising impacts of climate change on malaria

transmission (WHO, 2024).



Factors affecting malaria transmission
Insecticide resistance

Insecticide resistance is the ability of a mosquito to tolerate the effects of an insecticide
by becoming resistant to its toxic effects. Insecticide resistance mechanism can be catego-
rized into four i.e., i) target site resistance induced by alteration of insecticide binding due
to mutation in the specific binding site of an insecticide reducing its effect; ii) metabolic
resistance which is the degradation of insecticide molecules by detoxifying enzymes such as
Cytochrome P450 monooxygenases, Glutathione S-transferases, esterases and hydrolases;
iii) cuticular resistance caused by cuticular thickening which slows insecticides penetra-
tion; iv) behavioural resistance attributed to changes in malaria vector activity such as
avoiding surfaces treated with insecticides (Mitchell et al., 2012; Edi et al., 2014; Han-
cock et al., 2018). Of the four insecticide resistance mechanism, target site and metabolic
resistances are most likely to lead to the failure of insecticide-based control interventions
(Sheldon and Verhulst, 1996). For target site resistance, a change in the amino acid
sequence of the voltage gated sodium channel (vgsc) leads to a mechanism known as
knock-down (kdr) resistance associated with pyrethroids or organochlorines (Donnelly
et al., 2009; Barnes et al., 2017), while a change in amino acid occurring at neurotrans-
mitter acetyl-cholinesterase leads to a mechanism called ace-1 resistance associated with
organophosphates and carbamates (Djogbénou et al., 2009). For metabolic resistance,
detoxification enzymes are expressed eliminating xenobiotic compounds such as insecti-
cides before reaching their target sites (malERA Consultative Group on Vector Control,

2011).

Climatic factors

Mosquito vectors are essential to the spread of malaria, and their distribution is based
on the suitability, productivity, and availability of breeding habitats (Castro, 2017). The
availability of breeding habitats is influenced by precipitation, topography and hydrology,
whereas the abundance of plant and predator species determines their suitability. Tem-
perature affects the breeding habitat’s productivity, the frequency at which mosquitoes
feed on blood, larval stage development and the speed of parasite development. Increase

in temperature in the range 18-32°C, accelerates anopheles species egg laying frequency



and their development rate. It also reduces the time it takes for the parasites to develop
into infectious sporozoites inside the mosquitoes. The average life span of a female An.
gambiae is about 21 days. However, at 18°C, it takes the malaria parasite 56 days to
mature inside the mosquito, which is longer than the average lifespan of the mosquito,
19 days at 22°C and 8 days at 30°C (Diouf et al., 2020; Agyekum et al., 2021; Tuno et al.,
2023).

On the other hand, rainfall increases mosquito population by providing suitable larval
habitat for breeding and can also influence it negatively. Relative humidity between
55% and 80% reduces mosquito lifespans to such an extent that it limits the potential
for malaria transmission by inhibiting Plasmodium from fully developing (Bhattacharya
et al., 2006). Additionally, excessive rainfall can flush larval breeding sites leading to
a decline in malaria transmission. Floods can also hinder malaria control measures by
destroying health infrastructures in the region or can lead to migration of people into
malaria endemic regions. With the availability of suitable breeding places, mosquito
populations rapidly grow shortly after the start of the rainy season. However, the popu-
lation can drastically drop with a following dry season to levels that malaria transmission
cannot be sustained (Yanda et al., 2006). This explains the seasonal variations in malaria

transmission.

1.2 Statement of the Problem

In sub-Saharan Africa, resolute control efforts to combat malaria transmission has been
implemented since 2017 leading to a decline of malaria incidence and mortality by 42%
and 66%, respectively (Riveron Miranda et al., 2018; Mohammed-Awel and Gumel, 2023).
Interventions such as early diagnosis, improved drug therapy and better public health in-
frastructure, have contributed to this decline with the use of long lasting insecticidal
nets (LLINs) and indoor residual spraying (IRS) contributing greatly to such success
(Riveron Miranda et al., 2018; Bisanzio et al., 2022). During the period 2000-2015, it
was estimated that there was an 81% reduction in malaria burden due to the use of
LLINs and IRS (Bhatt et al., 2015). Globally, there are now renewed efforts to eradi-
cate malaria by 2030 or 2040, with these efforts relying on the use of insecticide based
control interventions such as pyrethroids-based LLINs and IRS (Barbosa and Hastings,
2012; Huijben and Paaijmans, 2018; Mohammed-Awel et al., 2018). The widespread use



of these insecticide-based interventions has led to the emergence of vector insecticide re-
sistance to almost every insecticide class used in LLINs and IRS (Riveron Miranda et al.,
2018).

Additionally, climatic variation especially in temperature and rainfall patterns, has pro-
vided suitable conditions for the development, feeding, breeding and survival of mosquitoes
(Mordecai et al., 2019). For instance, a study carried out in western Kenya showed that
variability in temperature and rainfall strongly influenced malaria incidence in the re-
gion (Nyawanda et al., 2023). Furthermore, in the northern region of Kenya, changes in
rainfall patterns has created more breeding sites for malaria vectors putting more areas
at risk of malaria epidemics (Lacave, 2023). Although recommendations have been pro-
vided by WHO to address the issue of pyrethroid resistance by using a combination of
pyrethroid and synergist in LLINs instead of pyrethroid-only LLINS (WHO guidelines,
2023), the issue of climate change is a combined effort as it is contributed by human
related activities such as deforestation. There is therefore a need to educate the public
on the dire impact of climate change and its contribution to malaria transmission. Of
importance also is incorporating climatic factors in studying the dynamics of malaria
transmission and determining the effectiveness of existing control interventions such as
use of insecticides, antimalarial therapies and vaccination under such climatic variabil-
ity. This dynamical change has been well captured by the use of mathematical models,
which have proven to be cost effective in such analysis. From studies by Ngonghala et al.
(2012), mosquito behaviour i.e breeding, feeding and resting behaviours have been shown
to contribute to malaria transmission. This study therefore will extend the work of Mon-
toya and Romero-Leiton (2020) by stratifying mosquito population based on the feeding
and resting behaviours and incorporating climate dependent parameters in the model.
The study seeks to determine the optimal combination of control strategies that can be

adopted in Kenya in the presence of insecticide resistance and climatic variability.



1.3 Research Objectives
1.3.1 General Objective

To determine optimal combination strategies for malaria control in the presence of insec-

ticide resistance and climatic variations in Kenya.

1.3.2 Specific Objectives
The specific objectives for this study are:

1. To develop and analyse a mathematical model of malaria transmission under insec-

ticide resistance and climatic variations in Kenya.

2. To investigate the impact of insecticide use on malaria prevalence in the absence

and presence of insecticide resistance.

3. To implement an optimal control framework for reducing malaria burden in different

regions of Kenya.

1.4 Significance of the Study

The WHO Global technical strategy (GTS) for malaria 2016-2030 called for reductions in
malaria case incidence and mortality rates of at least 75% by 2025 and 90% by 2030, com-
pared to a 2015 baseline (WHO, 2021). However, with the multiple threats that continue
to hinder the response efforts such as drug and insecticide resistance, climate change,
limited access to healthcare, inadequate funding and ongoing conflicts and emergencies,
attaining 2025 target of the WHO global malaria strategy may be unfeasible. To achieve
malaria free future, concerted efforts to reduce the effects of the impending threats is
necessary. With the rising trends in insecticide resistance and climate change, integrated
approaches are needed to reduce the effects of climate change at the same time controlling
malaria transmission. Climate variability has indirectly impacted malaria trends through
the disruptions of supply chains of LLINs, antimalarial medicines and vaccines (WHO,
2023). Further, due to climate-induced factors such as flooding, population displacement
for example in Kenya has been evident with individuals migrating to malaria endemic
areas hence the upsurge in malaria transmission (Lacave, 2023). With limited knowledge

of the effectiveness of the existing control interventions amidst the ranging threats, using



mathematical models that incorporate most of these factors is necessary. This will inform
national malaria control programs stakeholders on case management of the disease and
can be used to evaluate the effectiveness of existing control interventions in Kenya. With
better control interventions of malaria disease, the WHO Global technical strategy will

be attainable.

1.5 Scope of the Study

In this study, a mathematical model is formulated based on the concept of compartmental
model. The human population is categorized into two compartments: susceptible and in-
fected classes, while the mosquito population is stratified based on the behaviour, into sus-
ceptible resting, infected resting, susceptible questing and infected questing mosquitoes.
Qualitative analysis such as well posedness of the model, existence and stability of equilib-
rium points is carried out. For the numerical analysis, the initial conditions and parameter
values are extracted from literature and the mosquito mortality rate due to the use of
insecticides estimated using Vector Atlas data. The parameter estimates are obtained
using maximum likelihood estimation method.

Climate dependent parameters are incorporated in the expression of the reproduction
number to determine the influence of temperature and rainfall in malaria transmission.
Temperature and rainfall raster for Kenya with an approximately 1km spatial resolution

are obtained from EnviDat database (Karger et al., 2019).



Chapter 2: Literature Review

2.1 Malaria Biology

Malaria is caused by parasites of the genus Plasmodium. Plasmodium falciparium, P.
vivax, P. ovale, P. malariae and P. knowlesi are the only parasites out of over 120
species of genus Plasmodium that causes malaria (WHO, 2015). P. falciparum causes
the greatest burden in sub-saharan Africa, as the local epidemiology permits transmission
of this parasite (Gething et al., 2011; Johnston et al., 2013; Mohammed-Awel and Gumel,
2023). The plasmodium parasite is transmitted by female anopheles (An.) mosquitoes
with An. gambiae sensu stricto, An. arabiensis, An. colluzzi, An. funestus sensu lato
and the new emergent vector, An. stephensis being of particular importance in these
regions (Faulde et al., 2014).

Malaria infection begins when a plasmodium infected female anopheles mosquito bites a
human host. The infected mosquito injects sporozoites that migrate to the liver through
the blood stream and infect the liver cells initiating asexual replication of the parasite
(Long and Zavala, 2017). The parasites are released from the liver into the red blood
cells in the form of merozoites where they continue to multiply until the cell bursts. The
released merozoites infect other red blood cells leading to the formation of infected red
blood cells (Dhangadamajhi et al., 2010). The repetitions of bursting infected red blood
cells and invasions of vulnerable red blood cells by merozoites triggers symptoms such as
headaches, chills, fevers and nausea (Dhangadamajhi et al., 2010; Su et al., 2020). Some
merozoites sexually differentiate into male and female gametocytes, which are ingested
by a mosquito as they take up a blood meal from an infected human host (Su et al., 2020)

and the cycle is repeated again.

2.2 Mathematical Modelling of Malaria

According to groups such as Malaria Eradication Research Agenda (MalERA) consul-
tative group on modelling, mathematical modelling has been recognized as one of the
tools to eradicate malaria globally. Some of the key areas where modelling has pro-
vided valuable insights include, optimal resource allocation, case management of drug
and insecticide resistance, evaluation of new tools and combination of tools aimed at pre-

venting malaria transmission, coverage targets and anticipated timeframes for achieving



elimination goals and operational feasibility assessment (malERA Consultative Group on
Vector Control, 2011).

