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ABSTRACT

The dependence structure between financial assets is critical in risk management and

portfolio diversification. Using the copula approach, this study sought to investigate

the dependence structure between the Kenyan stock market and the foreign exchange

market over the period 2011 to 2022. We first estimated marginal distributions by the

ARMA-GARCH model with normal, student t, and skewed t distributions. To model de-

pendence between the return series, we used elliptical copulas (Gaussian, student t) and

Archimedean copulas (Gumbel, Clayton, Frank). We also compared the best-fit copula

with the time-varying student t copula and time-varying Gaussian copula. The best-fit

copula was later used to measure portfolio tail risk. Parameter estimation was based

on inference for margins technique. The best-fitting marginal model and copula were

selected using AIC and BIC. Our findings show that the ARMA(1,1)-GARCH(1,1)-t

distribution model was the best fit for margins. Student t copula was the best fitting

copula. We found the existence of symmetric dependence and tail dependence between

the variables. Portfolio risk is measured using VaR. The analysis suggested that the

choice between the equally weighted portfolio and the Global Minimum Variance port-

folio depends on the investor’s risk tolerance and investment objectives. While a more

conservative approach might favor the Global Minimum Variance portfolio, investors

seeking to balance risk and return might find the equally weighted portfolio or a mix of

assets according to the optimal weights more suitable.

Keywords: Dependence, Copula, Foreign Exchange, Equity returns, Portfolio risk,

Marginal distributions, Value at Risk
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CHAPTER ONE

1 INTRODUCTION

1.1 Background of the study

The relationship between the returns on financial assets may significantly impact deci-

sions on risk management and portfolio diversification. Along with the projected return

and risk of each asset, the dependence structure between the assets will impact the port-

folio returns distribution and, consequently, the value that investors derive from a certain

investment choice (Chen et al., 2004). Modeling the dependence between financial

assets has been a subject of debate among academics and finance industry practitioners

for quite some time. Understanding the consequences of these relationships is crucial

for risk management and portfolio allocation. In the recent past, the world economy has

experienced various economic and financial crises that adversely affected the financial

markets (Maneejuk and Yamaka, 2019). It is therefore crucial to investigate and estab-

lish whether and how markets are linked. This will be useful for investors, policymakers,

and financial institutions to plan financial strategies in the likelihood of a potential crisis.

The relationship between stock and foreign exchange markets is subject to diverse

interpretations, with compelling arguments supporting either positive or negative corre-

lation. The negative correlation could occur due to the return-chasing effect (Hau and

Rey, 2006; Wang et al., 2013). In this case, whenever the equity market becomes bullish,

international investors would be attracted which leads to currency appreciation in that

country. By contrast, the positive correlation may stem from the effects of portfolio

rebalancing and exchange rate exposure (Hau and Rey, 2006; Wang et al., 2013). In

this scenario, a bullish market encourages domestic investors to shift their capital to

other countries where stock markets present more attractive investment opportunities.

This leads to the depreciation of currency in that country. These arguments imply

that determining a dependence structure is a matter of empirical investigation rather

than theoretical deduction. Consequently, flexible models are essential for accurately

representing the dependence structure
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Traditionally, modeling of multivariate distributions has been predominantly centered

on the multivariate normal distribution. In this case, the measure of dependency is

associated with Pearson’s correlation coefficient, commonly employed for variables that

are jointly normally distributed. However, empirical evidence showing that asset returns

are skewed, leptokurtic, and have fat-tailed distributions has been recently presented

by Cuñado and de Gracia (2003) and Aloui et al. (2013). Longin and Solnik (2001)

showed evidence of multivariate non-normality in negative tails. Poon and Granger

(2003) support asymptotically independent models for dependence framework of tails

of stock return and further added that extreme dependence occurs as a consequence

of heteroskedasticity in the stock return process. There exists evidence of tail area

dependence and that during extreme downward movements, markets may exhibit more

dependence as compared to upward movements. Furthermore, Andersen et al. (2006)

indicated that correlation and volatility are time-varying. Embrechts et al. (2002) found

that it is misleading to use linear correlation in a non-elliptical world and enlisted some

of the limitations posed by linear correlation in the study of dependence of financial

time series.

