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This paper is concerned with the connections between the orthogonal polyno-
mials and the differential operators generated by the Laguerre differential
equation

Myl:= —(py) + gy = awyon (0, x) —-(A¥)

+
(where p (x) = \**le7z, g(x) = — 2 ! w(x), w(x) = x"e®,

a>—1 Xe ¢),

in both the so-called right- and left-definite cases. In the right-definite case,
a differential operator T, is determined directly from (4*) by a definition
of the form Ty f: = w™! M [f] (f € D(Ty)) for a suitably defined domain

of T, in the space L:” (0, ). However, for the left definite case, a suitably

determined resolvent function ® is used to define a bounded self-adjoint
operator A, whose inverse is the required self-adjoint “differential”” operator

Sy in the space H ;,q (0, «). Inboth cases the spectra of Ty and S, are shown

to be discrete and the corresponding eigenvectors turn out to be the orthogo-
nal polynomials of Laguerre. These results provide an alternative proof of the

completeness of the Laguerre polynomials in the spaces L.: (0,00 ) and H;,Q(O,oo ).

1. INTRODUCTION
For convenience let (0, oo) denote the open interval of the real line, and let
No= {0, 1, 2, 3, ...} be the set of non-negative intergers, and N, = {1, 2, 3,...}, the set
of positive intergers.

The Laguerre polynomials may be defined in a number of different but related
ways® namely, by the Poisson generating function, the Rodrigues formula, the Gram-
Schmidt orthogonalization, or by the Laguerre differential equation which for our
purposes is written in the form (here '= dfdx) :

xy" () +(@+ 1 =Xy (x)+ny(x) =0, (x € (0, ), n €No)
...(1.1a)
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or

(x=*1e®y (x)) + nxte®y (x) = 0;(x € (0, 00), « > — 1, n € N,).
..(1.1b)

This equation has singular points at 0 (for « > — 1) and at -+ oo where the leading
coefficient vanishes and it has a non-trivial solution if and only if n € N; the corres-

ponding solutions are Lf.')( . ), the Laguerre polynomials of order n, see Endelyi et al.?

Whichever form of definition is adopted it is importarit to show that the set of
Laguerre polynomials {L:‘) (.)in€ Ny, « > — 1} is complete in L} (0, <),

(where w (x) = x**! ¢7% a > — 1), [see Akhiezer and Glazman', (sections 8 and 9;
and Szego'?, (section 5.7).]

Our interest in this paper is to study the definition and completeness of the
Laguerre polynomials in L:, (0, o) from the viewpoint of the Titchmarsh-Weyl
theory of singular differential operators, associated with the differential equation

—(pyY + gy =2Awyon(ab) (1.2)
where p, g, w are real-valued coefficients defined on the interval (a, b) and A € ¢.

If in (1.2), w = Oon (a, b), then this is called a right-definite problem and

is studied in the space Li {a, b) for which

i' W ()| () | 2dx < oo, (f € L2 (a, b)). (13)

If in (1.2) it should happen that whether w is of one sign or not, both p and ¢
are non-negative then the problem is called left-definite and is studied in the space

H:,q (@b):={f:(a,0) > ¢: f € ACio (a, b),

@*® fand pi2 [’ € L% (a, b)} ...(1.4)
for which

F @I @1+ 70 ] dx < oo, (1.5)

The existence of such integrable—square solutions in the left-definite case has been
considered in recent years by Pleijel**-14, Shortwell’®, Atkinson et al.? and Everitt®*

among others.

For both right- and-left-definite cases the differential equation (1.2) may be classi-
fied as either ‘limit-point’ or ‘limit-circle’ at the end-point a(b) according as to whether
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not ali or all solutions of (1.2) are in the spaces L: (a, B) and H:,q (a, b} respecti-

vely in the neighbourhood of a (b). For reference to the classification of the differential
equation (1.2), see Naimark®, (section 18.1) and Titchmarsh'® (sections 2.1 and 2.19)
for the right-definite case; and in the left-definite case, see Pleijel'® (sections 1.4 and
1.5).