Mathematical modelling of malaria began with the model developed by Ross in 1911, in-
vestigating the relationship between the number of mosquitoes and incidence of malaria
in humans (Ross, 1911). Ross’s model divided the human population into susceptible
(Sh) and infected (1) compartments with the infected class returning to susceptible class
leading to an SIS model. Mosquito population had the susceptible and infected compart-
ments only. In 1950s, Macdonald (1956) modified Ross’s model by incorporating latency
period in mosquitoes due to malaria parasite development. Therefore, the mosquito
population was divided into susceptible, exposed and infected (SEI) classes. Anderson
and May (1991) later introduced latency period of the parasite in humans by modifying
Macdonald’s model. This divided the human population into susceptible, exposed, in-
fected and susceptible (SEIS) classes along with the SEI model of mosquito population.
Overtime, the scientific community have modified Ross and Macdonald models to include
various disease dynamics such as disease biology, interventions, spatial distribution, effect
of age structure on prevalence, migration of people, parasite diversity, human immunity
and resistance (Bailey, 1982; Anderson and May, 1991; Koella, 1991; Dietz et al., 1974;
Torres-Sorando and Rodriguez, 1997).

Studies have been done using these models to study disease transmission and assess the
effectiveness of control interventions in various disease dynamics. For instance, a study
by Chitnis et al. (2008b) developed a linear difference equation model depicting female
mosquitoes’ survival and their infection status. They used their model to simulate the im-
pact of increasing LLIN coverage revealing that LLINs were effective in reducing malaria
transmission. Griffin et al. (2010) highlighted that if high and sustained LLINs usage
levels are maintained, malaria transmission levels will be reduced to low levels in low
malaria transmission setting. Additionally, the study findings of Pongtavornpinyo et al.
(2008) revealed that at high coverage rates, use of artemisinin based combination therapy
(ACT) slows the spread of drug resistance to a partner drug in low malaria transmission
settings. Chiyaka et al. (2009) developed a mathematical model for malaria treatment
and spread of drug resistance in an endemic population. Based on the ratio of treated
to untreated infectious periods and the rates of transmission from infected persons with

resistant and sensitive diseases, the study’s findings indicated that treatment as a control



strategy could slow down the spread of drug resistance.

Overtime, optimal control strategies have been applied in various malaria disease models
to determine the best combination of control interventions to reduce malaria transmis-
sion. For instance, Orwa et al. (2021) formulated an in-host P. falciparum malaria model
to study optimal malaria control strategies within the human host. Numerical simula-
tion revealed that a combination of pre-erythrocytic vaccine antigen, blood schizontocide
and gametocytocide drugs offerred the best strategy to eradicate clinical P. falciparum
malaria. Additionally, Tchoumi et al. (2021) formulated a multi-stage malaria model
and investigated an optimal control strategy using insecticide bed nets as control param-
eter. The study’s findings revealed that reduction in bed net efficacy is compensated by
the benefit of the number of susceptible/infected individuals excluded from the malaria
disease dynamics. Tchoumi et al. (2022) formulated a susceptible-vaccinated-exposed-
infected-recovered-susceptible SVEI(R)S malaria model for the human population, and
SEI for the mosquito population. Numerical simulations revealed that a combination of
personal protection, treatment, and vaccination of children under-five proved to be the
best optimal control strategy instead of a single or any dual combination of the inter-
ventions at a specific time. Cai et al. (2022) formulated an SEIR model for the human
population, SEI for the wild mosquitoes and an additional class for the sterile mosquitoes.
An optimal control problem was formulated to minimize the number of infected humans
and the cost of implementing two control strategies: use of LLINs and the release of
sterile mosquitoes. The results indicated that combination of the two control strategies
reduced the number of wild mosquitoes, consequently suppressing malaria transmission.
In spite of the stringent control interventions implemented to curb vector borne diseases,
insecticide resistance threats continue to hamper the gains made to control the diseases.
For instance, a study by Coffield et al. (2023) highlighted vector insecticide resistance
being a possible cause of failure of control interventions against Chagas disease in Gran
Chaco, Argentina. Another study by Bisanzio et al. (2022) used a spatio-temporal model
to study the geo-spatial distribution of Anopheles gambiae sensu lato insecticide resis-
tance in Tanzania for the 2011-2017 period. The model’s output indicated that resistance
to pyrethroids, organophosphates, organochlorines and carbamates was expected to ex-
ist in 19.5%, 11.6%, 8.1% and 15.6% of Tanzania’s territory, respectively. Additionally,

Mohammed-Awel et al. (2018) developed a deterministic model to assess the impact of

10



mosquito insecticide resistance on transmission dynamics of malaria at the population
level in Ethiopia. Mosquito population was stratified based on type (wild or resistant to
insecticides) and feeding preference (indoor or outdoor). According to the model’s simu-
lations, use of LLINs alone or in combination with IRS was more effective than a single
deployment of IRS only strategy. Furthermore, numerical simulations demonstrated that
the combined optimal LLINs-IRS strategy could result in the effective control of the
disease and insecticide resistance effectively managed during the first eight years of the
15-year implementation period of the insecticides-based anti-malaria control measures in
Ethiopia.

Although insecticide resistance can lead to an increase in malaria transmission, there is
evidence that insecticide resistance declines with age. Saddler and Koella (2015) formu-
lated a mathematical model that predicted how the decline of resistance with the age of a
mosquito affected malaria transmission intensity. The study’s finding revealed that there
was a decrease of between 1.37% to 9.71% per day in phenotypic resistance independent
of mosquito strain or species. The results implied a reduction on the predicted influence
of insecticide resistance on the effectiveness of malaria control strategies.

The impact of seasonality on vector borne disease transmission has also been investigated
in various studies. Yang and Ferreira (2000) noted that an increase in temperature in a
low transmission area produces a deteriorating social and economic conditions. Conse-
quently, about 34.5% of the susceptible individuals in a population moves to the exposed
group and they show the possibility of reproduction number, Ry being greater than 1 in
some areas in the world. They concluded by highlighting the importance of social and
economic effects more than temperature effects and further emphasized that good malaria
control interventions and a good healthcare system can overcome the negative effects of
increased temperature. Li et al. (2002) developed a SEIR model for human population
where a record of prior illness is kept. A submodel of the mosquito population with di-
visions for juveniles and adults was also included. They input their malaria transmission
model with the steady state value of the adult mosquito population obtained from this
submodel, then determine the reliance of the reproductive number, for the whole malaria
model, on an environmental parameter (such as temperature or rainfall), and then incor-
porate the dependence of the parameters for the mosquito population submodel on this

parameter. Additionally, Ngarakana-Gwasira et al. (2016) formulated a mathematical
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model incorporating rainfall and temperature to study malaria transmission dynamics
in Africa. The human population was subdivided into SEIR classes while the mosquito
population was first divided into juvenile and adult population and the adult popula-
tion further subdivided into SEI classes. With the use of geographic information system
(GIS), the reproduction number is applied to gridded temperature and rainfall records
for the baseline and future climates. The model’s results suggested that temperature
and rainfall ranges of 30-32°C and 15-17mm, respectively, are the optimum temperature
and ideal rainfall for malaria transmission by plasmodium falciparum in Africa. Further-
more, as suggested by the study’s results, there will be an increasing problem of endemic
malaria in the African highlands due to climate change.

Other studies have incorporated climate variability in existing models and assessed the
effectiveness of malaria control interventions in such dynamics. For instance, Herdicho
et al. (2021) developed an S-I model for mosquito population, susceptible (S}), exposed
human with short-term incubation period subpopulation (Ej,), exposed human with
long-term incubation period subpopulation (Ej,), infectious human subpopulation (7j),
and recovered human subpopulation (R;,) model. A seasonal factor was incorporated in
the model and optimal control variables applied in the form of insecticide, prevention,
and treatment. The model’s numerical simulation showed that simultaneously providing
controls in the form of insecticide, prevention, and treatment reduced the exposed and
infectious human population and infectious mosquito population. Further, Keno et al.
(2022) developed an SEIRS and SEI models for human population and mosquito popula-
tion, respectively. They incorporated the impact of climate variability (temperature and
rainfall) with respect to mosquitoes breeding rate and malaria infection in their model.
Additionally, optimal control and cost effectiveness analysis were also performed. The
model’s numerical simulation revealed that use of insecticide treated nets and treatment
were the optimal combination and cost effective strategies to minimize malaria transmis-
sion.

The abundance of models discussed is a result of the necessity to understand various
aspects of the intricate malaria epidemiology. In the model to be analyzed, we aim
to extended the existing models and stratify mosquito population based on mosquito
behaviour that is questing and resting behaviour. Additionally, since insecticide resis-

tance is a threat that has been highlighted as contributing to malaria transmission, the
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model analysis is done in the presence of insecticide resistance. Climatic variability is
incorporated by using parameters that are dependent on environmental factors such as
temperature and rainfall. The context of the study is Kenya, therefore environmental
variables for Kenya are used. Using numerical simulations, the most efficient combina-
tion of interventions, considering insecticide resistance and climatic factors, for reducing

malaria burden in different regions of Kenya is obtained.
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Chapter 3: Research Methodology

3.1 Introduction

This chapter presents the model formulation and the corresponding mathematical analy-
sis. The model was solved numerically using fourth and fifth order Runge-Kutta method
implemented via the solve_ivp function in Python. Additionally, the optimal control
framework is developed by applying the Pontryagin’s Maximum Principle and solved nu-
merically using forward-backward sweep method. Details of the numerical methods are

provided in Appendix E.

3.2 Model Formulation and Description

A mathematical model for malaria transmission in the presence of insecticide resistance is
formulated. The compartmental model is composed of human and mosquito populations.
The total human population, Nj(t) consists of the susceptible S, (t) and infected Ij(t)
humans. Hence,

Ny(t) = Sn(t) + In(t).

The total mosquito population, N,(t) is stratified into questing and resting mosquitoes.
Therefore, the mosquito population is subdivided into susceptible questing mosquitoes
S,(t), infected questing mosquitoes I,(t), susceptible resting mosquitoes S, () and infected

resting mosquitoes I,.(¢). Hence,
Ny(t) = Sq(t) + 14(t) + Sp(t) + 1.(t).

The compartmental model assumes six interacting populations and is shown in Figure
3.1. The description of variables and parameters used in the model are as shown in Table
3.1 and Table 3.2, respectively.

Susceptible humans are recruited at the rate «ay, into the population and increase due to
addition of recovered humans from infection denoted by the term ~;1;. The susceptible
humans are reduced due to contact with an infected questing mosquito through the term
b(T) ﬁh]{,—‘;Sh and by natural death rate through the term pu,Sj. For the infected human
population, a proportion recover at a rate v;, others die naturally at a rate u;, while others

die due to infection at a rate d,. The proportion that recover at the rate ~y;, returns back
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to the susceptible population hence forming an SIS model for the human population.
For the vector population, susceptible resting vectors are recruited when type S, or I,
vectors reproduce at the rate a, (7, R)N,. A female mosquito only reproduce when it
interacts with a human being at the human habitat, takes a blood meal, rests and then
lays eggs at the mosquito breeding site. Eggs hatch into larvae which transform into pupae
and later develop into adult vectors. Additional recruitment of susceptible resting vectors
is through susceptible fed vectors that return from human habitats denoted by the term
pasb(T)]‘i—’;Sq. The population of susceptible resting vectors declines when a proportion
of the vectors move to the questing population at the rate w in search of a blood meal,
when they die naturally, p,(7") and when they die due to contact with insecticides, d,.
When a susceptible questing vector takes a blood from an infected human, it becomes a
type I, vector through the term qaib(T)]{[—*;Sq. Once a mosquito is infected, it remains
infected till death. Therefore, infected resting vectors have additional recruitment from
infected questing mosquitoes at the rate #. The population declines when a proportion
return to the infected questing population at the rate w, when they die naturally, pu,(7T)
and when they die due to contact with insecticides, d,.