The limitations of linear correlation have led to research on flexible models of de-

pendence between financial assets. Copula models, introduced by Sklar (1959), have

been used to model the dependence structure of multivariate financial time series and

found to perform better. Several papers on copula theory and applications have been

published, covering various aspects and applications of copulas in different fields. Some

notable ones include Joe (1997) and Nelsen (2006), which are the foundational text-

books providing comprehensive introductions to copula theory with a focus on statistical

foundations. Cherubini et al. (2004) approached copulas with a focus on their applica-

tion within mathematical finance while McNeil et al. (2015) discussed copula methods

in the context of risk management. Patton (2009) summarized copula applications in

financial time series. Kolev et al. (2006) offered a review of copula methods and recent

developments while Patton (2012) offered a brief overview of copula-based techniques

applicable to both univariate and multivariate time series analysis. There is extensive

literature in which copulas have been used to model the linkages between international
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markets and dependence between exchange rates and recently, studies have started

to consider modeling dependence across markets of different asset types (Kamal and

Haque, 2016; Li et al., 2019; Ning, 2010; Sewe et al., 2014; Hu, 2006).

The 2007-2008 global financial crisis demonstrated how risk can spread across global

markets (Chiang et al., 2007). Numerous market behaviors demonstrated that as nega-

tive news surfaces in one market, it quickly spreads to other markets (Li et al., 2019). As

a result, domestic markets are susceptible to the quick spread of global financial crises.

The Kenyan economy is more dependent on imports as presented by Wamalwa and Were

(2021), so it is crucial to consider how well connected the Kenyan markets are to the

world market. The likelihood of the contagion effect occurring is higher when there is a

strong correlation between the Kenyan stock market and the foreign exchange market.

This study shall investigate the link between the Kenyan stock and foreign exchange

markets using parametric copulas. Our focus is the dependence structure between the

returns of these markets from a risk management and diversification perspective which

is crucial for investors.

1.2 Kenya Financial Markets

1.2.1 Kenya Stock Market

Nairobi Securities Exchange previously known as Nairobi Stock Exchange, was estab-

lished in 1954. NSE has experienced massive growth since its establishment. Currently,

NSE has 65 listed companies. In 1964, the NSE 20 share index was introduced as a

benchmark index that represents the 20 best-performing companies in the exchange.

NASI was later introduced in 2008 as a complementary index that comprises all compa-

nies listed in the NSE. By promoting savings and investment and assisting local and

foreign businesses in accessing cost-effective financing, the NSE is playing an important

role in the expansion of Kenya’s economy. The Nairobi Stock Exchange is regulated by

the Capital Markets Authority of Kenya. As of 2022, the equity market was negatively

impacted. The decline was attributed to the rising of domestic and international interest

rates leading to capital outflows and a shift towards fixed-income assets (Exchange,

2023).
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1.2.2 Kenya Foreign Exchange

In 1993, all exchange control laws were repealed and Kenya moved to an exchange

rate system that is fully market-determined hence attracting short-term capital inflows.

The Central Bank of Kenya releases indicative rates meant to help those exchanging

currencies gauge the value of the Kenya shilling. The exchange rate generally is

determined by the demand and supply. Foreign exchange helps in the determination

of a country’s economic health. Fluctuations in foreign exchange affect international

investment and have a direct impact on international trade and buying power. The

Kenyan shilling depreciated by 3.5% against the US Dollar in 2021 in addition to the

7.7% depreciation in 2020 (Cytonn, 2021). In 2022, Kenya experienced increased

inflation, averaging 7.65% for the year. Additionally, the Kenyan shilling depreciated

further against the US Dollar ending the year at Kshs. 123.37 compared to Kshs. 113.14

in 2021. Therefore it is crucial for investors to understand if there is the existence of

any dependence for the purpose of diversification.

1.3 Problem Statement

The dependence structure between financial markets provides crucial information to

investors and policymakers by explaining how one market responds to fluctuations

in other markets. Although linear correlation has been widely used to model the

dependencies, Embrechts et al. (2002) established that the use of linear correlation is

inappropriate and misleading in situations where returns have non-elliptical distributions.

Copula models have been found to overcome the shortcomings presented by GARCH,

correlation, and conditional correlation.

While copulas have been utilized extensively in empirical studies concerning modeling

the dependence between equity and foreign exchange, most have focused on developed

and emerging markets (Li et al., 2019; Ning, 2010; Wang et al., 2013) with very little

research done on Sub-Saharan Africa markets like Kenya. Furthermore, most empirical

research findings rely completely on statistical evaluations of copula models rather

than on risk management with the authors not distinctly explaining the significance of

dependence between the assets in risk management. Sewe et al. (2014) considered Kenya
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and applied semi-parametric copula-based multivariate dynamical models (SCOMDY)

to investigate the dependence between these two variables. This research seeks to

consider the use of parametric copula models to study the relationship between the

Kenyan stock and foreign exchange markets and apply the nature of dependence between

these variables to estimate portfolio risk.