Now for the purpose of studying the Laguerre differential equation in both the
right- and left-definite cases, we write (1.1) in the form

M [y] = (x*e 2y '(x)) + (x + 1)]2 x*e~* y (x) = Ax*e~* y (x) ...(1.6)
(x € (0,0),2 € ¢)
so that in comparison with (1.2),a = 0, b = + oo and p(x) = x*™ 7%,
g(x) = (o + )2, W(x) = x*ex,(x € (0, 00), « > 1). (LT

The original study of Laguerre’s equation in the right-definite case in L? (0, o),

is due to Titchmarsh'® (section 4.16). We note however that the analysis of Titchmarsh
is essentially “classical”” with no reference to the operator theoretic concepts. Also we
note that for all A € ¢, (and in particular, for A = («+1)/2, x > — 1), the Laguerre’s
differential equation satisfies the following properties (for details see Theorem 3.5,
of Onyango-Otienol?),

Theorem 1.1-—(a) For the right-definite case (i. e. in Li (0, o0)), eqn. (1.6) is
(i) regularatx =0if — 1 < xa <0

(i) limit-circleat x = 0if 0 € « < 1

(iii) limit-pointat x = 0if | < « < oo

(iv) limit-pointatx = 4+ oo foralla > — 1.

(b) for the left-definite case (i. e. in H, , (0, o)), eqn. (1.6) is

(i) regularatx =0if — 1 <2« <0

(ii) limit-point at x = 0if 0 € a < oo

(iit) limit-point at x = + oo for all « > — 1.

(In the left-definite case, greater care must be taken in looking at real values of A in
order to determine the classification of the equation, see the example of Ong?® (section 4).

Our aim in this paper is to study the right- and left-definite problems for the
Laguerre differential equation with the methods of Titchmarsh'® in mind. We link the
Titchmarsh method with operator-theoretic results in the Hilbert function spaces

L} (0, o) and H}, (0, o).
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This approach is adapted from a similar discussion on the Legendre differential equa-
tion in a recent paper by Everitt® (see also Onyango-Otieno'’).

The paper is in five parts; after this introduction the second section considers the
essential properties of the Legendre differential equation. The third and fourth sections
are devoted to a study of the right-and left- definite cases; and five to certain remarks.

Notations
R-real field; ¢-complex field

L-1 ebesgue integration,
AC\4..—local absolute continuity;

if D is a set of elements f then ( f € D) is to read the set of all f € D.

(WD =a(ex+1)...(x +k — 1),k € Ny, with (¢), = |

2. THE LAGUERRE DIFFERENTIAL EQUATION

The standard form of Laguerre’s equation is given in (1.1a), but for the purpose
of considering both right- and left-definite problems the form (1.6) is to be prefered,
namely

— (x*tle=x ' (X)) + (x + 1)/2 x*e*y (x) = Ax*e™*y (x) ...(1.8)
(x € (0,0),a > — 1, AE¢)

with the coefficients p, ¢ and w as in (1.7).

Titchmarsh’s'® (section 4.16) the Laguerre diflerential equation is based on the
Liouville normal form of (1.6) by putting x = 2x!/* (or x = X?/4) and

Y&)= {X4“+2e_"2/2/42°‘+‘}‘/‘ y (x(X)), (X € (0, o)) 2.0
to give
v+ (& - rm-wm e o -
.+.(2.2)

However, it is evident from the results’® (section 4.16) that this equation does
not of itself enjoy the property of having polynomial solutions. Here we adapt the
analysis of Titchmarsh to apply similar methods to the eqn. (1.6) which does have the
Laguerre polynomials directly as solutions.