Since the model system is studied under the presence of insecticide resistance, some
of the malaria vectors develop resistant to insecticides at the rate p. If p = 1, then
the total mosquito population will be resistant to insecticides. However, if p = 0, a
proportion of the mosquito population will be sensitive to insecticides. The efficacy of
insecticides on malaria vectors is determined by the rate e while the death rate of the
vectors is determined by the rate x. Therefore, the proportion of mosquitoes sensitive to
insecticides is denoted by the term ex(1 — p).

The susceptible questing mosquitoes are reduced from the population due to death rate
in three ways: the mosquitoes can die naturally at the rate p,(7), die due to contact with
insecticides at the rate ¢, and die when a susceptible questing mosquito fail to successfully
take a blood meal from either a susceptible or infectious human denoted by the terms
(1— p)ozsb(T)f,—’; and (1 — q)aib(T)]{,—’;, respectively. p is the probability of a susceptible
questing mosquito successfully taking a blood meal from a susceptible human while ¢ is

the probability of a susceptible questing mosquito successfully taking a blood meal from
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an infected human. Hence, the expression

I

g,
N, ©

5, = 1o(T) + (1 — p>asb<T>§—Z (1 - Qad(T)

Similarly, infected questing mosquitoes die naturally at the rate u,(7"), due to contact
with insecticides at the rate ¢, or when an infected questing mosquito fail to successfully
take a blood meal from either a susceptible or infectious human denoted by the terms

(1 — p1)asb(T)2x and (1 — q;)a;b(T) 2, respectively. Hence, the expression

Np, Nyp?
Sh Iy,

Oig = o(T) + (1 = p1)asb(T) T~ + (1 = @) aib(T) = + 0.
N Ny,

Additionally, the probability of an infected questing mosquito successfully taking a blood
from a susceptible human is denoted by the term p; while the probability of it taking a

blood meal from an infected human is ¢;. Hence, the expression

Sh 1,
- il ) ber).
(plasNh +CI1%Nh) ( )

The dynamics of malaria transmission in the presence of insecticide resistance and climatic
variation is described by Figure 3.1 while state variables and parameter description are

highlighted in Table 3.1 and Table 3.2, respectively.

o b(T)Bu LS,
- g ] (pen + n) 1
“"h;g"_ h Yudn h —
wS, wl,
(T, R)N, g qaib(T) S, I
— ST‘ q L« G'Iq q
*limsbm%‘sq | } }
(F‘v(T) + 51:)51' 5qu (»UU(T) + av)Ir 'Sinq

Figure 3.1: Flow diagram of malaria transmission under insecticide resistance
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Table 3.1: Description of state variables

Variable Description

Sh Susceptible human population

I, Infected human population

S, Susceptible resting mosquito population
I, Infected resting mosquito population

Sq Susceptible questing mosquito population
I, Infected questing mosquito population

Table 3.2: Description of parameters

Parameter Description

ap Human recruitment rate
b(T) Mosquito biting rate
Bn Transition probability of susceptible humans to infectious humans
Yh Recovery rate amongst humans
h Natural human mortality rate
Op, Malaria induced human mortality rate

a,(T,R)  Mosquito birth rate

o (T) Natural mortality rate mosquitoes
w Rate at which resting vectors are attracted to humans at the human habitat
P Probability that a type S, vector successfully takes a blood meal from a

susceptible human
q Probability that a type S, vector successfully takes a blood meal from an

infectious human

€ Efficacy of insecticides

K Death rate of mosquitoes due to insecticides

p Resistant acquisition ratio to the insecticides

Qs Resting rate of susceptible mosquitoes

oy Resting rate of infected mosquitoes

D1 Probability that a type I, vector successfully takes a blood meal from a

Continued on next page
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Table 3.2 — Continued from previous page

Parameter Description

susceptible human
G Probability that a type I, vector successfully takes a blood meal from an

infectious human

Bg Number of eggs laid per adult per oviposition

I'g Daily survival probabilities of eggs

Iy Daily survival probabilities of larvae

I'p Daily survival probabilities of pupae

Ry Rainfall limit beyond which breeding sites get flushed out and no

immature stages survive

3.3 Mathematical Equations

Based on the above model description and assumptions, we have the following system of

equations:
dS I
d_th = ap +Ydy — (b(T)ﬁthh = Mh) Sh,
dl I
d_th = b(T)BthhSh — (pn, + On + ) In,
dS, S 1
28— S, — | po(T) + ab(T) 22 + ab(T) =+ by ) S,
dt Ny, Ny,
dl Sh I (1)
Y T T2 4 aub(T) -2 I
o =k (uv( )+ asb( )Nh + a;b( )Nh + 6v) o
ds, S
= (T, R)N, + pab(T) 228, — (w + p1o(T) + 6,)S,,
dt Np,
d[r . [h Sh [h
i qo;b(T) N, Sy + (plozsb(T) N, + q1a;0(T) Nh) I, — (W po(T) + 6,) 1.

where, S, >0, I, >0, S, >0, I, >0, S, > 0,], > 0.

As highlighted in Abiodun et al. (2016, 2018), the mosquito oviposition rate is determined
by the availability and conditions of mosquito breeding sites. Furthermore, other studies
have indicated that some mosquitoes will not lay eggs if there is no breeding site avail-
able (Le Sueur and Sharp, 1988; Maharaj, 2003) and there is the possibility that female

mosquitoes distribute their eggs among suitable and unoccupied containers (Wang et al.,
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2011). Therefore, based on these facts, the mosquito birth rate of Parham and Michael
(2010) will be adopted in this study, that is,

4T - —(k1T+k2)
(R, T) = BpT'xTp ( LR(R; R)) (kT + ko)e

R? 2(kiT + ko) +1

where Bpg is the number of eggs laid per adult mosquito per oviposition, I'g, 'y, and I'p
are the survival probabilities of eggs, larvae and pupae, respectively. Ry is the limit
of rainfall beyond which breeding sites are flushed out and no immature stages of the
mosquito survive. The values of k; and ky are 0.00554 and -0.06737, respectively.

To estimate the temperature dependent mortality rate of mosquitoes and biting rate,
the expression of Ngarakana-Gwasira et al. (2016) and Paaijmans et al. (2013) will be
adopted, that is,

10(T) = ey and b(T) = 0.000203T(T — 11.7)1/(42.3 = T),

where, ¢c; = —0.03, ¢ = 1.13, ¢35 = —4.4.

3.4 Model Analysis
3.4.1 Positivity

Theorem 1. For the given initial conditions of the model, the solutions of the model

system remains positive for all t > 0.

Proof. Susceptible humans: Taking the equation,

dSh(t)
dt

= ap, + ndn(t) — (bﬁh ]{;h((% + Mh) Sn(t),

14(t)
> — (bﬁhw + #h) Sh(t).

Putting like terms together and solving the above using separation of variables;

Elt) 5 (bﬁh L) uh) dt,
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Taking the exponential for both sides,

ot Iq(T)
e [Shl > e Jo (bﬂh Ny, (7 *“h)df’
Iq(T)

Su(t) > e o (b0 b e (2.2)

The exponential part is greater that zero hence S, () is always positive, meaning: S, (t) >

0 for all t — oo.

Infected humans: Taking the equation,

dIp(t)
dt

2500 = (i + 61+ W) s

> —(pn + 0n + ) In(t).

= bfh

Putting like terms together and solving the above using separation of variables;

(Zh(%) > —(pp + Op + yr)dt,
[80 [y e

In|I(8)] = —(pn + 6 + )t + a1,
for constant ¢;. Taking the exponential for both sides,

e n (@)l > e (Bntdntom)tter C’Qe_(lih‘i‘(sh"r')/h)t’

In(t) > Cye ™ Hntontm)t
where Cy = € is a constant. We substitute the initial condition [,(0) = Iy, then

1,(0) > Che~ntontm)O) — 1

I (t) > Ipe~ (ratontam)t, (2.4)

Hence Cy = Iy. The exponential part is greater that zero and I, > 0, hence Ij,(t) is

always positive, meaning: I (t) > 0 for all t — oc.
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Susceptible questing mosquitoes: Taking the equation,

dSy(t)
dt

Sh(t)
Ni(t)

In(t)
I(t)

Su(t)
- (Mv + asbNh(t) +a bNh( 0 + 5U> Sq(t).

Putting like terms together and solving the above using separation of variables;

.S, (1) ! S(7) In(7)
0 z—/o (/Lv—kasbNZ o T b h( >+5>d7,

<
s 2~ [ (it o0 S0 a0 ) ar

= wS,(t) — <uv + asb + 51,) Sq(t),

(2.5)

Taking the exponential for both sides,

t () Ip (1)
18,0 5 o Ji (mrech oD b 3 10, )ar

Sp(7) Ip (1)

S, (t) > e—fot (Nv+asbNh(T) +osby +‘5“)‘”. (2.6)

The exponential is greater than zero and hence 5,(%) is always positive, meaning: S,(t) >

0 for all t — oo.

Infected questing mosquitoes: Taking the equation,

d[jhft) = wl,(t) — (uv +asb ]i’;f(?) +ayb ]{Zf(% - &) L,(t),
Si)  Ta(t) 27)
> — (,uv + aSbNh(t) + aibNh(t) + 5U) I,(1).
Putting like terms together and solving the above using separation of variables;
dI,(t ! S
[T = (oo rasgy ea) o
In|Z,(#)] > — /Ot <uv +a, ;’;f(?) b (( )) +6 ) dr,
Taking the exponential for both sides,
enlla(® > o= Jo (motash ReD+asp 245, )d77
L) > e Jy (motash o2 +ab D46, ) dr ' (2.8)
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The exponential is greater than zero and hence I,(t) is always positive, meaning: I,(t) >

0 for all t — oo.

Susceptible resting mosquitoes: Taking the equation,

= a, N,(t) + p%bff};((?) Sy(t) — (w =+ puy + 8,)S: (1), 29

> — (W py + 6,) S, (1)

Putting like terms together and solving the above using separation of variables;

dg(g) > —(w+ py + 0y)dt,
/d;’(%) > - /(w + fy + 0,)dt,

In |ST(t)| > _(w + oy + 6'U>t + ¢s,

for constant cs.

Taking the exponential for both sides,

e1r1|5’r(t)| > e—(w+uv+6v)t+03 A 046—(w+uu+6v)t’

S, (t) > 046—(W+HU+6v)t’

where Cy = e is a constant.

At t=0, S,.(0) > C, therefore,

S.(t) > S,(0)e~ WhHivton)t, (2.10)

The exponential is greater than zero and hence S, () is always positive, meaning: S, (t) >

0 for all t — o0.