1.4 Research Objective

The main objective of this study is to investigate the dependence between equity returns

and foreign exchange rates in the Kenyan Financial markets using parametric copulas

and application of these findings to portfolio risk estimation.

Specific Research Objectives

1. To model the univariate returns from equity and forex markets

2. To model the dependence between equity returns and foreign exchange returns

3. Estimate the portfolio risk of the assets using the best fitting copula

1.5 Research Question

The questions this dissertation will try to answer are:

1. Are there significant tail dependencies between equity returns and foreign ex-

change rates?

2. If the tail dependencies exist, is there a significant asymmetric or symmetric

dependence?

3. Which of the copula models captures the dependence with the best fit?
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1.6 Significance of the study

Given the broad research undertaken on dependence structure among financial mar-

kets in developed economies, there is a need to extend the same literacy content to

African frontier markets such as Kenya. Determining the dependence structure between

financial assets is significant for various reasons. Stock markets are a reflection of

the growth status of economies. Understanding the dependence between these vari-

ables will therefore enable policymakers to understand how one market responds to

fluctuations in another market and in turn formulate growth-oriented policies. From

an international investor’s point of view, it is important to understand dependence for

portfolio diversification purposes. Dimitrova (2005) points out that with a one percent

decline in the exchange rate, equity markets react with less than one percent. Hence,

risk reduction becomes ineffective by diversification with the existence of a positive

correlation between markets and diversification can only be possible if the markets are

negatively correlated. Academically, studying the interaction between asset markets is

appealing since it is at the center of asset pricing as we know CAPM is based on the

relationship between risk and expected return (Sharpe, 1964; Markowitz, 1952).
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CHAPTER TWO

2 LITERATURE REVIEW

2.1 Dependence between Foreign Exchange and Equity Markets

Extensive research, empirical and theoretical, has been conducted on the co-movements

and relationship between equity and currency markets. Stock-oriented model (Branson,

1983) and flow-oriented model (Dornbusch and Fischer, 1980) are the most commonly

used models in theoretical studies regarding the interdependence between equity and

exchange rates. Stock stock-oriented model postulates that the supply and demand of

assets determine the exchange rate. An increase in stock prices encourages demand for

local assets from foreign investors thereby appreciating the local currency. Therefore,

the stock-oriented model suggests a negative relationship exists between equity prices

and exchange rates. On the other hand, the flow-oriented model postulates that a positive

relationship exists between exchange rates and stock prices. Dornbusch and Fischer

(1980) stated that a country’s current account balance is significant when determining

the exchange rate. The flow-oriented model assumes that trade balances can be affected

by fluctuations in the exchange rate.

Empirically, the study of dependence between stock prices and foreign exchange rates

has been extensively done employing diverse datasets and methodologies. However,

the findings across studies are varied. Bashir et al. (2016) observed a positive corre-

lation between the stock market and forex in Latin America using Granger causality

and a detrended cross-correlation approach. Diamandis and Drakos (2011) conducted

cointegration and multivariate Granger-Causality tests and found positive relations in

Latin America. In a study focusing on six Asian countries, Lee et al. (2011) utilized

the Smooth Transition Conditional Correlation-GARCH (STCC-GARCH) model. Tsai

(2012) applied a quantile regression model and found a negative relationship specifically

when exchange rates reached extreme levels. Dahir et al. (2018) employing wavelet

analysis, revisited the link between stock prices and forex in BRICS nations. They

identified a positive relationship in Brazil, Russia, and India, no correlation in China,
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and bidirectional causality in South Africa. Kim (2003) investigated the long-run equi-

librium between stock prices and the dollar exchange rate in the US using a multivariate

cointegration and error correlation model. Other researchers have employed multivari-

ate GARCH (Jain and Biswal, 2016; Tastan, 2006) and Vector Autoregressive Mode

(Delgado et al., 2018) to explore the dynamic relationship between stock prices and

foreign exchange rates.

The use of conventional Pearson correlation is inadequate for measuring dependence

across financial markets because it treats positive and negative returns, as well as large

and small realizations, equally. This approach can lead to a substantial underestimation

of risk from joint extreme events(Poon et al., 2004; Tastan, 2006). In response to these

concerns, some researchers have turned to multivariate-GARCH models (Ang and Chen,

2002) or regime-switching models (Ang and Chen, 2002) to more accurately capture

the joint dynamics of returns.

2.2 Copula and Dependence structure

The joint distribution function H(x1....xn) completely describes the dependence be-

tween real valued variables x1......xn. Multivariate distribution problems with specified

univariate marginals have evoked substantial attention (Kolev et al., 2006). The concept

of copulas introduced by Sklar (1959) was brought by decomposing H into a function

that describes the dependence structure and one that describes only the marginal be-

havior. Therefore, a copula is a function that joins a multivariate distribution to its

one-dimensional marginal distribution function. Sklar’s theorem is instrumental in

elucidating how copulas are essential in defining the relationship between a multivariate

distribution function and its univariate marginal distributions.