Now following the analysis in Onyango-Otieno!® (section 7.1) a solution of (1.6)
is of the form
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f (0+)
—TI' (1 = «)f2 + A) x™ +exp [~z (z+x)x+(u-1)/zd
Imi (=2A-&-Df z
...(2.3a)
(re(A — (¢« 4+ 1)25% — n,n€EN,)
Y. (xs A) = {
o0
x® exp [—z] . (z + x)A+=-Di d
| T+ D2 =72 A-EEOT ‘
[
| (2.3b)
IL (otherwise)
where the contour of integration ¢, from + oo, round 0 to + oo, excludes the point
z = — x (note that Y. (0, A) remains defined as x — 0, provided « > 0) with

(2202 = exp [(A — (« ~ 1)/2. log (—2)], 0 € arg (—2) < 2=
and
(z + )02 = expf(d + (= — 1)/2. log (z + X)}.
(note that under these circumstances the integrand is analytic in x and z).
To show that (2.3) satisfies Laguerre’s equation (1.6) put

~I'((1 —a)/2 4+ ]})
i Va (x,3)

Yo (x, ) =

where

(04+)
— g exp [—z] . (z + x)A+x-1)2
Ve (x,0) = x j 1.0+ 2
o0

Since V. (.,A) is analytic in x, it follows from a standard result in Titchmarsh'® (section
2.83) that

©+)
. x*lexp[—z].(z + x)At=-3)2
Vn (x, A) = J (—z)A~-&=Dr2
oo

X [(A — (a+1)2) x—az] dz.
Similarly ‘

(o+)

’ . —z]. (z + x)Ate-3)2
(x**le~* Va. (x, A) = e~* j exp { (jz))(n-(u‘n/)z {az?
co

— A =@+ DX -A -+ D2 -—)xzF+ QA+ (—1)
2)QA — @+ D)2x + (I — &)@+ (« — 1)/2) 2} dz
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Hence
Ge™= V. (x, M) + A — (2 + 1)/2) x* e7* Vi (x, A)
o) [-z]. @z + x)AHe-8)2
— 0+ = e [FRLEAE DT
[= <]
F+A—(=+ 1)2)x + (1 — a)2]dz
(o+)
= (A + (x — 1)[2)e~* [ dldz {exp [— z]. (z + x)A¥(®-302 (—z)-A+tati)sz}
o0
dz =0
(because the expression {...... } tends to zero as z - -+ eo) and this is the condition that

Y (., A) should satisfy eqn. (1.6).

To obtain a second solution Z, (., A) of (1.6) werec all its Liouville normal form
(2.2), namely

YX)+ A —XN164+(1/4—a)X) Y(X) =0 .(2.2)
(X € (0,0),2 € ¢)
Put
X =2x*Pand Y (x) = x~14 U (x); ...(2.9)
then with df dX = x'/? dldx, (2.2) now becomes
U (x) + (— 14 4+ Ajlx + (1 — «?)/dx?) U (x) = 0. .(2.5)

x€(0,0),AE ¢

which is a confluent hypergeometric equation. It has as one of its solutions’® (section
4.16), the series

- , zw (A + a2 — Ak
i a4 ®/
U (1) = xDfemelt {l — (= + Ik x"/k!}

...{2.6)
(x> — 1, x € (0, 20)).

It follows from (2.1) that Y (x) = x*/**1/t e=I2 y (x) (x € (0, o))

= x~14 U (x) (see 2.4).
Hence

¥y (x) = x—(u-ﬂ)'zeclz U(x).
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Put Z, (x, 2): = y (x); then from (2.6)

Zo =1+ SAEEDRN 2 ey

«.(2.7)

On substituting this into (1.6) and then comparing the coefficients of x* (k € N,),
Z, (., A) is shown to be a solution of Laguerre’s differential equation (1.6).

Note that the other solution of (2.5) turns out to be
Wa (x, A) == x**DI2 g2l 7, (x, A) ...(2.8)
where Y, (., A) is given by the integral (2.3)

In terms of confluent hypergeometric functions \F, (a; ¢; z) and U (a; c; z), the
solutions Y, and Z, may be expressed as

Ve (X, )=Ua + 1)2 — X a4+ 1; x) ...(2.9)
where
U(a;c; x) = T—(J%-cj 281 (x 4 z2)¢-2"lexp [—z] dz ...{2.10)

[}
(tea > 0,x > 0)
(witha = (1 +a)/2 — A),¢c =« + land z = x), and

Zo(x, )= F, (e +D2—-2 a4+ 1% ...(2.11)
where
1WFi(@e;x) =1+ z ((:% %!i’ (¢c = — n,n € N,). ...(2.12)
k=1

The asymptotic forms of the solutions Y, and Z, in the neighbourhood of the
singular end-points 0 and + oo can be calculated on using (2.9) and (2.12), and the
asymptotic forms of the confluent hypergeometric functions U (a; c; x) and ,F; (a; c; x)
as x — 0 and x —+ + oo; for details see Onyango-Otieno'®, (section 7.2).