Infected resting mosquitoes: Taking the equation,

dl,(t)
dt

I(t)
- qaib#(t)Sq(t) + (plozsb

Si(t)
Ni(t)

(1)
+ qlaib]\;;(t)) ]q(t) — (W + oy + 5v)-[r(t)7

> _(w + po + 5U)Ir(t)'
(2.11)
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Putting like terms together and solving the above using separation of variables;

LRy a—

In |I.(t)] > —(w+ py + 0y)t + 5,

for constant c5.Taking the exponential for both sides,

eln\IT(t)| > e—(w+uv+(5v)t+05 _ 6166—(w+,uv+5v)t

)

Ir(t) > 0667(w+,uv+6u)t

?

where Cg = € is a constant.

At t=0, I,(0) > Cj therefore,
I(t) > I,(0)e=@Hnrotont, (2.12)

The exponential is greater than zero and 1,.(t) > 0, hence I,.(t) is always positive, meaning:

I.(t) > 0 for all t — oo. O

3.4.2 Boundedness

Boundedness ensures population sizes within each compartment cannot grow indefinitely

or exceed reasonable and feasible range. From this the given theorem is arrived at:

Theorem 2. The solutions of a model system (1) with initial conditions given are bounded

m a positive region,

D =Dy, +D, € R® with
Dh:{(Sh,[h)eRi:0<Sh+1h<%} and
h

1

DU:{<Sq,[q,ST,L«) ER130<Sq—|—[q+ST+[r < m

}
for any time t > 0.

Proof. Let Ny(t) = Si(t) + In(t) be the total human population and N, (t) = S,(t) +
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I,(t) + S.(t) + I,(t) be the total mosquito population. To show that the solutions of the

model system are bounded we proceed as follows:

AN, dS,  dI,

—_— = — 4 —. 3.1
dt dt + dt (3.1)
dNy, I I
— = I — [ bB, L Sy + bBL LS, — ) I
7 ap + Yndn (@zNh‘i‘Mh) h+ 5hNh n— (n + 6n + ) In,
= ap — nSh — pindn — onlp,
= ap — pn(Sh + In) — Ondh,
= ap — upNy — Oplp.
Assuming that there is no disease in the population
dN,
d_th < ap — ppNp,
dN,,
— Ny, < ay,.
0t + N < o
Integrating factor = e/ #ndt = emnt,
Thus,
dN,
e“ht[—dth + unNy| < apetrt,
d
%[Nheuht] < ahe,U«ht’
Nyetnt < /ahe”“htdt,
Nheuht < %euht +c,
Hn
Nh S % + ce_“ht.
27
Ast =00, Ny(t) <2t (3.2)
Hh

Hence, Ny(t) < 22,V ¢ > 0.
For the mosquito population where N, (t) = S,(t)+1,(t)+ S, (t) + I,(t) can also be shown

to be bounded as follows:
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dNy(t)  d[Se(t) + I,(t) + S.(t) + Ln(t)].

dt dt

S, I
=wsS, — (uv + aSth + aibﬁh + §U> Sy

Sh, 1,
+ wl, — (pm + aSth + aibm + 5v> I,

S,
+ a, N, +pasbﬁh5q — (W + py + 6,)S,
h

I, Sh I
+ qaithSq + (plasbﬁh + qlaibm I,

- (W + oy + 511)]7“7

S,
= a,N, — Ny, — 0, N, + (p — l)asb—hSq
Ny,
Iy Sh
+ (g — 1)Oéibmsq + (1 — 1)0455qu
Iy

+ (¢ — Uaibﬁhl"‘

Assuming there is no disease in the population,

dN,(t)
dt

S ava B ,UJva = 57JN'U’

S _(/J'v + 61) - aU)Nv'
By letting ¢ = p,, + 6, — o, we have

dN, (t)
S UN, < 1. (3.3)

Integrating factor = e/ ¥ = ¢¥t.
Thus,
dN,(t
W%j%l+¢Mszi

i [Nv€¢t] < ew)

dt
N,ye¥t < /ewtdt,

N,e¥t < %ﬁt + ¢,

25



1
N, < — +ce ¥

(8
1
Ast — 00, N,(t) < > (3.4)
Replacing the value of ¢ in equation (3.4) yields:
N,(t) < ! (3.5)
! - Moy + 51} - av. .
Therefore, N,(t) is bounded in the region N, (t) < m, vVit>0.
Therefore, every solution of the model equation is bounded by the region D. m

3.5 Disease Free Equilibrium

The disease free equilibrium is obtained by setting the system of differential equations to

zero. Setting all infected classes to zero, we have the disease free equilibrium as;

Fo = (%707m1a07m270) 3
Hh

where,

w:uhNhOéva
mq = )
! (W + tty + 0p) (Lopin N + asbay, + 8y 11, Ny) — wpasbay,
a, N, pasbaymy
mo

= . ,
W+NU+5U HhNh(w+Mv+5v)

3.6 Basic Reproduction Number

The basic reproduction number was computed using the next generation matrix approach.
The matrix F of new infections and matrix V showing the transfer of infections from one

compartment to the other were generated.
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_bﬁh%Sh

F_ 0 7 (4.1)
_qa,-bf;—’;Sq

- (tn + On + ) In

V= —~wl, + (uv + bR + byl + (51,) I, |. (4.2)

— (plasbﬁ—z + qlozib]{,—’;) I, 4+ (w+ py + 0) 1,

The Jacobian matrix of F and V is given by

0 bﬁhf,—’; 0
Jp=F = 0 0 0| and

qaibff—z 0 0

fn + On Y 0 0
Fo=V=| aly (ot abSt+abd +4,) iy
—qlaibé—i — <p1<lsbf,—z + qlaib]{,—’;) (W pty + 9y)

At the disease free equilibrium we have

0 bl —2—- 0

nNp

Jp=F= 0 0 0| and (4.3)

qaibx—; 0 0

pn + On + Y 0 0
Jy =V = 0 (uv + b e 6v) —w : (4.4)
0 —plasbi—z W+ Ly + Oy
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1
Yh+0n+in 0 0

V'=| 0o A B|. (4.5)
0 C D

where,

Op + by +w

bapas _ bprwapas ’
(8o o+ ) (22885 46, + p, ) — Priemme

w(Vh + On + pn)
(v + On + pn) ((& + py +w) <baho‘5 + 0, + Mv> — —pr‘:’j‘V’;aS>
bpronas
bapas bprwap o ’

N ((&J + oy + w) (u’;\,h sl=xdiy +Mv> - pLh—N’Z>

bay s
D ™ + 0y + [y

(61) + M’U + w) (bahas _|_ 5 + ,u/v> - bplw—ahas

#nNp HrNp

A:

B =

C:

The next generation matrix which is the product of F and V! is given by:

0 E F
G 0 0
where,
jo ban B (60 + phy + w)
/’LhNh ((5@ + /"L’U —|— w) (bahas + 6 + ,L[/v) _ bp;::_;_l]]a\f},;la5> )
F= banSpw (Ya + 0n + pn)
Hn N ('Yh + 0 + uh) <<5U + Uy + w) (Z;Zh]\t;: + 6, + Nv) _ bpztmm)
G = bgoiw iy, N,

(/Yh + 5h + :uh) ((571 + oy + w) (bahas + Nh(Sth + MhNth) - bahW)\as) '

The basic reproduction number R of the next-generation matrix F'V ! is given by:

R,
Ro= 1|5 (4.7)
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where,
R, = (b)*qw*cce,; B in N,
R = (Mh + Yn + 5h)(bahas(5v + w<1 - pl) + /~Lv) + Mh(év + Nfu)(év + w+

f0) Np) (0 + w + p) (banars + (Supin + pinfio) Nn) — banwpars).

If Ry < 1 it implies that malaria infection will eventually reduce in the population but if

Ry > 1 it implies that malaria disease will persist in the population.
3.7 Stability Analysis of Disease Free Equilibrium

3.7.1 Local Stability of Disease Free Equilibrium

The local stability analysis of the disease free equilibrium point (DFE) of the model is
determined by finding the Jacobian matrix and its eigenvalues. An equilibrium point is
locally asymptotically stable if all the eigenvalues of the jacobian matrix at that point

are negative. The general Jacobian matrix of the model is:

—bBnlq

N, T Hh Yn 0 ——b%}?h 0 0
o (Aot 0 BE 00
asbS a;bS,
J— - th B th G 0 “ 0 (5 1)
_asbly _aibly 0 0w '
h h
pasbS, asbS,
Nh q O ¥4 Nh h O CQ
o ommoo oo

where;

b bl
ashn | a h+6v),

¢ =—(m
1 (H‘l’ N, N,

Cy = _(w + oy + 51})7
_ qa;bS, n qra;bl,

C!
3 Nh Nh )
p1asbSh, Q01
Cy = )
4 N, + N,
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The jacobian at the disease free equilibrium is given as

[ . T 0 e g g
0 —(pa+on+m) 0 e 00
Jp, - — ek — g Cs 0 w 0 (5.2)
0 0 0 C; 0 w
pashm, 0 petan 0 Cg 0

where;

ap,
Cs=— U—i—ozsb——i—&,),
’ <M nNp

OG - _<W + ey T+ 51})

In the Jacobian matrix (5.2), it is clear that the first and second eigenvalues are A\; =
Ay = Cg = —(w + py + 0,) since the fifth and sixth rows and columns of matrix (5.2) is

a diagonal matrix. Upon deleting the fifth and sixth rows and columns, matrix (5.2) is

reduced to:
[ _ bfan |
on i 0 -t
0 —(pn+0n+n) 0 n
JEO — by asbmy MhNh 9 (53)
N N G 0
I 0 0 0 Cs |
where;

bagsoy, )
Cs = — | po + +0y |-
’ (M pnNp,

The third and fourth rows and columns of matrix (5.3) is a diagonal matrix, therefore

the third and fourth eigenvalues are A\3 = C5 = —(u, + I;f;—ﬁ: +0,) and \y = C5 =

— (o + % + 0,). Matrix (5.3) is therefore further reduced by deleting the third and
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fourth rows and columns.

—Hn Yh
Jg, = . (5.4)

0 —(pn+0n+ )

Matrix (5.4) is an upper triangular matrix and hence A5 = —puy;, and A\g = —(pp, + 6 +7n)-

Since all the eigenvalues of the Jacobian matrix (5.2) are all negative:

b
M =—(WHpp+8); A0 = —(W+ iy +0,); A3 = — <MU+ Lech +(5v>
o N

bagory,
pn N

Ay =— <Mv+ +5U> ;A5 = —pn; Ae = — (tn + Op + Vn)-

The disease free equilibrium point is therefore locally asymptotically stable.

3.7.2 Global Stability Analysis of Disease Free Equilibrium

The global stability of disease free equilibrium point of the model system is assessed by
utilizing Castillo-Chavez approach (Castillo-Chavez et al. (2002)). The model system (1)

was first written in the form:

dX

g )

A (6.1)
2

2 QX X

dt G( 1, 2)7

where X7 denotes the states of human and mosquito compartments that are not infected
and do not transmit malaria disease while X, represents the states of human and mosquito

compartments involved in malaria disease transmission. Therefore,
X1 = (Sn, 54 5:), Xo = (In, I, 1)), and E° = (X7,0). (6.2)

Based on Castillo-Chavez approach (Castillo-Chavez et al. (2002)), global stability at

disease free equilibrium point exists if the following two conditions are met:

1. If % = H(X1,0), X? is globally asymptotically stable.
2. G(X1, X,) = AXT — G(X1, X,), G(X1, X5) > 0 for (X1, X,) € Q.

In the second condition, A = Dy, G(X?,0) is an M-matrix, that is the off diagonal entries

of the matrix are non negative and € is a feasible region.
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Lemma 1. For Ry < 1, the equilibrium point Ey = (X7,0) of the model system (1) is
globally asymptotically stable, if the above conditions are satisfied (Castillo-Chavez et al.
(2002)).

