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INSTRUCTIONS 

1. This examination consists of FIVE questions 

2. Answer Question 1 (COMPULSORY) and 2 optional questions out of Question 2 ‐ 5 

Question 1 (30 Marks) 

 
A. The main theoretical ingredients that allow to compute approximations of 

expectation from a sample of a given distribution are provided by the Law of Large 
Numbers and the Central Limit Theorem. 

i. What is the difference between Law of Large Numbers and the Central Limit 
Theorem?         ሾ2 marksሿ 

ii. Consider a European-style option 𝜑ሺ𝑆்ሻ with the payoff function 𝜑 depending on 
the terminal stock price. We can compute a fair price for 𝜑ሺ𝑆்ሻ taking the 
discounted expectation 𝐸൫𝑒ି௥்𝜑ሺ𝑆்ሻ൯. Write a pseudocode for an algorithm that 
will compute this expectation, its variance and the confidence interval.  
          ሾ6 marksሿ 

iii. The size of the confidence interval is determined by the variance and the size of 
the sample. Explain how the method of Antithetic variate works as a variance 
reduction technique.       ሾ4 marksሿ 

B. Solve the following system of linear equations using the Doolittle's method 

6𝑥ଵ െ  15𝑥ଶ ൅  55𝑥ଷ ൌ  76 

15𝑥ଵ ൅  55𝑥ଶ ൅  225𝑥ଷ ൌ  295 

55𝑥ଵ ൅  225𝑥ଶ ൅ 979𝑥ଷ ൌ  1259   ሾ5 marksሿ 

C. Using the Taylor Series expansion, show that the four-point forward difference for 
the second derivative can be expressed as: 

𝑓ᇱሺ𝑥௜ሻ ൌ  
2𝑓ሺ𝑥௜ሻ െ 5𝑓ሺ𝑥௜ାଵሻ ൅ 4𝑓ሺ𝑥௜ାଶሻ െ 𝑓ሺ𝑥௜ାଷሻ

ℎଶ  



           ሾ4 marksሿ 

D. Using the inverse transform method for generating random numbers, generate a 
random variable X with distribution: 
𝑃ሺ𝑋 ൌ 1ሻ ൌ 0.4 , 𝑃ሺ𝑋 ൌ 2ሻ ൌ 0.3, 𝑃ሺ𝑋 ൌ 6ሻ ൌ 0.1, 𝑃ሺ𝑋 ൌ 7.5ሻ ൌ 0.2   
          ሾ3 marksሿ 
 

E. Show that the number of iterations of the Rejection method, for a random variable, 
X, with density function 𝑓ሺ𝑥ሻ, follows a geometric distribution with mean 𝑐 ൌ

max
௫

𝑓ሺ𝑥ሻ
𝑔ሺ𝑥ሻ൘ . Assume 𝑔ሺ𝑥ሻ has a heavier tail than 𝑓ሺ𝑥ሻ.  ሾ4 marksሿ 

F. Under the context of numeric schemes in SDEs, the Euler Maruyama and the 
Milstein Schemes can be applied to pricing options. Identify which can be used to 
price path-dependent and path-independent options and explain why each is 
suitable for the choice of option you have made. ሺIn your answer, make sure to 
explain what it means for a numeric scheme to be strongly and weakly convergent 
with order 𝛾ሻ.           
 ሾ2 marksሿ 

Question 2 ሺ20 Marksሻ 

Show that: 

i. The Black-Scholes initial boundary value problem can be expressed as: 

ቈ
𝛿𝐶
𝛿𝑡

൅ 𝑟𝑆
𝛿𝐶
𝛿𝑆

൅ 1
2ൗ

𝛿ଶ𝐶
𝛿𝑆ଶ 𝜎ଶ 𝑆ଶ െ 𝑟𝐶቉ ൌ 0 

Make sure to clearly highlight what the initial and boundary conditions are 
for the above BS-IBVP.       ሾ4 
marksሿ 

ii. Using the finite difference methods, the approximation for the BS-IBVP obtained 
in ሺiሻ can be expressed in the form: 
 

𝐶௝
௡ାଵ ൌ 𝛼௜𝐶௝ିଵ

௡ ൅ 𝛽௜𝐶௝
௡ ൅ 𝛾௜𝐶௝ାଵ

௡  
Clearly state what 𝛼௜, 𝛽௜ and 𝛾௜ are and also make sure to express the finite 
difference approximation for your initial and boundary conditions. 
ሺNOTE: use the central difference to approximate the first derivative wrt t, the 
backward difference for the first derivative wrt S and the 3-point central 
difference for the second derivativeሻ      ሾ8 
marksሿ 

iii. Consider the most general linear second order differential equation that is of the 
form: 