In the case of Y, and Z, we find thatas x = 0

N
Ze@w ) =1+ «“(:‘J’r/z“: Ve X4 0(x]%) @>—1)

k=1

..(2.13)
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z, n=CEUEZM z o= =)

(= + 2k
+O(| x|V .(2.14)
eV = pie g O -1 <a< <0
= P—(-{l-_ﬁx)[logx + —g—(-(f—# 2 ]+ O (ix log xl)
(if « = 0and A £ } + n,n € N, v = Euler’s constant)
= T 5-(10;72 —y X O, (f0<a<D i
I'(1 .
= pﬁ—x_l+ O(llogx ) (fa=1)
T (=)

x4+ O(jxt*,ife>1)

V) D)

...(2.J15)
7] - l -
YI. (x, A) = ((al:*—((a),-*z_ 3)/;)—1:‘ (A“) + l) x—u-\+0(l)’ ]
(if -1 <o <0)
-z + D2 = AT (« 1
~ =« T ((3!+ 3)1; __( ,\)+ ) x*'+0( | log x |) !
(if « = 0)
=+ D2—)T (« + 1) -
- I« + 2=1) A ER Ry !
(f « > 0). )
(2.16)
Also as x — + oo, (withae > — land A € ¢)
Ze (1) = «ar'f ;)';21)_ ) x-Qremmes [l + 0 (| x| M)
e(2.17)
Z; (x, A) - ((a '2; ]_3_/21)— /\) P ((ar‘“’(_ﬁ3’;;221- A) x_(A+(a+])l') .
H+o(|xi™ ve(2.18)

N
Y. (x’ ) = z (— 1) ((“ + l)lz'k'!k)k «l - a)lz—'a)"x-HA-(ﬂﬂ)ﬂ
=0

+ O (] x| ~Nra-ciapm (2.19)
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and

: N
¥ (A = — ( «+1 A ) z(—l)*((u+3)/2—/\)k (1 —«)2 =A%
2 k!
k=0
X~ktA-(=t3)iz | 0( | x| —N+4\*(¢+5)/2). ...(2.20)
On the basis of these asymptotic results, the limit-point, limit-circle classification

in Theorem 1.1 of Laguerre’s differential equation in L2 (0, es) and H. _(0, =) can

Pa
be verified, and is seen to hold for ali A € ¢. Note that the linear independence of Y
and Z, is a consequence of the linear independence of U and ,F; (Erdelyi ef al.?).

3. THE RiGHT DEFINITE CASE
This section is partly adapted from Titchmarsh’s method!® (section 4.16).

Again consider the Laguerre differential equation in the form

x + 1
2
(XE(0,00),/\€¢, a > — 1)
since the solutions Y. and Z, of (1.6) are linearly independent, it follows from the
asymptotic results (2.13)—(2.16) that as x — 0, the Wronskian in the form

— (e Y () + X%e=ry (X) = A x%e~*y ()

[Zoz (-’ )‘)’ Y. ('! ’\)] (x) =P (x) (Z°'- ('! )') T; (" ’\) - Z; (-, ’\)

Yo (., M)x)
P(a+1) _—
~ p(x)[ —A (= +D2=0) 5 Gr =1~
— @+ D2 =N :(1“;;2 —5y *" ]

. T+ ( + D2 - 3
N R Y [‘ % x]

(provided « > — land « % 0). Thusasx — 0

Mz + 1)

[Zﬁ (-! A), Yk ('! ’\)] (x) ~ - I‘—((—a__,*__—])-li_:ﬁA)'

Since the Wronskian is not dependent on x, the left-hand side is a constant and there-
fore equals the right-hand side. Let

. M+1)
“@W: = T FDI =2

bo (x, A) 2 = Yu (x,4), do(x,):= Zu(x,]).