Theorem 3. If Ry < 1, then the model system (1) is globally asymptotically stable at

disease-free equilibrium Eqy and unstable otherwise.

Proof. Let X1 = (Sh, Sy, Sr) ; Xo = (In, I, I,) and Ey = XY, where

and

w:uhNhava
m; = ,
! (W =+ oy + 0p) (o N + asbay, + 8yt Np) — wpasbay,
a, N, pasbagmy
mo =

S 1
w+ﬂv+5v :U/hNh<w+,u’u+5v)

From the model system (1), we have

dX,
— = H(X1, X
dt ( 1, 2)7

on+ s — (22 4 ) 5,
= | w8y — (o + 155 + 2548 +8,) 5, | o
a,N, + pasbShSq _ (w + y + 6U)ST

dX,
dt

For S, = S, 5, = S, 5, = S and H(X1,0) =0, we get

ap — fpSh
H(X,,0) = WS, — ( 4 b 5U> S, = 0. (6.5)
N + panghSq _ (w + Ly + 6@)S7~
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From equation (6.5), as t — 0o, X; — XV. Therefore, X; = XV is globally asymptotically
stable.
From the second condition,

G(X1, Xo) = AXs — G(X4, Xo)
A= DXzG(X?aO)

b8, 2
—(Mh + 0, + Vh) %}Lh 0
A= 0 _</4Lv+aj\l;f'2+6v> w
;bS50 asbS9
thq plNh ! _(w—i_ﬂv_'—(s”)
% — (ptn =+ 6n + ) In
G(X1, X2) = wl, = (o + 585 4 28y 5} 1,

20ilnSe 4 (r0ebSn O — (4 + g1, + 0,) ],

0
G(X, X)) = |0
0

~

G(X1, Xs) = AXy — G(X1, X3) is therefore given by

0

—(pn + 0n +n) b(T])\ZhSh 0 Iy 0
asbS?

G(X1, X5) = 0 — (o + %55+, w L|-|o
@;bS? asbSyY

th plNh ) — (W p + 8y) I, 0

N

G(X1,X2) > 0 and A is an M-matrix since the off diagonal entries are non negative.
Therefore, since both the two conditions have been proved, by lemma 1 the disease free
equilibrium point E° is globally asymptotically stable. O]
3.8 Endemic Equilibrium Point

Endemic equilibrium is achieved when Ry > 1. The RHS of the model system was

equated to zero and solved for all state variables, Sy, I, Sy, I, Sy, I,. The model system
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was solved in mathematica software and the steady states obtained for E; are:

= (S5, I7, 8%, I, S5, 1),

q) g ~rorTr

where,
(o + udn) N

bﬂh]q + pnNp ’
bﬁhsh[q
(Yn + On + 1n) Ny

Sy =

I; =

g* — wS, Ny,

a bailh+ba55h+5th+quh’
I wl.Np,

a bOéi[h+bOésSh +5th +,quh’
g _ bpasSpSq + N, Ny,
" (0p + o +w) Np,
I — bq1az’]h[q + bQOéi]hSq + bplozSShIq

' (00 + o + w) Np,

and

Therefore, there exists a unique endemic equilibrium point at Ry > 1 and no endemic

equilibrium when Ry < 1.

3.9 Optimal Control Problem

In this section, the model system (1) is reformulated by incorporating three control vari-
ables: personal protection such as use of insecticide treated nets, u;, antimalarial treat-
ment, us and use of vaccination to prevent malaria, us. The reformulated model with the

presence of controls is given as:

ds, I
—h = (1 — U3)Oéh + (UQ + 7h>Ih — (1 — ul)bﬁh—q + Hh Sh,
dt Ny,
dl I
d_th =(1- U1)b5hﬁi5h — (pn =+ 0n + (w2 + ) In,
das, B Sh I,
o (uv + (1 —uy aSbNh +(1- ul)&ibﬁh + (5v) Sy
dI, S I
i (1- Zh1- h (8.1)
dt ( v"‘ Uy asbNh +( Ul)OéZbN +(5 )
dsS, Sh
= = a, N, +(1—u1)pa5 S — (W= o +6,) S,
dL« Ih Sh [h
i (1-— ul)qaibmb’q + ((1 — ul)plasbm +(1-— Ul)Qlaith) 1,

- (w + fo + 511)[7"
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with the initial conditions
Sh(0) = Sho, In(0) = Ino, S¢(0) = Sy, 14(0) = 149, Sr(0) = Syo, 1,(0) = L.

The study aims to minimize the objective function defined as

ty 1
J(Ul, Ua, Ug) = / (Aljh + Aglq + Ag[r + E(C’lu% + Cgug + Cgug)) dt. (82)

to
where t; is the final time and wuy(t), ua(t), us(t) € [0,1]. The coefficients A;, Ay and Aj;
are weight constants of I, [, and I,, respectively, while C;,Cy and C5 are the weight
constants of personal protection, treatment and use of vaccination, respectively. We
consider a quadratic objective functional for the optimal control problem since the cost
of implementing a control takes a non linear form (Khan et al., 2019). The aim is to find

an optimal control uj, u5 and uj such that
J(uy, ul, uy) = min(J (ug, ug, ug) : (u1,us, ug) € §2) (8.3)
subject to the system (8.1) where

Q = {(u1, ug,us) : u;(t) is Lebesgue measurable and 0 < w;(t) < 1,i=1,2,3}. (8.4)

3.9.1 Existence of the Optimal Control

Theorem 4. Given the objective functional

ty 1
J(Ul, Ua, Ug) = / (Allh + Aglq + Ag[r + Q(C’luf + CQU% + C3U§>> dt (85)

to

subject to the system (8.1) with their initial conditions. Then, there exists an opti-

mal control (uj,us,u3) and corresponding state solution Sy, Iy, Sy, I¥, Sy, I such that

J(uy,ud, ul) = m(%n(J(ul, ug, uz) if the following conditions are satisfied:
i. The solutions set of system (8.1), with the control functions in (8.4), is non-empty.
it. The control set € is conver and closed.

iti. The right hand side of the state system is bounded by a linear function in the state

and control variables.

w. The integrand of objective functional is convex on §2.
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v. The integrand of objective functional is bounded by ny(|p1 | + 2] + |1s]?)/? — 12,

m,n2 >0 and e > 1.

An existence of the state system with bounded coefficients has been used to give condition
(i). The control set is convex and closed by definition hence (ii). The right hand side of
the state system satisfies (iii). The state solutions are already bounded hence (iv). For
(v) since the state solutions are bounded, then Lipschitz property of the state system with
respect to the state variables is satisfied. It can also be seen that there exists positive

numbers ny,my and a constant € > 1 such that,

(g, uz, ug) > my (|l + 2l + |us?) 7% = 2 (8.6)
Therefore, the state variables are bounded and the existence of optimal control of the
model (8.5) is concluded.
3.9.2 The Hamiltonian and Optimality System

By applying the Pontryagin’s Maximum Principle (Pontryagin, 2018), we seek to de-
termine the optimal control (uj,u},u3) € Q that minimizes the Hamiltonian pointwise

subject to the model system (8.1). The associated Hamiltonian is therefore given as:

H Allh + AQ] + Agl 4+ = (C’lul + CQU2 + 03U3)

+ A ( (1 —uz)ap + (uz +yu)In — ((1 = Ul)bﬁhﬁqh + Mh)Sh)

( (1—w bﬁh—Sh — (pn + 6p + (ug + ’Yh)fh)
(wSr (1-— ul)Ozsbi + (1 - ul)OQ-bi + (5v)Sq)
N N (8.7)
I, — (1 —u) bS——i—(l— ) b]——i—é)
Wiy Uy ) Nh Up) & N
S
<ozvN1, + (1 — up)pash h Sq — (w4 + 51,)5))

Sh I,
( 1 - ul qal S + (( 1) lasbm + (1 — U1> lalbﬁh)l )

— Xe(w + oy + 6,) 1),
where A1, A2, A3, A4, A5, Ag are the adjoint variables corresponding to state variables Sy, I,

Sy, 1q, Sy, I, respectively.
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Theorem 5. Let Sy, I}, Sy, 14, Sy, I, be optimal state solutions with associated optimal

control variables uy, us and uz for the optimal control model, there exist co-state vari-

ables A1, Ao, A3, Ay, A5, Ag that satisfy,

dhvi _ OH dX OH d)s OH dX\, OH dXs OH dXg oH

dt 39S, dt 9, dat  9S, dt 9l dt  9S, dt 0l

With transversality conditions

AM(tr) = Xaty) = As(ty) = Malty) = As(ty) = Ae(ty)-

Moreover, the optimal controls, ui,us and u; are given by

uy = max{0,min{1,$}},

uszam{O,min{l,W}}, (8.8)

Ay — M)l
Us :ma:v{(),mm{l,w}}.
Cs

where,

bBLySh(Ae — A1) + G+ G
N,C, '

Cl = )\sbSh(qu)\5 — Sq)\g — [q)\4 —|—p1[q)\6).

o=

C? = aib]h(qu)\G — Sq)\g — Iq>\4 + qllq)\ﬁ).

Proof. Let (uy,us,us) be optimal controls whose existence is assured by Theorem 4.
The Pontryagin’s Maximum Principle converts the optimal control problem to a static
optimization problem that is a problem of minimizing the Hamiltonian H in the control
space. Therefore, to obtain the adjoint system, we take the derivative of the Hamiltonian

with respect to state variables, Sy, I}, Sy, 14, S, and I, as follows:
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d\y  OH I, I,
i = g, = (@ mu)bBuge )+ (1= w)bBh g de — (1 - w)ash

I S, I
Fi)\g — (1 — Ul)asbﬁthzl + (1 - Ul)pasbﬁzAg’, + (1 - ul)plasb—q)\G,

N,
Dy OH
dat 09I,

1 S, I
- (1 — ul)@ibﬁqh)\;; + (1 - Ul)q&ibﬁk(a + (1 - ul)qlaibﬁq)\ﬁ,

h
d)\g OH Sh [h
L 73, (o + ( ul)asbNh +( ul)aszh + 0,) A3

S,
= Ay + ug A1 + psA — (i + O + uayn) Az — uzAg — (1 — Ul)aibﬁ)\:a

S I
+(1- ul)pasbﬁf;)g +(1- ul)qaibﬁ};%,

% = —Z—Z L Ay=(1— ul)bﬁh%M +(1 - Ul)bﬂh%)\z

— (o + (1 — ul)asb;—z + (11— ul)aib]{f_’; + 0y) A4

+ ((1— ul)plasb% TR Ul)Qlaib%)/\ﬁ, (8.9)
% = —gz = w3 — (W =+ py + 6y) A5,
dd_)f = —gz = Az +why — (W + py + &) X6

The characterization of optimal controls u,us and uz shows that,

oH oM OH

9w dus | Ous =0. (8.10)

Thus the optimal solution subject to the constraints 0 < u; < 1,0 <wup < 1,0 < wug < 1is,

. _ bBr1ySh( A2 — A1) + G+ G

i

1 NhCl )
N; — (>‘2 _C)‘l)’)/h]h7 (8.11)
2
0= (A2 — >\1)Ih'

Cs

Using equation (8.10), and the lower and upper bounds of the three control measures,
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the characterization of optimal controls were obtained as follows;

(

0, if ¥ <0,
gy =y, if0< P <1,
1,  ifyy > 1.
0, ify <0,
o= Y tho, If0< <1,
1, if gy > 1.
0, if ¢3 < 0,
3= s, if0< gy <1,
1, ifs > 1.
where,
" 5 b1 Sh(Ae — A1) + G+ G
1 NhCl )
| | (A2 = An)vadn
g = e B
2
(A=)
vy = T

In compact form, the optimal controls can be written as,

u; = max {0, min {1,¢,}}
uy = max {0, min {1,199} }

uy = max {0, min {1,13}}.

