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Abstract. In this paper we introduce cocycles of multifunctions, and we study the concept
of attractors for them by using of semibornologies. We define a kind of conjugate relation
on them, and we show that a conjugacy takes an attractor to an attractor. We consider the
role of semibornology on the existence of new attractors.
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1. Introduction

Cocycles in continuous or discrete cases play an important role in the modeling of nature
phenomena [2, 5]. Here we extend this notion to multifunctions. We introduce the concept of
attractors for cocycles of multifunctions. If in a cocycle all the multifunctions are equal, then
this notion is equivalent to the concept of attractors for multifunctions, which has been studied
first by Lasota and Myjak [6]. We present an equivalence relation on cocycles, and we show that
if two cocycles are conjugate with a conjugacy h, then h takes an attractor of the first cocycle
to an attractor of the second one. We consider the effect of semibornology on an attractor of a
cocycle. We present a class of cocycles by using of top spaces.

2. Non-autonomous dynamical systems created by multifunctions

Suppose X1 and X2 are two sets, a relation F1 : X1 → X2 is called a multifunction if X1 is the
domain of F1. If X = {Xi}∞i=0 is a sequence of sets and F = {Fi : Fi : Xi → Xi+1}∞i=0 is a
sequence of multifunctions, then we say that (X,F ) is a cocycle of multifunctions. In this kind
of dynamics we have many choices to continue a process. This situation occurs in the meanings
of sentences. For example saying one sentence by a person can have different meanings for the
others, and the new sentences of each of them, also can have different meanings for the others.
To continue this process we find a cocycle of multifunctions.
When each Fi is a function, then (X,F ) is a non-autonomous dynamical system [4]. So generally
a cocycle of multifunctions creates a class of non-autonomous dynamical systems.
Iterated function systems [1] are also a special case of cocycle of multifunction. In a cocycle if
X0 = X1 = X2 = ..., F0 = F1 = F2 = ..., and for each x ∈ X0, the cardinality of F0(x) is a
constant natural number, then it is an iterated function system.
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We assume that β is a semibornology for

∞⋃
i=0

Xi [9], this means that β is a cover for

∞⋃
i=0

Xi, and

it is closed under finite unions. A semibornology β is called a bornology [3] if any subset of each
member of β is a member of it. For example the set of bounded subsets of a metric space is a
bornology for it, and the set of closures of the subsets of a topological space is a semibornology
for it.
We assume that (Ai)

∞
i=0 is a sequence with Ai ⊆ Xi. The lower bound of (Ai)

∞
i=0 is denoted by

LiAi and it is the set of x ∈
∞⋃
i=0

Xi such that for each B ∈ β with x ∈ B there is i0 ∈ N ∪ {0}

such that B ∩ Ai 6= ∅ for all i ≥ i0. The upper bound of (Ai)
∞
i=0 is denoted by LsAi, and it

is the set of x ∈
∞⋃
i=0

Xi such that for all B ∈ β with x ∈ B there exists i0 ∈ N ∪ {0} so that

B ∩ Ai 6= ∅ for infinitely many i ≥ i0. We say that (Ai)
∞
i=0 has bounded limit if LsAi = LiAi.

The bounded limit of (Ai) in the case of existence is denoted by LbAi, and it is defined by
LbAi = LsAi.

Suppose h :

∞⋃
i=0

Xi →
∞⋃
i=0

Xi is a bijection with hi(Xi) = Xi, where hi is the restriction of h to

Xi, and i ∈ {0, 1, 2, ...}. We say that h is a semibornological bijection if h(B) ∈ β, and h−1(B) ∈
β, for all B ∈ β.

Theorem 2.1. If h is a semibornological bijection, then h(LiAi) = Lihi(Ai), h(LsAi) = Lshi(Ai),
and h(LbAi) = Lbhi(Ai).