Copulas have gained popularity in dependence modeling. The main reason for its suc-

cess is that copula functions allow for simple and flexible modeling of joint multivariate

distributions. Secondly, Copulas allows for the modeling of marginal distributions

independent of the dependence structure thus giving us more flexibility in model es-

timation and specification. The invariance of copulas and copula-based methods of
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dependency to any increasing change of the underlying individual time series is one

of its key properties. Since numerous time series are frequently found to be nonlinear

and asymmetrically dependent on one another in financial series, the copula technique

allows for flexible modeling of these relationships without being constrained by the

marginal distribution of the individual time series (Chen et al., 2004).

Copula families, representing a diverse set of joint distribution functions, allow es-

timation of both symmetric and asymmetric distributions, along with tail dependency.

These features find applications in modeling financial returns characterized by skewed,

leptokurtic, and fat-tailed distribution. The Gaussian and student t copulas ate the two

basic copulas and are referred to as elliptical copulas. Elliptical copulas are copulas of

elliptical distribution (Embrechts et al., 2001). Gaussian copulas are copulas of bivariate

normal distribution. The Gaussian copula does not capture the tail dependence. On the

other hand, student t copulas are copulas of the bivariate t distribution. The degree of

freedom parameter in the student t copula makes it possible to capture both upper and

lower tail dependence. Both student-t and Gaussian copulas are classified within the

symmetric copula family. In regards to the Student-t copula, known for its sensitivity to

both upper and lower tails, there exists a symmetric dependence structure, suggesting

equality in both tail dependence measures. The major drawback of these elliptical

copulas is that they lack closed-form expressions and are constrained to exhibit radial

symmetry (Embrechts et al., 2001). In many financial applications, there’s a prevalent

observation of stronger dependency among extreme losses compared to extreme gains.

This indicates that Gaussian and Student’s t copulas, which are symmetric, cannot

adequately capture such asymmetrical characteristics.

Numerous parametric families of copulas fall under the category of Archimedean

copulas, offering a wide array of distinct dependence structures including both symmet-

rical and asymmetrical dependency. The Archimedean copula can be generated from

various functions. For instance, the Gumbel copula was proposed by Gumbel (1960).

This copula family is asymmetric and exhibits a greater dependence on the upper tail.

Clayton (1978) proposed a family of bivariate distributions tailored for survival data.

The Clayton copula exhibits sensitivity to the lower tail and falls under the asymmetric
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family. The Frank copula was introduced by Frank (1979). The Frank family lacks

tail dependence similar to the Gaussian copula and falls under the symmetric copula

category. Another Archimedean copula family was proposed by Joe (1997) and is

sensitive to the upper tail. While the variety of Archimedean copulas allows for both

lower and upper tails estimation in multivariate distributions, they have limitations. For

instance, certain families only permit modeling of non-negative dependence between

assets. Additionally, a single copula function is utilized to model the entire dependence

structure for a multidimensional dataset.

2.3 Application of copulas in Finance

The main motivation for employing copulas in finance is the existence of empirical

evidence that financial asset returns have a non-Gaussian distribution. The evidence of

non-linearity has broad implications for financial decision-making in derivative pricing,

risk and portfolio management, credit risk, study of financial markets contagion among

others. This section discusses some of the literature on dependence patterns between

equity and foreign exchange markets.

Ning (2010) examined the dependence structure between equity markets and forex

markets in G5 countries before and after the introduction of the euro. She used three

copula models; the normal copula which is symmetric with zero tail dependence, the

student t-copula which has symmetric non-zero tail dependence and the SJC copula

which allows for asymmetric tail dependence. Ning (2010) finds significant positive

tail dependence between two variables in both periods in each country and symmet-

ric tail dependence. Using the SJC copula, Michelis and Ning (2010), studied the

co-movements between TSX index (Canadian stock market) rates of return and the

US/Canada exchange rate. They pointed out that the SJC copula function allows for

both asymmetric and symmetric tail dependence. Michelis and Ning (2010) found the

existence of dynamic and static asymmetric tail dependence between the two sets of

returns. The asymmetry is such that there is significantly greater dependence on the

lower tail as compared to the upper tail.
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Sewe et al. (2014) explored the use of copulas to examine the dependence between

equity and foreign exchange in Kenya. They used a semi-parametric copula-based

multivariate dynamic model to investigate the dependence. Student’s t-copula was

found to be the best parametric model to capture the dependence structure in the data.