3.10 Spatial Analysis

(8.12)

(8.13)

Spatial analysis was done by first obtaining the global annual average temperature and

rainfall raster data for 2023 with approximately 1km spatial resolution from Environmen-

tal Research Data (Envidat) database. The raster data were then clipped to Kenya using

39



Kenya shapefile in R version 4.4.2 (R Core Team, 2024). The clipped raster data were
incorporated into the expression of Ry in Python, generating the spatial distribution of
Ry over Kenya. To investigate the effectiveness of deltamethrin and permethrin insec-
ticides in the control of mosquitoes, raster data showing the spatial distribution of R,
when either deltamethrin or permethrin insecticides were used were generated. In addi-
tion, since the model was being studied under insecticide resistance, spatial distribution
of Ry when no insecticide was used was also obtained. This depicted a scenario where
mosquitoes are resistant to insecticides. The generated raster data were then imported

to QGIS to create maps and enhance their appearance.
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Chapter 4: Results and Discussion

4.1 Introduction

This chapter presents the results of the numerical simulations performed on the model

system (1) and a discussion of the findings.

4.2 Numerical Analysis without Climate Variables

Due to the unavailability of freely accessible high-resolution climatic data with good
temporal coverage for Kenya, numerical simulations of model system (1) was performed
without considering climatic influence. The model system is solved numerically using the
package scipy.integrate.odeint in Python language. The dynamics of each state variable of
our model is illustrated using constant parameter values presented in Table 4.1 with the
following initial conditions: Sj = 7000, I, = 300, S, = 300, I, = 50, S, = 800, I, = 200
which were obtained by randomly selecting values within biologically meaningful ranges.
The plots showing the dynamics of the human and mosquito population with time in the
presence of insecticide resistance are shown in Figure 4.1.

In Figure 4.1 (a-b), the population of susceptible humans initially declines as the pop-
ulation of infected humans rise due to the interaction of infected questing mosquitoes
with susceptible humans. Since mosquitoes are sensitive to insecticides, their population
declines as some die due to use of insecticides especially in the first 10 days. Therefore,
the population of infected humans continually declines as the number of mosquitoes re-
duces and levels off at the disease free equilibrium Ey (Figure 4.1 (b)). Due to the high
resting rate of questing mosquitoes and death rate due to use of insecticides, the infected
questing population declines to zero with the susceptible questing mosquitoes stabilizing
at the disease free equilibrium Fy (Figure 4.1 (c-d)). Consequently, the population of
susceptible resting mosquitoes increases slightly as more susceptible questing mosquitoes
move to this compartment (Figure 4.1 (e)).

When §, = 0, that is mosquitoes are resistant to insecticides, the disease free equilib-
rium of the system becomes unstable as Ry > 1. The population of susceptible humans
declines as some of them get infected through bites from infected mosquitoes (Figure
4.2 (a)). This leads to an increase in the number of infected humans (Figure 4.2 (b)).

On the other hand, the population of susceptible resting mosquitoes initially increases as
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more mosquitoes are recruited through birth (Figure 4.2 (e)). Before mosquitoes lay their
eggs, they require blood for their eggs to be fertilized therefore, the resting population
move to the questing population to interact with the human population and obtain a
blood meal. This explains the similar increase in the population of susceptible questing
population. Additionally, between day 0 to about 16 days, the population of susceptible
mosquitoes increases steadily and afterwards declines. In comparison, between day 0
and day 5, the infected mosquito population decreases, likely due to unsuccessful blood-
feeding attempts, as susceptible mosquitoes outnumber infected ones during this period.
Afterwards, the population of infected mosquitoes begins to grow from day 5 coinciding
with the asexual replication experienced by malaria parasites every 5-16 days releasing
merozoites into the blood cell which attack the red blood cells. Inside the red blood cells
the parasite progresses with its growth stages infecting more vulnerable red blood cells.
As there is no induced mosquito death rate due to the use of insecticides, the population
of infected mosquitoes continually grows resulting to more infected human population,

therefore malaria disease persists in the population, Ry = 1.2721 > 1.
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Figure 4.1: Graphs showing the dynamics of human and mosquito population when
mosquitoes are sensitive to insecticides, 6, = 0.4862, Ry = 0.4821 < 1.
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Figure 4.2: Graphs showing the dynamics of human and mosquito population when
mosquitoes are resistant to insecticides, 6, = 0, Ry = 1.2721 > 1.

4.3 Spatial Distribution of Malaria Basic Reproduction Number over Kenya

Using the expression of the basic reproduction number for our model system (1) with
temperature and rainfall raster data, a spatial distribution of Ry was obtained.

Annual average temperature and rainfall raster data for 2023 with approximately 1km
spatial resolution was obtained from Envidat database (Karger et al., 2019). We incor-
porated the temperature and rainfall dependent parameters into the expression of the
basic reproduction number and investigated the effectiveness of deltamethrin and perme-
thrin insecticides in the control of mosquitoes. Figure 4.3 (a) and Figure 4.4 (a) shows
the spatial distribution of Ry when deltamethrin was used to induced mosquito mor-
tality rate, 6, = 0.4862, and when permethrin was used to induced mosquito mortality
rate, 0, = 0.2562, respectively. It is evident from the two figures that with a higher in-
duced mosquito mortality rate, the values of Ry were lower, ranging between 0 to 0.3 for
0, = 0.4862. With the use of permethrin, the maximum value of R, over Kenya ranged
between 0.3 to 0.6. When no insecticide was used to control the population of malaria
vectors, the values of Ry over Kenya increased with the maximum value ranging between
0.9 to 1.2. In Figure 4.3 (b) and Figure 4.4 (b), the eastern region and some parts of the
western region of Kenya experienced high malaria transmission which could be attributed
to the good climatic conditions favouring the survival of malaria vectors in these regions.
It has been highlighted in Kenya (2020) that favourable climatic conditions enhances the
breeding of malaria vectors increasing the transmission intensity of the disease. Within

the central and rift valley regions of Kenya, the value of Ry, was lower and could have
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been due to the low temperatures and high rainfall not favouring development rate of

malaria vectors (Figure 4.3 (b) and Figure 4.4 (b)).
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Figure 4.3: Simulation of basic reproduction number with temperature and rainfall de-
pendent parameters when (a) deltamethrin insecticide is used, 0, = 0.4862 and (b) no
insecticide is used, 6, = 0.
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Figure 4.4: Simulation of basic reproduction number with temperature and rainfall de-
pendent parameters when (a) permethrin insecticide is used, §, = 0.2562 and (b) no
insecticide is used, 4, = 0.
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4.4 Sensitivity Analysis

Sensitivity analysis was carried out to determine the model’s robustness to parameter
values and identify variables that significantly influence the spread of the disease under

study.

4.4.1 Local Sensitivity Analysis

To identify parameters that significantly affect Ry, and should be targeted in control
interventions, the forward sensitivity index which uses the normalized forward sensitivity
index of a variable to a parameter was utilized.

Definition: The normalized forward sensitivity index of R, that depends differentiably

on a parameter 7 is defined as

"= o Ry (9)

Using the formulation in (9) and the parameter values in Table 4.1, the local sensitivity
indices (SI) of Ry relative to the model parameters was calculated using Mathematica

software and the results shown in Table 4.2.

Table 4.1: Parameters of the malaria model 1

Parameter Description Value Source

ap Human recruitment rate 0.4559 day ' Group (2021),
Ngonghala (2022)

b Mosquito biting rate 5 day —! Assumed
B Transition probability of susceptible
humans to infectious humans 0.5 Assumed
Yh Recovery rate amongst humans 0.05 Assumed
h Natural human mortality rate 0.00004559 Agency (2009),

Ngonghala et al. (2012)
on Malaria induced human mortality 0.0002 Chitnis et al. (2008a),
rate
Ngonghala et al. (2012)

Qly Mosquito birth rate 0.6 Assumed

Continued on next page
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Table 4.1 — Continued from previous page

Parameter Description Value Source
Iy Natural mosquito mortality rate 0.05 Ngonghala et al. (2012),
Tchoumi et al. (2018)
w Rate at which resting vectors are
attracted to humans at the human 0.8 Assumed
habitat
P Probability that a type S, vector 0.6 Assumed
successfully takes a blood meal from
a susceptible human
q Probability that a type S, vector 0.5 Assumed
successfully takes a blood meal from
an infectious human
€ Efficacy of insecticides 0.7 Montoya and Romero-
Leiton (2020)
K Death rate of mosquitoes due to in- (0.7311 Estimated
secticides
p Resistant acquisition ratio to insec- 0.05 Montoya and Romero-
ticides Leiton (2020)
o Resting rate = of  susceptible 0.6666 Tchoumi et al. (2018)
mosquitoes
Q; Resting rate of infected mosquitoes  0.6666 Tchoumi et al. (2018)
D1 Probability that a type I, vector 0.5 Assumed
successfully takes a blood meal from
a susceptible human
a1 Probability that a type I, vector 0.6 Assumed
successfully takes a blood meal from
an infectious human
Ty Mean temperature in the absence of 19.9°C Parham and  Michael
seasonality (2010)
Bg Number of eggs laid per adult per 200 Parham  and  Michael

oviposition

(2010)
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Table 4.1 — Continued from previous page

Parameter Description Value Source

I'r Daily survival probabilities of eggs 0.9 Parham  and  Michael
(2010)

T'r Daily survival probabilities of larvae  0.25 Parham and  Michael
(2010)

I'p Daily survival probabilities of pupae 0.75 Parham  and  Michael
(2010)

Ry Rainfall limit beyond which breed- 250mm Assumed

ing sites get flushed out and no im-

mature stages survive

Table 4.2: Sensitivity indices of Ry with respect to the parameters

Parameter Sensitivity index
Qs -0.808491
Oy -0.674513
w +0.550067
q +0.5
O +0.5
1e% +0.5
Bh +0.5
N, +0.5
Th -0.498252
Qp -0.308491
Ln, +0.308166
D +0.218713
b +0.191509
Ny, -0.191509
DP1 +0.127254
Ho -0.0670624
op -0.00142358
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The sensitivity indices in Table 4.2 illustrates how changes in parameters translate into
variations in Ry. Ry is most sensitive to the resting rate of susceptible mosquitoes with a
sensitivity index of -0.808491. Hence a 100% increase (or decrease) in a; leads to a 80.85%
decrease (or increase) in Ry. Therefore, leading to a reduction in malaria infection. In-
creasing induced mosquito death rate also has a negative influence on the progression
of malaria disease as 100% increase (or decrease) in §, leads to a 67.45% decrease (or
increase) on Ry.

