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Instructions 
1. This examination consists of FOUR questions and an appendix to one of the questions. 
2. Answer Question ONE (COMPULSORY) and any other TWO questions. 
 

Question 1 (20 Marks) 

a. Distinguish between numerical and analytical methods in the solution of mathematical 

problems. 

(3 Marks) 

b. Describe the bisection method and explain how it differs from the Newton-Raphson 

method. 

(4 Marks) 

c. Consider a random sample of size 𝑛 from the 𝐵𝑖𝑛ሺ1, 𝜋ሻ distribution, with the probability 

density function 

𝑓ሺ𝑥; 𝜋ሻ ൌ 𝜋௫ሺ1 െ 𝜋ሻଵି௫,  𝑥 ൌ 0,1 

i) Derive expressions for the likelihood, log-likelihood, score, and information based on a 

random sample of size n obtained from this population. 

(6 Marks) 

ii) Derive expressions for the maximum likelihood estimator (MLE) and standard error of 𝜋, 

(4 Marks) 

iii) If the sample estimate of 𝜋 based on a random sample of 36 is  𝜋ො ൌ 0.22, determine a 95% 

confidence interval for 𝜋. 

(3 Marks) 



Question 2 (20 Marks) 

The probability density function of a continuous random variable 𝑌 from the Cauchy distribution 

is given as 

𝑔ሺ𝑦ሻ ൌ
1

𝜋ሾ1 ൅ ሺ𝑦 െ 𝜃ሻଶሿ
 

a) Derive expressions for the likelihood, log-likelihood, score, and information based on a random 

sample of size n obtained from this population. 

(12 Marks) 

b) Write a program or computational algorithm that would be used to determine the maximum 

likelihood estimate of 𝜃. Ensure that the algorithm has a starting value and a stopping rule and 

also provides an output of the hessian and log-likelihood. 

(8 Marks) 

Question 3 (20 Marks) 

a) Consider the following data:  

X 1 2 4 

Y 1 3 1 

 

Use quadratic spline interpolation to find the approximate value of y at x=3. 

Hint: 
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(10 Marks) 

b) Consider the following data 

ሺ𝑥ଵ, 𝑦ଵሻ ൌ ሺ300,0.616ሻ; ሺ𝑥ଶ, 𝑦ଶሻ ൌ ሺ400,0.525ሻ; ሺ𝑥ଷ, 𝑦ଷሻ ൌ ሺ500,0.457ሻ;  

Use polynomial interpolation to determine the value of the function at x=420. 

Hint: 
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     (10 Marks) 



Question 4 (20 Marks) 

a) Show that the probability density function of the Bernoulli distribution,  

𝑓ሺ𝑦ሻ ൌ 𝜋௬ሺ1 െ 𝜋ሻଵି௬, y ൌ 0, 1, 

belongs to the exponential dispersion family 

𝑓ሺ𝑦; 𝜃ሻ ൌ exp ቈ
𝑦𝜃 െ 𝑏ሺ𝜃ሻ

𝜙
቉ ൅ 𝑐ሺ𝑦; 𝜙ሻ. 

(3 Marks) 

b) Also show that the mean and the variance of the Binomial distribution are equal to 𝑏′ሺ𝜃ሻ 

and 𝑏′′ሺ𝜃ሻ, respectively. 

(3 Marks) 

c) Consider the generalized linear model 

𝑔ሺ𝜇௜ሻ ൌ 𝑿௜𝜷 

where 𝐘 ൌ ሺ𝑌ଵ, … , 𝑌௡ሻ′ is an ሺ𝑛 ൈ 1ሻ vector of response values belonging to the Bernoulli 

distribution, 𝐗 is an  ሺ𝑛 ൈ 𝑘ሻ design matrix corresponding to the explanatory variables 

𝑋ଵ, … , 𝑋௞, 𝜷 ൌ ሺ𝛽଴, 𝛽ଵ, … , 𝛽௞ሻ′ is the vector of parameters. 

Derive an expression for the estimating equation and Hessian that would be used to 

estimate the vector of parameters 𝜷. 

(14 Marks) 