Sewe et al. (2014) found significant symmetric dependence and tail dependence between

the Kenyan stock market and foreign exchange. Meanwhile, Kamal and Haque (2016)

using five copula functions found the existence of significant asymmetric dependence

with upper tail dependence between the foreign exchange market and the stock market

in South Asia.

Wang et al. (2013) developed a dependence-switching copula to examine dependence

and tail dependence between stocks and foreign exchange and suggested that analyzing

cross-market correlation within a time-invariant copula structure may not be appropriate.

Employing the dependence-switching copula model developed by Wang et al. (2013),

Kumar et al. (2019) investigated the dependence structure between BRICS stocks and

foreign exchange markets. They established that dependencies and tail dependence

were symmetric in four market conditions except for Russia during the negative regime.

They also found that during negative regimes, dependencies were asymmetric but tail

dependence was symmetric for all countries. Furthermore Li et al. (2019) also used

unconditional and conditional copula models to capture the dependence between the

Chinese stock market and the RMB foreign exchange rates and found that conditional

copulas outperformed unconditional copulas.

2.4 Time Varying Dependence

Patton (2006b) introduced the study of time-varying conditional copulas by extending

Sklar’s theorem to conditional distribution. Subsequently, time-varying copulas have

been applied in numerous studies and new models have been developed to appropriately

model time-varying dependence. Patton (2006b) proposed a copula model for which

the copula parameter for time-varying dependence is a parametric function of transfor-

mations of the lagged data and an auto-regressive term.
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Creal et al. (2013) established a unifying and consistent structure named General-

ized Auto-regressive Score (GAS) for introducing time-varying parameters in a time

series process. The GAS model uses a scaled score vector as an updating technique

for the observation-driven part. The GAS specification demonstrates a correlation

process that varies more persistently over time compared to the Patton model. However,

the time-varying parameter reacts more strongly with the increased sensitivity to the

opposite sign of exchange rate returns if the current correlation estimate is positive. The

GAS model has also been shown to exhibit greater sensitivity to observations located in

the lower and upper tails.

Jondeau and Rockinger (2006) is another literature that deals with dynamic copulas in

which a similar approach to that of Patton is employed. In this literature, the dependence

parameter is rendered to be conditional and time-varying. Hafner and Manner (2012)

considered a time-varying copula model in which the dependence parameter observes

an autoregressive process. The model includes a Gaussian copula with a stochastic cor-

relation process analogous to stochastic volatility models. On the other hand, Chollete

et al. (2009), BenSaı̈da (2018), da Silva Filho et al. (2012), Gurgul and Machno (2016),

Garcia and Tsafack (2011) considered regime-switching models for the conditional

copula which the functional form of copula are allowed to change over time.

2.5 Estimation of Copula Parameters

When using copula functions to model the joint density of two random variables, we

need to consider how copula parameters will be estimated efficiently and correctly. A

number of estimation techniques exist in the literature. The first method is the exact

maximum likelihood technique where all copula parameters and the marginal param-

eters are estimated at the same time. The second technique is the inference functions

of margins, whereby parameters of the marginals are first estimated and with these

parameters, the copula parameters are estimated. The canonical maximum likelihood

method, with unknown marginal densities, applies the empirical probability integral

transform to get the uniform marginals required for copula parameters estimation. The

other techniques are non-parametric ways of copula estimation. The first technique is
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such that the empirical copula is estimated from the data directly, leaving the whole

specification non-parametric. The second method was introduced by Genest and Rivest

(1993) and is most appropriate for Archimedean copulas. First, the non-parametric esti-

mate for Kendall’s tau is obtained and an estimate of the copula parameter is obtained

using the relationship between Kendall’s tau and the copula parameter.

2.5.1 Exact Maximum Likelihood Method

Maximum likelihood is an appropriate estimator for parametric marginal distributions

(Fan and Patton, 2014). Before obtaining the maximum likelihood estimator, the log-

likelihood function is obtained. Considering a d-dimensional distribution and given that

the copula function and the marginals are continuous, then the join pdf is expressed as

f(x1, ...., xd) = c(f1(x1, α1).......fd(xd, αd); θ)
d∏

i=1

fi(xi, αi) (2.1)

which is the product of copula density and the marginal densities with θ being the

copula parameter and α the vector parameter of the marginal distribution. The copula

density is defined as c = ∂dC
∂F1....∂Fd

. Therefore the log-likelihood function is given by

L(θ, α) =
n∑

i=1

log

[
c{F1(x1i, α1)........Fd(xdi, α1), θ}

d∏
j=1

fj(xji, αj)

]

=
n∑

i=1

[
log c{F1(x1i, α1), ....Fd(xdi, α1), θ}+

d∑
j=1

log fj(xji, αj)

]
(2.2)

Hence by maximization, we obtain the full maximum likelihood estimator

(θ̂α̂) = argmaxL(θα) (2.3)

The ML estimator can be shown to be consistent and asymptotically normal under

certain regulatory conditions (Cherubini et al., 2004). However, in some situations, it

may create computational burden (Fan and Patton, 2014).