) A=@+D2+nne N) .31
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The Green’s function in this case is given by

r_ q‘ﬂ(x’A)‘bﬂ(th) 0<t<x<°°

f
CULES N
{—— ’m('\; P 0<x<t< oo
and from (3.1) the eigenvalues are given by
A,=n-+ (a4 1)2(0nE Ny« > — 1) (3.2)
Anticipating the definition of the operator T below, let
Po(To)={N,=n4+a+ 12, nE€ N, a«>—1). ...(3.3)

By a similar analysis as in Titchmarsh's, (section 4.16) we can show that the
eigenfunctions corresponding to eigenvalues Po (7.) are given by

) = n! e W, 0, o) ...(3.4

¢,,(x—-(m) Ly (x,(nE o,xG(,oo) ...(.)

where {L:“) (.), n € Ny} are the Laguerre polynomials.
We now leave the classical study of the Laguerre differential equation (1.6) and
consider the associated differential operator in this the right definite case.
Consider the differential expression
MIfl1(x):= — (x**e=f' (X)) + (& + D)2 x*e™® f(x), (x € (0, oo),

o> —1)

for any f: (0, o) — ¢, with fandf" € ACisc (0, =); and recall from Theorem (1.1)
that in the right-definite case, M [ f]is

(i) regularat0if — 1 <a <O
(i) limit-circle at 0if 0 < ¢ < 1
(iii) limit-point at 0 if 1| < @ < oo, and

(iv) limit-point at eo for all « > — 1.

With this in mind, we first consider the boundary conditions for both the regular and
limit-circle cases :

At 0, with — 1 < « < 0 (i. e. regular case) we impose a regular boundary condition
of the form, see Titchmarsh!® (section 1.6)

[/, $e] (0) =0, or equivalently, (pf’) (0) = 0. .-.(3.5)
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However, for the limit-circle case, 0 € « < I, at 0 we impose the Titchmarsh-Naimark
type of bounday conditions :

lim .[f,é(,N] (x)=0. ..(3.6)

x—>0+

For the limit-point case at 0, (with 1 << « < oo) and at + oo, we require the follow-
ing:

Lemma 3.1-—A necessary and sufficient condition for M [ f] to be limit-point
at 0 (1 < a < oo)and at + oo (u > — 1) is that

lim [/, gl(x) = lim6+p(x)[f(x)g' x)— (Dgx]=0

x>0+
(LEE Vo, 1 € o < 00) ...(3.7)
and
lim [f,g] () =0, (f,g2 € Va, x> — 1) ...(3.8)

x->+o0
where V. is a linear manifold of L? (0, o) defined by

VQ:={f:(0,°°)_> d f,pf’EACmc(o,Oo)
and

L, wIMIf]1 € L, (0, o)) ..(3.9)

Both Everitt! and Naimark® (section 17.4) have proved the general form of this result
for w (x) = 1; however, the extension to general weight functions w (x) presents no
additional difficulty®®.

Using (3,5), (3.6) and (3.9), we also define the followiqg linear manifolds of
" L2 (0, o), namely

Di:={fEV: () (PfIO)=0if -1 <a<O
and

(ii) lin}) [fido(LD](X)=0,if0<a< 1] ...(3.10)

and
Da: = Vu(l €a< oo). ...(3.11)

Now let T, be a linear operator defined in Li (0, ==) by

Tnf:=wiM[f](f€ D) ...(3.12)
where D (7.) : = D, is the domain of T,. Then on using the formula

8 —_ 8
fww M(fl.g—fw  ME} = (/] | (313)
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for all compact intervals [«, ] C (0, o) and then taking the limit as o« — 0* and
B -» 4+ oo follows from (3.5), (3.6) and Lemma 3.1 (depending on whether — 1 < «
< 0,0 a< lor]l € « < o0)that

(To f, 80 = (S Tu 8w ..(3.14)

where (., .)y is the inner product in L“"v (0, o),

If C;° (0,°) represents all infinitely differentiablelfunctions with compact support
in (0, o) then clearly C:° (0, @) C D (T%); hence D (T.)is dense in L: (0, o0),
From this result and (3.14) it follows that T, is symmetric in Li (0, oo).
If we also define
©:(0, 00) x (¢— R) x L% (0, 00) — ¢
by!® (section 2. 6)