𝑦ᇱᇱሺ𝑥ሻ ൅ 𝑝ሺ𝑥ሻ𝑦ᇱሺ𝑥ሻ ൅ 𝑞ሺ𝑥ሻ𝑦ሺ𝑥ሻ ൌ 𝑟ሺ𝑥ሻ, 𝑎 ൑ 𝑥 ൑ 𝑏 𝑤𝑖𝑡ℎ 𝑦ሺ𝑎ሻ ൌ 𝐴 𝑎𝑛𝑑 𝑦ሺ𝑏ሻ ൌ 𝐵 
 



Using the central difference approximation for both derivatives, show that the 
equation can be written in the form 𝐴௛𝑌௛ ൌ 𝑅௛ where: 
 
 𝐴 ∈  ℝሺேିଵሻൈሺேିଵሻ that you will specify, 𝑅 ∈  ℝሺேିଵሻൈଵ that you will also specify 

and 𝑌 ൌ ቌ
௬భ
௬మ...

௬೙షభ

ቍ.        ሾ8 marksሿ 

Question 3 ሺ20 Marksሻ 

A. Assume that a stock price 𝑆ሺ𝑡ሻ is driven by the SDE 

𝑑𝑆ሺ𝑡ሻ ൌ  𝜇ሺ𝑆ሺ𝑡ሻ, 𝑡ሻ𝑑𝑡 ൅  𝜎ሺ𝑆ሺ𝑡ሻ, 𝑡ሻ𝑑𝑊௧. 

i. Write the integral form of the above equation by integrating 𝑑𝑆ሺ𝑡ሻ from t to t ൅
dt.   

ሾ2 marksሿ 
ii. Obtain the Euler discretization of your equation from ሺiሻ above. ሾ2 marksሿ 

iii. Using Ito’s lemma with 𝑓 ൌ 𝐵௧
ଶ, verify that ׬ 𝐵௦𝑑𝐵௦ ൌ ஻೟

మି௧

ଶ
.  ሾ4 marksሿ 

Now consider a homogeneous scalar SDE of the type 

𝑑𝑆ሺ𝑡ሻ ൌ  𝜇൫𝑆ሺ𝑡ሻ൯𝑑𝑡 ൅  𝜎൫𝑆ሺ𝑡ሻ൯𝑑𝐵௧,       𝑆ሺ0ሻ ൌ 𝑠 

Using ሺiiiሻ above and the integral form of Ito’s lemma  

𝑓ሺ𝑋௦ሻ ൌ  𝑓ሺ𝑋௦ሻ ൅ ׬ ൫𝑓ᇱሺ𝑋௨ሻ𝜇ሺ𝑋௨ሻ ൅ 1
2ൗ 𝑓ᇱᇱሺ𝑋௨ሻ 𝜎ሺ𝑋௨ሻଶ൯𝑑𝑢 ൅ ׬ ൫𝑓ᇱሺ𝑋௨ሻ𝜎ሺ𝑋௨ሻ൯𝑑𝐵௨

௦
௧೔

௦
௧೔

, 

derive an expression for the Milstein Scheme.    ሾ12 marksሿ 

Question 4 ሺ20 Marksሻ  

A. Let 𝑓ሺ𝑡, 𝑆௧ሻ be a smooth function of two variables that is twice differentiable in 𝑆௧ 
and once in 𝑡.  

i. Use the Taylor series expansion to find an expression for 𝑑𝑓ሺ𝑡, 𝑆௧ሻ ሺignoring 
terms with order higher than 2ሻ.      ሾ2 
marksሿ 

 
ii. Let 𝑆ሺ𝑡ሻ be governed by the following SDE where  𝜇ሺ𝑡, 𝜔ሻ ൐ 0 and 𝜎ሺ𝑡, 𝜔ሻ ൐ 0: 

𝑑𝑆ሺ𝑡ሻ ൌ  𝜇ሺ𝑡, 𝜔ሻ𝑑𝑡 ൅  𝜎ሺ𝑡, 𝜔ሻ𝑑𝑊ሺ𝑡, 𝜔ሻ  

 
Using your answer in ሺiሻ above, show that 𝑑𝑓ሺ𝑡, 𝑆௧ሻ can be written as: 
 