2.5.2 Two-Stage Estimator-IFM

Alternatively, a two-stage estimator which is also known as inference functions of mar-

gins could be implemented (Joe, 2014, 1997; Cherubini et al., 2004) though generally

referred to as multistage maximum likelihood estimation. This estimator employs a
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good form of the copula decomposition of a joint distribution. The first stage involves

estimating the parameters from the marginal distributions

α̂i = argmax
α

L(αi), i = 1, 2, .... (2.4)

The second stage is estimating the copula parameter by maximizing the copula density

θ̂ = argmax
θ

L(θ) (2.5)

Joe and Xu (1996) indicated that the IFM estimator is asymptotically normal and

consistent. The multi-stage estimation yields parameters that are less efficient than

the one-step maximum likelihood estimator, although Patton (2006a) and Joe (2005)

through simulation studies show that the one-stage estimator does not perform well.

According to Okhrin et al. (2013), multistage estimation advantage lies in its reduction

of the computational complexities.

2.5.3 Canonical Maximum Likelihood Method

Alternatively, when the marginal model is unknown(non-parametric), the marginal

distributions are modeled with empirical cdf and copula estimation on the ranks of

data (Chen and Fan, 2006). In the CML method, empirical probability integral is

used to first transform the sample data of interest the sample data of interest and the

maximum likelihood estimator is used to estimate the copula parameters. Concerning

the parametric case, the difficulty here is that the copula likelihood depends on the

marginal parameters α and infinite-dimensional parameter Fi(Patton, 2013). Again,

just like the two stages, a loss of efficiency problem occurs. However, canonical

maximum likelihood is powerful to the marginals misspecification which may cause

biased estimates of copula parameters.

2.5.4 Other Estimation methods

Although the most prevalent estimation method used in literature is Maximum likelihood

estimation, other methods have been considered. Bayesian estimation is considered

in Arbel et al. (2019) and Smith et al. (2012). Rémillard (2017) considered methods

of moments-type estimator where parameters of a given copula family have known

mapping to a dependence measure. Oh and Patton (2017) considered simulated methods
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of moments and Generalized methods of moments where the number of measures of

dependence may be more than the number of unknown parameters.

2.6 Model selection and Goodness of Fit

Once the parameters of the copula have been obtained, it is a critical issue to compare

the competing models. So far there is no consensus on which copula to use in specific

applications or how a particular copula’s accuracy can be tested. The goodness of fit

tests are used to evaluate the overall fit of the competing copula models and the fitness

of the margins. A number of goodness-of-fit tests have been proposed for testing the

specification of copula. Examples of this tests include Chen et al. (2004),Fermanian

(2005), Genest et al. (2006) and Genest et al. (2009). Chen et al. (2004) and Berg and

Bakken (2006) used tests that are based on the probability integral transform. Fermanian

(2005), and Genest et al. (2009) assumed tests based on empirical copula process and

propose tests based on Kendall’s process that implies the use of non-parametric free

statistics such as Anderson-Darling and Kolmogorov-Smirnov. Genest et al. (2009)

put their emphasis on blanket tests and proposed application of a double parametric

bootstrap technique.

Using Anderson-Darling tests and Kolmogorov-Smirnov, Kole et al. (2007) compared

the accuracy of different types of copulas. The tests are used to directly compare the fit

of the copula on observed dependence. The advantage of using these two traditional

tests is that they can be used for any copula of any dimension. Wang (2010) and Savu

and Trede (2008) proposed parametric families tests of Archimedean copulas. Savu

and Trede (2008) test is based on the classical χ2 statistic, even though its asymptotic

distribution is not χ2. On the other hand, Wang (2010) proposed two tests that are based

on the Fisher transform of the correlation coefficient of a bivariate U, V. Scaillet (2007)

proposed a non-parametric goodness of fit test for copula that is kernel-based with fixed

smoothing parameters.