OO, Af):i= T w()G(x 132 () dL. .(3.15)

Then
®(,Nf)€E D(T)
M[®)=Aw® + wfon (0, o). ...(3.16)

From this result it may be shown that

(Ta + i) D (Ty) = L (0, o).
Thus T, is a self-adjoint (unbounded) differential operator in the space Lfv (0, oo). We
summarise these properties as follows :

Theorem 3.2—(i) D (T.) is dense in L% (0, oo);

(ii)) T is a symmetric operator in sz (0,00);
(iii) Tu is a self-adjoint (unbounded) differential operator in L2 (0, o),
As for the spectrum of the operator T.; this consists of the set
Po(Te) = =n+(«+ 1)2,n€ Noyou > — 1}
see (3.3), each point of which is a simple eigenvalue with the corresponding eigenvectors,

the Laguerre polynomials {Lf.')( . ); n € N,}; clearly L,(." (.) €E D (T.),(n € N,).
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For any p» & Pao (7.), we can show as in the proof of part (iii) of Theorem 3.2, that
(Te — D) D (Ty) = L% (0, o), i. €. u is in the resolvent set of T [see Akhiezer and

Glazman', Section 43]. Hence spectrum of T4 is discrete.
The general spectral theory of self-adjoint operators’ (chapter V1), now yields

the completeness of the set of Laguerre polynomialsin L2 (0, o) as the set of eigen-

vectors of a self-adjoint operator T, in Li (0, o) with a simple, discrete spectrum.

The normalized eigenvectors {¢, (. ), n € Ny} of T, where

¢"(.)='JI—“(?Z+"$!1-*—I).L(:)('),(”€ NO))

then form an orthonormal basis in B2 (0, o).

4., Tue Lerr DeriniTe CASE

Again we consider the Laguerre differential equation (1.6), namely

M (x) = — (x*M ey (x)) + a + 1/2x> e %y (x) = Ax* e~*p (x)
...(1.6)

(xE(09°°)9A€¢,¢>—1.

As in section 1 above, we define H;, g (0, 0) = H;,q as the Hilbert function space

H:,q (0,00) = {f:(0,0) > ¢:f E AC\4 (0, o0), g2 f
and
prf € L2 (0, oo)} ...(1.4)

with inner-product

(/.8 = :Ic{p S8 +qf8 ..(1.5)

and norm || f ||g; where
p(x)=xFe*g(x)=(+ DRwx),w(x)= x*e*
(x€0)°°):“> - 1)

We note here that by replacing the Hilbert space Li (0, o0) with H:, (0, =), and

with a similar analysis to that of the right-definite case we obtain the same results in
in (3.2) and (3.4). For more details see Onyango-Otieno'®'*! (section 7.3 and section 4
respectively).
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As in section 3 above, we construct the resolvent function ®; in fact we can iden-
tify @ with © of (3.15)

® (5, X f) =0 (x, %) 41)
but now defined for x € (0, ¢0),A € ¢ — {n + __{_‘%‘_,L; neE N,y a > — 1} and
all f€ HJ, (0, e0). Itisconvenient to define

¥ : (0, oo) XH:,a (0, =) — ¢ by

¥ ): =@ (x,0,1) ..(4.2)
Then following from (3.16)
MY (x, /)] = w(x) f(x), (x € (0, o0)). ...{(4.3)

We consider now a linear operator 4. defined on H;, . (0, =) by
(4o f) (x) = ¥ (x; 1), (x € (0, o0)) ...(4.4)

forall f € H:,c (0, =0). Our aim is to show that A. satisfies the following properties.

Theorem 4.1—(i) A« is a bounded linear operator on H:,q (0, o); (i) Ao is
a symmetric operator; (iii) A« has an inverse operator A;l .
To prove this we require :

Lemma 4.2—Let f € H;,¢ (0, o0), w(x) = x*¢ * (« > — 1) then
(@) ¥(.;f) €L (0,
(ii) _1i1(1)1 pXY (x;f)gx) =0, (8 € H;q ) ;

(i) lim p(X) ¥ (xf)g(x)=0,(g € H,,)

x>0

vy ¥ (;f) € H:

»¢

(0, o).