Proof. We only prove that h(LiAi) = Lihi(Ai). The other parts can prove by similar
method.

x ∈ LiAi ⇔ For all h(B) ∈ β with x ∈ h(B) there is i0 such that

h(B) ∩ hi(Ai) 6= ∅ for all i ≥ i0. ⇔ For all B ∈ β with h−1(x) ∈ B there is i0

such that h(B ∩Ai) 6= ∅ for all i ≥ i0. ⇔ For all B ∈ β with h−1(x) ∈ B there is i0

such that B ∩Ai 6= ∅ for all i ≥ i0. ⇔ h−1(x) ∈ LiAi.
Thus h(LiAi) = Lihi(Ai).

�

3. Attractors

We assume that X and F are the sets of previous section and β is a semibornology for

∞⋃
i=0

Xi.

Definition 3.1. A non-empty subset A of

∞⋃
i=0

Xi is called an attractor for a cocycle (X,F ) if for

all ∅ 6= B ∈ β with A ⊆ B, we have A = LbFi(B ∩Xi).

Example 3.2. For i ∈ {0, 1, 2, ...} we take Xi = Ri+1, and we define

Fi : Ri+1 → Ri+2

(x1, x2, x3, ..., xi+1) 7→ {( 1

2j
x1,

1

2j
x2, ...,

1

2j
xi+1,

1

2j
xi+1) : j ≥ i}.

If β = {
∞⋃
i=0

Bi : Bi is the closure of an open set in R
i+1}, then {0, (0, 0), (0, 0, 0), ...} is the

attractor of (X,F ).
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Now we assume that (X,F ) and (X,G) are two cocycles of multifunctions and β is a

semibornology for

∞⋃
i=0

Xi. Moreover we assume that h :

∞⋃
i=0

Xi →
∞⋃
i=0

Xi is a bijection such that

hi(Xi) = Xi, where hi is the restriction of h to Xi, and i ∈ {0, 1, 2, ...}. We say that (X,F ) is
conjugate to (X,G) under the conjugacy h if h is a semibornological bijection, and for given
i ∈ {0} ∪N , the following diagram commutes.

Xi
Fi−→ Xi+1

hi ↓ ↓ hi+1

Xi
Gi−→ Xi+1

.

Theorem 3.3. If A is an attractor for (X,F ), and if (X,F ) is conjugate to (X,G) under a
conjugacy h then h(A) is an attractor for (X,G).

Proof. Suppose B ∈ β with h(A) ⊆ B be given. Since h−1(B) ∈ β, and A ⊆ h−1(B),
then A = LbFi(h

−1(B) ∩Xi). Theorem 2.1. implies h(A) = Lbhi+1(Fi(h
−1(B) ∩Xi). Thus

h(A) = LbGi(hi(h
−1(B) ∩Xi)) = LbGi(B ∩Xi).

So h(A) is an attractor for (X,G).

�

If (X,F ) is a cocycle of multifunctions and β is a semibornology for X =

∞⋃
i=0

Xi, then we define

C(β) by

C(β) = {D ∈ β : For given y ∈ D and for all x if there is j such that y ∈ Fj(x)

then there is B ∈ β with x ∈ B such that Fi(B ∩Xi) = D ∩Xi+1 for all i}.
If we denote an attractor of (X,F ) with respect to a semibornology β by Aβ , then we have the
next theorem.

Theorem 3.4. If C(β) is a cover for X, then C(β) is a semibornology for X. Moreover if Aβ is
an attractor and if there is E ∈ C(β) such that Aβ ⊆ E then there is an attractor AC(β) such
that Aβ ⊆ AC(β).

Proof. Let D1, D2 ∈ C(β) and y ∈ D1 ∪ D2 be given. Without loss of generality we
assume that y ∈ D1. We choose z ∈ D2, then there exist a ∈ X and l ∈ N ∪ {0} such
that z ∈ Fl(a). If y ∈ Fj(x) for some j, then there exist B1, B2 ∈ β such that x ∈ B1