𝑑𝑓ሺ𝑡, 𝑆௧ሻ ൌ  ቈ
𝛿𝑓
𝛿𝑡

൅
𝛿𝑓
𝛿𝑆

𝜇ሺ𝑡, 𝜔ሻ ൅ 1
2ൗ

𝛿ଶ𝑓
𝛿𝑆ଶ 𝜎ଶሺ𝑡, 𝜔ሻ 𝑑𝑊ሺ𝑡, 𝜔ሻ቉ 𝑑𝑡 ൅

𝛿𝑓
𝛿𝑆

𝜎ሺ𝑡, 𝜔ሻ 𝑑𝑊ሺ𝑡, 𝜔ሻ 



          ሾ4 marksሿ 
 

iii. Let    𝜇ሺ𝑡, 𝜔ሻ ൌ  𝜇𝑆ሺ𝑡ሻ,  𝜎ሺ𝑡, 𝜔ሻ ൌ  𝜎𝑆ሺ𝑡ሻ  and 𝑓ሺ𝑆ሻ ൌ lnሺ𝑆ሻ. Using the equation in 
ሺiiሻ above, derive the closed form solution of 𝑆ሺ𝑡ሻ   ሾ5 marksሿ 

 

B. For Asian options, the average put option traded on the market has a payoff of the 
form: 

൭
1
𝑛

෍ 𝐾 െ 𝑆௧೔

௡

௜ୀଵ

൱

ା

 

The Black-Scholes model does not have an analytical expression for this price. 
However, the geometric average of the Asian option, which is of the form: 

ቌ𝐾 െ ൭ෑ 𝑆௧೔

௡

௜ୀଵ

൱

ଵ ௡ൗ

ቍ

ା

 

has an analytical formula.  
 
Using the appropriate control variate ሺwhich you will need to express using the 
information aboveሻ, for M simulated sample paths, write down the pseudocode of 
how you will implement the antithetic method of variance reduction for the price of 
an average put Asian option. ሺNote that the price is the discounted expected payoffሻ. 

          ሾ9 marksሿ 

Question 5 ሺ20 Marksሻ 

Given that the payoff of a hedged portfolio has a lower standard deviation than the payoff 
of an unhedged one, using hedges can reduce the volatility of the value of the portfolio. A 

delta hedge consists of holding ∆ ൌ  𝛿𝐶
𝛿𝑆ൗ  shares in the underlying asset, which is 

rebalanced at the discrete time intervals. At time T, the hedge consists of the savings 
account and the asset, which closely replicates the payoff of the option. 

i. Using the martingale property and the fact that the option price is the value of the 
hedging portfolio, obtain the hedged control variate.   ሾ5 marksሿ 

ii. The price of an option is obtained by finding 𝐸ℚ𝜑ሺ𝑆்
௫ሻ. Write an expression for the 3-

point forward finite difference of ∆ ൌ  𝛿𝜑
𝛿𝑆ൗ  where 𝑆்

௫ denotes the value of 𝑆் 

under the condition 𝑆଴ ൌ 𝑥        ሾ3 
marksሿ 

iii. ∆ can be estimated using Monte Carlo methods. Under the BS Model 

 𝑆்
௫ ൌ 𝑥 ൈ 𝑒𝑥𝑝 ൬ቀ𝑟 െ 𝜎ଶ

2ൗ ቁ 𝑡 ൅ 𝜎𝑊௧൰ 



Write an expression for the estimate of ∆ using the principles of Monte Carlo 
estimation and substitute 𝑆்

௫ with the appropriate expression given the above BS 
equation.         ሾ4 marksሿ 

iv. Since for vanilla options the payoff function is not twice differentiable, Gamma 
cannot be computed by path wise differentiation of the payoff function. However, 
the likelihood ratio is a way that can be used to calculate gamma. Assume that the 
transition density is known to be 

𝑔ሺ𝑆்
௫ሻ ൌ 𝑔ሺ𝑥, 𝑆்

௫ሻ 
Further assume that the transitional density is smooth and all derivatives can be 

computed. Derive the expression for gamma Γ ൌ ఋమ

ఋ௫మ 𝐸ሾ𝜑ሺ𝑆்
௫ሻሿ using the likelihood 

ratio method          ሾ8 marksሿ 

 

 