Proor : (i) This follows form the definition (4.1) and (4.2) of ¥ and the asym-
ptotic properties of the solutions Y. and Z, of Laguerre’s equation; see (2.13), (2.15),
(2.17) and (2.19).
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(ii) Let g € H:,q (0, oo) and recall that p (x) = x**le~% (& > — 1);
then
g(x)=g(@ — [ g (t)dt 0 < a< o)
and

le@I<ie@ +| fgmar
<@+ @de [0 g 0| arpr

<lg@|+ {I: P (1) di gl

since p71(x) = x>V e* ~ x7* "1 (x » 0, 2 > — 1), it follows that for some positive
constant K,

| §roterdr | < Ko | [ 071 de | = Kofa (x=* ~ a-®).
® x

Hence

gx)=0(]x]| =" (x—>0). ..(4.5)
Also

x x X

Jreletdt =[et>] + (a+ 1) & 7%t
and

x
[ et >2dt ~ e x*"% (x > 4+ oo);
a
hence for some positive constant ki,
X
[fetoldt| Qe | x| + kie|x]| ™
a

so that
g(x) = ez x4+ 0(1x]|-1?)), (x > + o). ...(4.6)

Also, from (4.1), (4.2) and the asymptotic properties of the solutions of the differential
equation (1.6) we obtain

i wée (,0) f=0(] x| x—0),
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so that

Y, (0)g %

Sy MO =0 (x| e x| ek x| oy

. =0(*|x|')(x —> 0)
=o()(x—>0)
(where @ (0) = — T'(a + 1)/ T ((@ + 1)/2; x > — 1 see (3.1)).

Similarly

e, (0 &

O] MO = 0 (1% | pele ) (x> 0

=o0(1), (x = 0).

Hence

p(X)Y (xf)g(x) = o0(1) (x > 0) which proves part (ii).

(iii) Also for this part, the asymptotic properties of the solutions of Laguerre’s
differential equation give

z W (., 0) f= O (e | x| '), (x > + oo)

and

Twde(,0 f= 0= x| ), x> + o)
hence

Py, (087

w (0) I Whe (., 0) f= O (| x|t e®| x| ()| x| —(atD)2
o
exlt \ X I -1z ep,g)

= 0(|x] %%, (x = o)

=0 (1)’ (x -> °°).
Similarly,

Péy (,0) g ®
o | MO = 0 (1% () (x> oo)

=0 (1), (x = o0).
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Hence
pX)Y (x;f)g (x) = o(l)(x - oo) and this proves part (iii).
(iv) From (4.3) we have

[wi®@Gr) = [ MI¥GNT () (€ H and 0<s<t<eo)

-

f

f{-@¥Y G +q¥Y (O RYQGSH

“

=¥ GOF G ] + :r{p LW (Gf) 12+ q 1Y)

Let s > 0 4+ and t > + oo, then from parts (ii) and (iii) above we obtain

8

w5 = Tl GHIP+HIY G

a'*->8

S,

=¥y -

The Cauchy-Schwarz inequality applied to the left-hand side gives

¥ GOy =1 Tw TG

=2} oc
<{of wifi? f, wl¥ ()1 --(4.7)
< oo
(because f € H} (0,00) C L, (0, %), and ¥ (;f) € L} (0, o) see part (i)
above); hence ¥ (.; /) € H;,q (0, o) and this completes the proof of the lemma.

Proof of Theorem 4.1 : (i) From (4.7) and

1 6o < Feiri Twrvenipn

< 25 deirirarn fprvene

+g | YGAOIRE (@ >—1)
[recall that p (x) = x**le =, g(x) = (e + D2wE),w(x) =x*e" a> — 1,
x € (0, oo)]
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TG < sz 1710 1¥ Gl

or [see (4.4)]
lde fllae = I¥ (e < 2/(@ + DI fllg

i. e. Ay is bounded in H:, . (O, o),

(li) Let .f’ g € HP,q (0; °°);
then
A“‘ ( f:g)H = (‘F (';f)s g)H

- lim S ¥ GHT+aY ()T
F i d s
o0

0 <5 <t<<oo)

T (=Y Gy +4¥GN e

0

Il

(on using Lemma 4.2)

Ty e
= fw 17 [see 4.3)]

- T 5 MY G

= (f, 4« 8)H

(on reversing the argument); tbus Ao is symmetric. Since 4. is bounded it follows
that A, is self-adjoint.