On the other hand, the rate at which resting vectors are attracted to humans at the human
habitat has a positive influence on disease transmission, as 100% increase (or decrease)
in w would increase (or decrease) the threshold parameter Ry by 55.01%. Similarly, the
parameters ¢, o, a;, B, and N, increase (or decrease) Ry when they are increased (or
decreased). Epidemiologically, increasing mosquito birth rate «,,, would increase the pop-
ulation of mosquitoes making more humans susceptible to mosquito bites. Additionally,
higher transition probability of susceptible humans to infectious humans [, increase the
severity of malaria infection. Hence, a 100% increase (or decrease) in «, and ), increases
(or decreases) Ry by 50%.

Any interventions that reduces the population of mosquitoes and the number of infected
individuals will certainly result in the reduction of Ry. Therefore, an increase in the
death rate of mosquitoes will eventually lead to a significant reduction in Ry. This can
be achieved by increasing the use of insecticides especially those which the mosquitoes
have low resistance towards. Additionally, increasing the recovery rate of infected humans
through the use of antimalarial treatment such as use of artemisinin based combination
therapy (ACT) will reduce the basic reproduction number Ry.

To further investigate the parameter influence on disease progression, we generated the
partial rank correlation coefficients(PRCCs) for each parameter in the expression of Rj.

The results are displayed in the next section.

4.4.2 Global Sensitivity Analysis

Global sensitivity analysis (GSA) examines how an epidemic model responds to parameter
variations within a larger range (Wu et al., 2013). Using the approach described in Wu
et al. (2013), the PRCCs of the basic reproduction number Ry and each of the parameters

in Table 3.2 were derived. Using 500 simulations per run of the Latin Hypercube Sampling
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(LHS) scheme (Stein, 1987), the established PRCCs were derived and presented in Figure
4.5.

In comparison to the results presented in Table 4.2, the parameter with the highest
influence on R, according to the PRCCs is the mosquito mortality rate due to the use
of insecticides 9, (Figure 4.5). This is closely followed by the resting rate of susceptible
mosquitoes oy, which has a negative influence on Ry and the parameter corresponding
to the probability of type S, vector successfully taking a blood meal from an infectious
human ¢, which has a positive influence on R,.

Similar to the results presented in Table 4.2, an increase (or decrease) in ap, fy, On, Y
and N}, leads to a decrease (or increase) in Ry as the parameters have negative influence
on Ry. However, unlike Table 4.2, there is an increase in the influence of parameters
ap, Hy and 7, in Figure 4.5. Likewise, there is a increase in the positive influence of
the parameters py, p, b, a,, w, @, pn, Br and N, on Ry in PRCCs results (Figure 4.5)
compared to the results in Table 4.2.
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—1.00 —0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00

Figure 4.5: Tornado plot of partial rank correlation coefficients (PRCCs) of parameters
influencing Ry. Parameters with PRCC' > 0 increase the value of Ry while those with
PRCC < 0 decrease the value of Ry.
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4.5 Malaria Prevalence in the Absence and Presence of Insecticide Resis-

tance

The impact of insecticide use in malaria transmission was investigated by considering
two pyrethroid insecticides, deltamethrin and permethrin insecticides. The results in
Figure 4.6 reveals that malaria prevalence is lower when deltamethrin is used compared
to when permethrin is used, with an area under curve (AUC) difference of 52.51%.days.
The smaller AUC difference between the two insecticides curves indicate that they have
similar efficacy in mosquito control. However, since the curve for deltamethrin declines
faster to zero compared to permethrin curve, deltamethrin should be considered to achieve
lower malaria prevalence faster. The reduction in malaria prevalence when deltamethrin
or permethrin insecticide is used implies that a proportion of mosquitoes are sensitive to
insecticides hence, mosquito population reduces with time, lowering malaria transmission

rate.

= Deltamethrin
—— Permethrin
35 No insecticide

301
254

204

Prevalence (%)

15 4

104

0 T T T T T T T i
0 25 50 75 100 125 150 175 200
Time(days)

Figure 4.6: A graph showing malaria prevalence when mosquitoes are sensitive to
deltamethrin or permethrin insecticides use, and when mosquitoes are resistant to in-
secticides.

In comparison, when no insecticide is used, depicting a scenario where mosquitoes are
resistant to insecticides, malaria prevalence increases and stabilizes after 150 days% (Fig-
ure 4.6). The AUC difference between use of deltamethrin and no use of insecticide, and

between use of permethrin and no use of insecticide was 780.38%.days and 727.88%.days,
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respectively. The larger AUC difference (780.38%.days and 727.88%.days) implies that
when mosquitoes are resistant to insecticides, the prevalence of malaria will rapidly
grow within a population and stabilize after sometime. However, when a proportion
of mosquitoes are sensitive to insecticides, the spread of malaria can be contained within

a population.

4.6 Numerical Simulation of Optimal Control Problem

To illustrate the viability of the theoretical results and control strategies obtained in the
formulation of optimal control problem, numerical simulation were performed in Python
language. The simulation were performed to investigate the effectiveness of personal
protection, treatment and vaccination as control strategies to curb the spread of malaria.

This was done by considering four scenarios as follows:

4.6.1 Personal Protection u; # 0, Treatment u; # 0, and Vaccination us = 0

Figure 4.7 depicts a scenario where only personal protection and treatment are imple-
mented to control malaria transmission. The simulation graph in Figure 4.7 (a) shows
that when the two control interventions are implemented, the number of infected humans
decreases steadily and levels off to zero after 10 days. When no control intervention is
implemented, there is an increase in the number of infected humans with a peak at day
8 and afterwards a steady decline. The decline could be attributed to the reduction in
the number of infected mosquitoes as shown in Figure 4.7 (b) and Figure 4.7 (c).

In Figure 4.7 (b), there is an increase in the number of infected questing mosquitoes
between day 0 and 5 as infected resting mosquitoes move to this compartment in search
of a blood meal. Additionally, the higher number of infected questing mosquitoes when
interventions are used, compared to when no intervention is used, may be attributed to
the development of insecticide resistance, which can prolong mosquito lifespan. This is
however dependent on the resistant intensity. For instance, in Figure 4.7 (b) the infected
questing mosquitoes may be having a lower resistance intensity which could explain the
steady decline in their population before day 10 when interventions are used. Similar to
Figure 4.7 (a), the simulation curves in Figure 4.7 (b) and Figure 4.7 (c) levels off to
zero after 10 days when the two control strategies are implemented. On the other hand,

without interventions, the population of infected mosquitoes decreases gradually due to
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natural death

and stabilizes after 40 days.
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Figure 4.7: Graph showing the effect of implementing personal protection u; and treat-
ment us control measures on infected human and mosquito population.

4.6.2 Personal Protection u; # 0, Treatment u, = 0, and Vaccination us # 0

In this scenario, personal protection and vaccination were implemented to control the

spread of malaria. The population of infected humans initially increases with a peak at

day 5 in both cases where control interventions are implemented and when no control

intervention is implemented (Figure 4.8 (a)). After 5 days, the two simulation curves in

Figure 4.8 (a) gain a gradual decrease overtime. However, the number of infected humans

when control interventions is used is lower compared to when no control interventions is

used.

Other than infected resting mosquitoes moving to the infected questing population, the
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increase in the questing population could also be due to the development of insecticide re-

sistance against insecticide based control interventions such as LLINs. This could explain

why the population of infected questing mosquitoes is higher when the two interventions

are used compared to when no control intervention is used (Figure 4.8 (b)).

Due to

a lower resistant intensity, the population of infected questing mosquitoes gradually de-

clines as more mosquitoes die due to exposure to insecticides when interventions are used.

Eventually, the population of infected mosquitoes stabilizes after 40 days (Figure 4.8 (b),
Figure 4.8 (c)).
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Figure 4.8: Graph showing the effect of implementing personal protection u; and vacci-
nation uz control measures on infected human and mosquito population.

4.6.3 Personal Protection u; = 0, Treatment u, # 0, and Vaccination us # 0

Similar to the results obtained in Figure 4.7 (a), when treatment and vaccination are used

as control interventions against malaria spread, the number of infected humans decreases
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steadily and levels off to zero after 10 days (Figure 4.9 (a)). When no control intervention

is implemented, there is an increase in the number of infected humans with a peak at

day 8 and afterwards a steady decline (Figure 4.9 (a)).

In Figure 4.9 (b) and Figure 4.9 (c), similar dynamics is shown within the first 5 days when

control intervention is used and when no control intervention is utilized. Afterwards, the

population of infected mosquitoes reduces and levels off to zero when the two interventions

are implemented. With no control interventions, a gradual decline in the population of

infected mosquitoes is experienced and stabilizes at about 40 days (Figure 4.9 (b), Figure

4.9 (c)).
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4.6.4 Personal Protection u; # 0, Treatment u; # 0, and Vaccination ug # 0

Figure 4.10 depicts a scenario where three control measures that is, personal protection
uy, treatment uo, and vaccination ug are implemented in the control of malaria. Similar
dynamics depicted in Figure 4.7 (a) and Figure 4.9 (a) are shown in Figure 4.10 (a).
Unlike Figure 4.8 (a), where only personal protection and vaccination were implemented,
utilizing all controls reduces the number of infected humans leveling off to zero after 10
days. This also shows that treatment is more effective in controlling malaria transmission
compared to the use of personal protection or vaccination only (Figure A.1 (a), Figure A.2
(a), Figure A.3 (a)). However, due to the potential drug resistance that could emerge with
the persistent use of antimalarial treatment, there is need to simultaneously utilize the
three control measures to help mitigate the spread of malaria disease. Additionally, the
supply of malaria vaccine could be increased to assess its impact in malaria transmission.
Similar dynamics of infected mosquitoes depicted in Figure 4.7 (b) and Figure 4.7 (c) are
also shown in Figure 4.10 (b) and Figure 4.10 (c). There is an increase in the population
of infected questing mosquitoes between day 0 and day 5. With the implementation of
controls, the population of infected mosquitoes levels off to zero after 10 days. However,
with no controls implemented, a gradual decrease in the population of infected mosquitoes

is experienced which stabilizes after 40 days.
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Chapter 5: Conclusion and Recommendations

Our analysis suggests that in order to understand the dynamics of indirectly transmitted
disease such as malaria, where the transmitting vector inhabits different environments
than humans and adopts to different habitats, incorporating the vector’s behaviour and
climatic dependent parameters is necessary in the development of mathematical models.
The slight increase in the population of susceptible resting mosquitoes as the susceptible
questing mosquitoes returned to the breeding sites revealed that mosquito behaviour in-
fluence the dynamics of malaria disease.

Additionally, the impact of insecticide resistance and climatic variation in malaria trans-
mission has also been investigated in our analysis. In the presence of insecticide resistance,
the reproduction number was greater than one which implied that the disease persisted
in the population. The spatial distribution of the reproduction number across Kenya
further showed that regions whose climatic conditions were favourable for malaria vector
survival experienced higher malaria transmission compared to areas whose climatic con-
ditions were less favourable for vector survival and development.