Besides the various tests that have been proposed, there exist model selection criteria

that allow us to rank copulas according to their fit. Akaike information criterion is the

most widely used criterion.
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2.7 Copulas and Portfolio Management and Risk Analysis

The concept of dependence between assets is a crucial aspect of risk management with

the implication on the market risk measure based on the Value-at-Risk concept that

requires modeling of dependence between asset returns. For a long time, dependence

between assets in a portfolio was assessed by linear correlation coefficient. However,

research has revealed significant skewness and excess kurtosis induced by extreme

market events hence disagreeing with the normality hypothesis. Copula provides for

flexible modeling of multivariate distribution tail behavior. It is of interest to risk

management since multivariate distributions’ tail behavior explains the concurrent

anomaly of asset returns. McNeil et al. (2015) pointed out that copula facilitates a

bottom up approach to multivariate model building. This is especially important to

risk management marginal behavior of individual risk factors are considered than their

dependence framework.

2.7.1 Value at Risk and Conditional Value at Risk

VaR has become a common measure for assessing and measuring risk in finance. VaR is

commonly defined as a quantile of portfolio distribution. In some instances, the negative

of this quantile is considered so that higher levels of risk coincide with higher values of

VaR (Rosenberg and Schuermann, 2006). Formally, let X be a random variable with

continuous distribution function F to model the return distribution of a risky portfolio

over a given time horizon. For a specified probability 1− α = q, VaR is defined as the

qth quantile of the F distribution.

V aRα = F−1(1− α) (2.6)

Artzner et al. (1999) proposed properties for measures of risk and referred to them as

”coherent”. These include homogeneity, monotonicity, subadditivity, and translation

invariance. Importantly, VaR does not satisfy the subadditive property unless the

underlying risk comes from a normal distribution (Embrechts et al., 2002). Conditional

VaR, also referred to as expected shortfall (ES) is a coherent measure of risk that

estimates the mean that exceeds VaR.CV aRα and is therefore defined as,

CV aRα = E(R/R ≥ V aRα) (2.7)
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The joint multivariate distribution complexity makes it hard to estimate the Value at Risk

of a portfolio. Moreover, when the number of assets is increased, computational prob-

lems arise. Copula theory has been used to overcome this problem. Copula functions

allow for the flexible construction of multivariate distributions with various dependence

structures and margins. Copula could be applied to get more realistic multivariate den-

sities as well as combine risks when the marginal distributions are estimated individually.

More recently, copula has been used explicitly to measure portfolio VaR. Karmakar

(2017) concluded that BB1 copula is the most appropriate for capturing the dependence

structure between several exchange rates in the Indian foreign exchange market and

applied it to estimate portfolio risk using VaR and CVaR and global minimum risk

portfolio is selected based on efficient frontiers. Wang et al. (2010) also found improved

forecasting accuracy for portfolio VaR and Conditional VaR using Clayton and student-t

copulas when compared to the Gaussian copula. Huang et al. (2009) demonstrated

that copula models like Student-t outperform various benchmarks, including GARCH

models and historical simulation when estimating and predicting portfolio Value at

Risk. Kole et al. (2007) employed copula to estimate the U.S. stock market and bond

indices. They demonstrated that the Student-t copula performs better than Gumbel and

Gaussian copulas in capturing downside risk. Gumbel (Gaussian) copulas were found

to overestimate (underestimate) the probabilities of extreme losses. Aloui and Aı̈ssa

(2016) investigated dependence structures between stock, energy, and currency markets

using vine copulas and concluded that vine models result in better VaR forecasts than

historical simulation and Gaussian techniques. Kumar et al. (2019) demonstrated the

benefits of dependence modeling using the Clayton C-vine model, both in terms of VaR

forecasting and portfolio performance.

2.8 Conclusion and Gap Identified in the Reviewed Literature

The literature discussed above highlights the use of copula in modeling dependence

between returns on risky assets. Sewe et al. (2014) considers the Kenya market but

implements the study using semi-parametric models. Furthermore, most of the existing

literature findings rely totally on the use of the Goodness-of-fit test to statistically
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evaluate copula models rather than to apply the findings for risk management. The

authors have not been able to plainly show how dependence between the assets is

significant in risk management. Therefore this research considers parametric modeling

of dependence in the Kenya context to investigate the existence of dependence between

equity and foreign exchange rate markets. The study employs both static and dynamic

copula in modeling dependence between these two markets. Furthermore, the best-fit

copula is used to estimate the portfolio risk of the two risky assets.
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CHAPTER THREE

3 RESEARCH METHODOLOGY

3.1 Data

The study considers the Kenyan stock and foreign exchange markets for analysis. We

seek to examine the dependence between the returns of these two markets. The study

considers the NSE 20 index as a proxy for the Kenyan stock market. The foreign

exchange is represented by the Kenyan shilling against the dollar. The samples will be

from the year 2011 to 2022.