and a ∈ B2 and Fi(Bj ∩ Xi) = Dj ∩ Xi+1 for all i ∈ N ∪ {0}. For given i ∈ N ∪ {0},
Fi((B1∪B2)∩Xi) = Fi(B1∩Xi)∪Fi(B2∩Xi) = (D1∩Xi+1)∪(D2∩Xi+1) = (D1∪D2)∩Xi+1.
Since x ∈ B1 ∪ B2 ∈ β, then D1 ∪ D2 ∈ C(β). So it is a semibornology for X. If x ∈ Aβ ,
then for all B,E ∈ β with x ∈ B, and Aβ ⊆ E there is i0 such that for infinitely i ≥ i0,
B ∩ Fi(X ∩ E) 6= ∅, and there is k ∈ N so that for all i ≥ i0 + k, B ∩ Fi(X ∩ E) 6= ∅. Since
C(β) ⊆ β, then for all B,E ∈ C(β) with x ∈ B, and Aβ ⊆ E there is i0 such that for infinitely
i ≥ i0, B ∩ Fi(X ∩ E) 6= ∅, and there is k ∈ N so that for all i ≥ i0 + k, B ∩ Fi(X ∩ E) 6= ∅.
Thus x ∈ AC(β).

�

Theorem 3.5. Suppose x ∈ Aβ ∩Xj for some j. If C(β) is a cover for X, then Fj(x) ⊆ AC(β).

Proof. Let y ∈ Fj(x), E ∈ C(β) with y ∈ E, and D ∈ C(β) with AC(β) ⊆ D be given. Then
there is B ∈ β with x ∈ B such that Fi(B∩Xi) = E∩Xi+1 for all i ∈ N ∪{0}. Since D ∈ C(β),
then there is S ∈ β such that Fi(S ∩Xi) = D ∩Xi+1 for all i ∈ N ∪ {0}. We know that x ∈ Aβ
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so there is i0 such that for infinitely i ≥ i0, B ∩Fi−1(S ∩Xi−1) 6= ∅, and there is k ∈ N so that
for all i ≥ i0 + k, B ∩ Fi−1(S ∩Xi−1) 6= ∅. We have

E ∩ Fi(D ∩Xi) = E ∩Xi+1 ∩ Fi(D ∩Xi) = Fi(B ∩Xi) ∩ Fi(Fi−1(S ∩Xi−1))

⊇ Fi(B ∩Xi ∩ Fi−1(S ∩Xi−1)).

Thus for infinitely i ≥ i0, E ∩Fi(D∩Xi) 6= ∅, and for all i ≥ i0 + k, E ∩Fi(D∩Xi) 6= ∅. Hence
y ∈ AC(β).

�

4. Cocycle of multifunctions created by a family of diffeomorphisms on top
spaces

We begin this section by recalling the definition of a top space [7]. A smooth manifold T is
called a top space if it has a binary smooth operator

m : T × T −→ T
(a, b) 7→ ab

with the following conditions.
(i) (T,m) is a semigroup;
(ii) For all a ∈ T , there is a unique e(a) ∈ T such that ae(a) = e(a)a = a;
(iii) For all a ∈ T there is a−1 ∈ T such that aa−1 = a−1a = e(a), and the mapping

in : T −→ T
a 7→ a−1

is a smooth mapping.
Clearly each Lie group is a top space, but the converse may not be true. We can use of Rees
matrix semigroups [10] to construct top spaces which are not Lie groups. In fact if G is a Lie
group, M and N are two smooth manifolds, and p : M × N → G is a smooth mapping then
N ×G×M with the product (n, a, s)(k, b, l) = (n, ap(s, k)b, l) is a top space [8].

Now we assume that T = {Ti}∞i=0 is a family of top spaces. We take

f = {fi | fi : Ti → Ti is a diffeomorphism}∞i=0, and

g = {gi | gi : Ti → Ti+1 is a smooth map}∞i=0.

For given i we define a multifunction Fi : Ti → Ti+1 by Fi(t) = {gi,j(t) | j ∈ Z} where

gi,j(t) =

 gi(f
j−1
i (t))...gi(fi(t))gi(t) if j > 0

gi(f
−j
i (t))...gi(f

−1
i (t)) if j < 0

ei+1(gi(t)) if j = 0

.

If F = {Fi}∞i=0, then (T, F ) is a cocycle of multifunctions.
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