Amidst the changing climatic conditions, when mosquitoes are sensitive to insecticides,
malaria transmission can still be contained. However, due to the continuous exposure
of these insecticides to mosquitoes especially in the use of insecticide treated nets or
larvicides, mosquitoes will ultimately develop resistance to these insecticides. Addition-
ally, climate change also creates suitable habitats for malaria vectors by creating more
breeding sites or providing favourable conditions for the survival of these vectors. This
will eventually make more areas endemic to malaria disease. Hence, ways to control the
spread of malaria amidst insecticide resistance and climatic variation should still be ex-
plored. Interventions could be targeted to mosquito breeding sites in order to reduce the
population of vectors that emerge and develop into adults.

In order to determine the optimal combination strategies for malaria control in Kenya,
three control interventions that is personal protection, treatment and vaccination were
considered. The best control was when the three interventions were used simultaneously.
Although considering two interventions that is treatment and personal protections or
treatment and vaccination had the same dynamics as using the three interventions, rely-

ing solely on either of the two approach is not advisable due to the risk of drug resistance

o8



arising from the continuous use of antimalarial treatment. Therefore, alternative strate-
gies, such as increasing the supply of malaria vaccines, should be explored to assess their
potential impact in controlling the spread of malaria. Overall the number of infected
individuals declined after 10 days with the implementation of all three controls. In con-
trast, without any control measures, it took up to 40 days for the infected population to
decrease. This shows that implementation of personal protection, treatment and vacci-
nation to control malaria spread have an impact in reducing malaria transmission and
therefore should be implemented by national malaria control program stakeholders in the
fight against malaria in Kenya.

This study tried to capture the existing dynamical changes in malaria transmission by
incorporating mosquito behaviour and climatic variation. However, it did not consider
human related activities, such as the use of agricultural pesticides on farms, which con-
tribute to insecticide resistance as mosquitoes are exposed to these chemicals while seeking
for a blood meal. Further improvements could be done on the model by incorporating
human related activities and studying its impact in malaria transmission. The study also
considered only the adult mosquito population and two states of the human population
in the analysis. Improvements could be done to the existing model by adding a com-
partment of the juvenile mosquitoes and the population of recovered humans to assess
their implications in malaria transmission. Additionally, while obtaining the spatial dis-
tribution of the reproduction number, we chose raster data with a finer spatial resolution
forfeiting the temporal aspect. This decision was driven by the fact that freely available
weather data involve a tradeoff between spatial resolution and temporal coverage. With
sufficient resources to acquire high resolution spatial weather data with good temporal
coverage, monthly malaria transmission patterns could be mapped to effectively monitor
the spread of malaria in Kenya.

While this study highlighted the effectiveness of deltamethrin and permethrin insecticides
in reducing malaria prevalence, it did not consider their economic impact especially in
Kenya. Therefore, future studies could focus on conducting a cost-benefit analysis of
these insecticides on malaria control. Such analysis would support the development of

more sustainable and economically efficient vector control strategies.
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Appendix C: Numerical methods
Fourth Order Runge-Kutta Method

The formula for the fourth order Runge-Kutta method is given by
h
Yn+1 = Yn + E(kl + 2ky + 2k3 + ky) (10)

where the slope estimates ky,kq,k3,ks are calculated as follows:

ki = hf(zn,yn) (11)
ks = hf (xn+g,yn+%) (12)
Wany (xn+g,yn+%) (13)
ky = hf(zn + h,yp + ks) (14)

k1,k9,k3 and k4 correspond to slope estimates at the beginning, middle and end of the

interval, respectively.

Butcher’s Fifth Order Runge-Kutta Method

The formula for the fifth order Runge-Kutta method is given by

h
ni1 = Yn + 5o (The + 32Ks + 12k + 32ks + The) (15)

where the slope estimates kq,ko,k3,ks, k5, kg are calculated as follows:

h h
h h h
= - e . 1
k3 f(xn+4vyn+8k1+8k2> ( 8)
h h
ky=f (l’n + 5 Yn — §k2 + k3h> (19)
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3 3 9
ks = f <96’n + Z_lh’ Yn + 1_6k1h + 1—6k4h) (20)

3 2 12 12 8
ke = f <SCn +h, yn + ?klh + ?k’gh + 7]€3h — 7/€4h + ?k)g)h) (21)

Forward-Backward Sweep Method

The Forward-backward sweep method (FBSM) is an iterative numerical technique for
solving the two-point boundary value problem (TPBVP) that arises from Pontryagin’s

Maximum Principle.

Forward-backward sweep method algorithm

Let © = xq,...,2,41 and A = Ay, ...; A, 11 be the vector approximations for the state and
adjoint. Step 1. Create an initial guess for the control u over the interval.

Step 2. Using the initial condition x(ty) = x¢ and the values for u, solve x forward in
time.

Step 3. Using the transversality condition A(t;) = 0 and the values for u and z, solve A
backward in time as given to its equation in the optimality system.

Step 4. Update u by entering the new x and A\ values into the characterization of the

optimal control.
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Appendix D: Numerical Simulation of Optimal Control Problem

Personal protection u; # 0, treatment u; = 0, and vaccination us = 0
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Figure A.1: Graph showing the effect of implementing personal protection u; only as a
control measure on infected human and mosquito population.
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Personal Protection u; = 0, Treatment u, # 0, and Vaccination uz =0
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Figure A.2: Graph showing the effect of implementing treatment wuy only as a control

measure on infected human and mosquito population.
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Figure A.3: Graph showing the effect of implementing vaccination uz only as a control
measure on infected human and mosquito population.
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Appendix E: Samples of used Simulation Codes

Numerical simulation without climate dependent variables

# imports

import numpy as np

import matplotlib.pyplot as plt
from scipy.integrate import odeint

import pandas as pd

# Parameters

N_h 10000 # Humans

N_v

1000 # Mosquitoes

beta_h 0.5#2.5 #transmission from mosquitoes to humans

beta_v 2.5 # transmission from humans to mosquitoes

b = 5 #Mosquito biting rate

gamma_h = 0.05 #recovery rate

mu_h = 0.00004559 # Natural death rate of humans
delta_h = 0.0002 #death rate due to infection in humans
mu_v = 0.05 #natural death rate of mosquitoes

delta_v = O0#0.4862#0.2562#0.4862 #mosquito death ‘rate due to

insecticide

#0.0476
alpha_h = 0.4559 # Human birth rate
alpha_v = 0.6

# Transition rates for resting/questing mosquitoes

alpha_s = 0.6666 #resting rate for susceptible mosquitoes
omega = 0.8 #return rate to questing mosquitoes

alpha_i = 0.6666 #resting rate for infected mosquitoes

p = 0.6 #transition rate to resting

q = 0.5 #transition rate for infected mosquitoes

p_1 = 0.5

q_1 = 0.6
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34

35

36

37

38

39

40

41
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44

45

46

47

48

49

50

52

53

54

55

56

# Initial conditions
S_h0=7000; I_h0=300 ; S_r0=800; S_q0=300; I_rO= 200; I_q0=50

initial_conditions=[S_h0,I_h0,S_r0,S_q0,I_r0,I_qO]

# Time_span

# Time range

t_span (0, 100)

t_eval = np.linspace (0, 100, 1000)

def si_mosquito_model_with _resting(time, y, N_h, N_v, beta_v,
beta_h, gamma_h, mu_h, delta_h,
mu_v, alpha_s, alpha_i,
alpha_h, omega, delta_v,
alpha_v,

b, p, q, p_1, q_1):

# Human equations
dSHdt = alpha_h + gamma_h * I_h - b * beta_h * S_h *x (I_q /
N_h) - mu_h * Sczh
dIHdt = b * beta_h * S_h *(IZq 7/ N_h) - mu.h"*x I_h - delta_h

* I_h - gamma_h * TI_h

# Mosquito equations (susceptible and infected)
dSQdt = omega * S_r - mu_v * S_q - alpha_s * b x (S_h / N_h)
* S_q - alpha_i * b * S_q * (I_h / N_h) - delta_v * S_q
dIQdt = omega * I_r - mu_v * I_q - alpha_s * b * I_q * (S_h /
N_h) - alpha_i * b * I_q * (I_h / N_h) - delta_v * I_q
dSRdt = alpha_v * N_v + p * alpha_s * b *x (S_h / N_h) * S_q -
omega * S_r - mu_v * S_r - delta_v * S_r
dIRdt = q * alpha_i * b * S_q * (I_h / N_h) + p_1 *x b * (S_h
/ N_h) % alpha_s * I_q + gq_1 * b * alpha_i * I_h / N_h x*

I_qg - mu_v * I_r - omega * I_r - delta_v * I_r
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88
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90

return [dSHdt, dIHdt, dSRdt, dSQdt, dIRdt, dIQdt]

from scipy.integrate import solve_ivp

solution = solve_ivp(

fun=lambda t, y: si_mosquito_model_with_resting(

t, y, N_.h, N_v, beta_v, beta_h, gamma_h, mu_h, delta_h,

mu_v, alpha_s, alpha_i, alpha_h, omega, delta_v,
b, p, 9, p_1, q_1),

t_span=t_span,

yO=initial_conditions,

method=’RK45"’,

t_eval=t_eval

# Convert solution to DataFrame

df = pd.DataFrame (solution.y.T, columns=[
>Susceptible humans’, ’Infected humans’,
’Susceptible resting’, ’Susceptible questing’,
’Infected resting’;, ’Infected questing’

D

df [’Time’] = solution.t

# Preview

df .head (10)

#Use of insecticides

df .to_csv(’dataframel.csv’, index=False)

#No use of insecticides (delta_v=0)

df .to_csv(’dataframe2.csv’, index=False)

"""Use of insecticides
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122

Human population

nnn

import matplotlib.pyplot as plt

# Extract time and solution

time = solution.t # time points (from t_eval)
y = solution.y # solution array; each row corresponds to one
variable

# Extract S_h (first row in solution matrix)

S_h = y[0] # Susceptible humans

# Plot

plt.plot(time, S_h, color=’blue’, label=’Susceptible Humans’)
plt.xlim(left=0)

plt.xlabel (’Time (days) ’)

plt.ylabel (’Susceptible human population’)

plt.show ()

# Extract time and solution

time = solution.t # time points (from t_eval)
y = solution.y # solution array; each row corresponds to one
variable

I_h = y[1] # Infected humans

# Plot

plt.plot(time, I_h, color=’red’)
plt.xlim(left=0)
plt.ylim(bottom=0)

plt.xlabel (’Time (days)’)

plt.ylabel (’Infected human population’)
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123 |plt.show ()
124
125 | """Mosquito population when insecticide is used"""
126
127 |# Extract time and solution
128 |time = solution.t

120 |y = solution.y

130
131 [S_r = y[2] # Susceptible resting
132
133 |# Plot

134 |plt.plot(time, S_r, color=’blue’)

135 |plt.x1lim(left=0)

136 |plt.xlabel (’Time (days) ’)

137 |plt.ylabel (’Susceptible resting mosquitoes’)
138 [plt.show ()

139
4o |# Extract time and solution
141 |time = solution.t

42 |y = solution.y

143
e |I_r = y[4] # infected resting
145
6 |# Plot

147 |plt.plot(time, I_r, color=’red’)

s |plt.x1lim(left=0)

149 |#plt.ylim(bottom=0)

150 |plt.xlabel (’Time (days)’)

151 |plt.ylabel(’Infected resting mosquitoes’)

152 | plt.show O
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