(i) Letduf=0,(fE€ H,, (0, o))

i.e. ¥(x:f)=10 (x € (0, =)); then from (4.3)
0=M[¥(;/)]=wfon(0, o)

i. e. f =0in H}, (0, c). Thus A. has an inverse operator A" and this completes

the proof.
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Now define an operator Su. : D(S.) C H), "— H, by
D(S):=(Af:fE H'y @)}, |

and ! (4.8)
Sufi= A7 F(SfE€ DS j

A standard result in Hilbert space theory® (section 4.1, corollary to Theorem 1), im-
plies that S, is self-adjoint (bounded or unbounded); indeed S. must be unbounded
since, from tha properties of ¥, it follows that if f € D (S.) then /' € ACioc (0,00),

and so D (Sy) is strictly contained in H;, e (0, oo), even though D (S.) is dense in H :,q

(0, oo); it can be shown that if S is bounded then D (S,) = Hj,q (0, o), a contra-

diction. Thus S. is an unbounded self-adjoint operator. Also an analysis similar to
that in Everitt® (section 4) and Onyango-Otieno'! (section 4) now shows that S, has
a simple discrete spectrum

a(Su)=PaSu)={n+(=x+ 2;n€E Ny, a > — 1}
identical with P o (T) of the operator T. introduced in (3.3), and the corresponding

eigenvectors are the Laguerre polynomials {Z*’ (.), n € Ny, « > — 1}. The spectral

theory for self-adjoint operators in a Hilbert space, see [Akhiezer and Glazman!, chapter
VI], now implies that the Laguerre polynomials form a complete orthogonal set in

H} (0, o), and hence inL®, (0, eo) because the set H3, (0, <o) is dense in L7, (0, o).

5. REMARK ON OPERATORS Tu AND Su

(i) It is of interst to note that we could have defined the operator T, in the same
way as the operator S, in section 4. For with the resolvent function defined by (3.15).

let the operator B, be defined on L? (0, o))

Baf)(X):=®(x,0,f), (x €(0,0), fE L. (0, =0)).

Then with a similar analysis to that in section 4 we can prove that B, is a bounded
symmetric operator on Li (0, o) into Li (0, =), that the inverse B, ! exists and
the operator Ty as defined in section 3 satisfies

TQ=B;1 .

This gives therefore an alternative way of determining the operator T. in the right-
definite case.
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(ii) [t is also of some interest to compare the operators T, and S, as defined in
sections 3 and 4 respectively.

T. is an unbounded self-adjoint differential operator in L} (0, o) with a simple
discrete spectrum (n + (x + 1)/2, n € Ny, « > — 1) and corresponding eigenvectors

{LP(.),n€ Ny}

S, is an unbounded, self-adjoint operator in #, 2,q (0, o<) with the same simple,

discrete spectrum and corresponding eigenvectors; however, we hesitate to call S, a
dffferential operator for the reasons given below.

T, and its domain D (T,) is defined directly in terms of the differential expres-
sion M{y] = — (py) + gy.

For S., the situation is different; we defined S, as the inverse A;l of a bounded

symmetric operatorin H ;‘q (0, o=). While we can say something about the elements of
D (S.), it does not seem possible to characterise the opetator S, directly in terms of
M [y]. The definition of S, as S« : = A_' depends upon a general theorem in Hilbert

space theory! (section 41) which provides for the existencc of S,, but does not give a
constructive definition in general. Thus S, appears as a differential operator only
in an indirect sense in comparison to 7.

(iii) We also note that the Laguerre differential equation is but a confluent case
of the Jacobi differential equation; and by applying the limiting relations associated
with their polynomial solutions”? the foregoing results can be extended to the case
of Jacobi’s differential equations.
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