3.2 Modeling of Margins

For financial time series, return at time t is given as

xt = log

(
Pt

Pt − 1

)
(3.1)

where Pt is the price at time t. The mean equation of xt is; (Engle, 1982)

xt = E(Xt|ψt−1) + εt (3.2)

where E(Xt|ψt−1) is the conditional mean of xt given ψt−1 which is the information

at t-1. To describe the conditional mean and the time series dependence, we combine

AR(p) and MA(q) to get an ARMA(p,q) model,

xt = µ+

p∑
i=1

ϕixt−i +

q∑
j=1

θjεt−j + εt (3.3)

where εt is the white noise (0, σ2), ϕi and θj are parameters and µ is a constant.

Despite many advantages of ARMA, their assumption of constant variance restricts

their applicability. In literature, it is well documented that returns show conditional

heteroscedasticity and fat-tails.

ARCH model introduced by Engle (1982) explains volatility clustering and heavy-tailed

returns. The GARCH model, a generalized form of the ARCH model, as proposed by

Bollerslev (1986), incorporates the ARMA model to describe the error variance. In
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Equation 3.3, the εt terms are called the innovations of the time series process. They

are described by Engle (1982) as an autoregressive conditional heteroscedastic process

such that

εt = σtηt (3.4)

where σ2
t = E(ε2t |ψt−1) is the conditional variance of the error that changes over time

and ηt is a sequence of iid random variables with mean 0 and variance 1. The variance

equation of GARCH(p,q) model (Bollerslev, 1986) is given by

σ2
t = β0 +

p∑
i=1

βiε
2
t−i +

q∑
j=1

αjσ
2
t−j (3.5)

εt = σtηt

ηt ∼ i.i.d

For modeling the marginal distribution, the ARMA-GARCH model is employed, where

GARCH addresses the conditional variance and ARMA tackles the conditional mean.

This model effectively captures conditional dependence and conditional heteroscedas-

ticity. The disturbance term ηt will be selected from either Normal, student’s t, and

skewed student’s t distribution, each with their respective density functions given by:

fN(x;µ, σ) =
1

σ
√
2π
e

1
2
(x−µ)2/σ2

(3.6)

ft(x; ν) =
Γ(ν+1

2
)

√
πνΓ(ν

2
)

(
1 +

x2

ν

)−(ν+1)/2

(3.7)

fskt(x; ν, ξ) =
2ξ

1 + ξ2

[
ft(ξx; ν)I(x < 0) + ft(

x

ξ
; ν)I(x ≥ 0)

]
(3.8)

where ν is the degree of freedom

3.3 Copula Function

The copula function allows for the creation of a multivariate distribution that main-

tains consistent marginal distributions for each variable, thereby offering flexibility

in modeling the dependence between random variables. Nelsen (2006) provided an

excellent account of the general theory of copula function and Patton (2006b) explained

a time-varying specification to represent the dependence structure dynamics. Since

our data is bivariate, we define the copula in bivariate form. The copula function can

formally be described as follows:
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Definition 3.1 :A 2-dimensional copula is a function C: [0, 1]2 → [0, 1] with the

following properties:

1. C is grounded i.e C(u, 0) = C(0, u) = 0 for any u ∈ [0, 1]

2. C has margins i.e C(u, 1) = C(1, u) = u for any u ∈ [0, 1]

3. C is 2-increasing i.e for all 0 ≤ u1 ≤ u2 ≤ 1 and 0 ≤ v1 ≤ v2 ≤ 1

C([u1, v1]× [u2, v2] = C(u2, v2)− C(u1, v2)− C(u2, v1) + C(u1, v1) ≥ 0

Theorem 3.1 (Sklar’s Theorem) Let H be a 2-dimensional distribution function with

margins F1, F2. Then there exists a 2-copula C such that for all (x1, x2) ∈ [−∞,∞]2

H(x1, x2) = C(F1(x1), F2(x2)) (3.9)

Conversely, if C is a 2-copula and F1, F2 are distribution functions, then function H is

a 2-dimensional distribution function with margins F1, F2. Furthermore, if F1, F2 are

continuous, then C is unique. Otherwise, C is uniquely determined on RanF1 ×RanF2

Therefore, from Sklar’s theorem, Copulas can be used to represent the dependence

concepts as well as the separation of the continuous multivariate distribution functions,

the univariate margins, and the multivariate dependence structure.

Corollary 1 Given H is a bivariate joint distribution function with continuous marginals

F1, F2, then the corresponding Copula C for any u ∈ [0, 1]2 can be constructed as,

C(u1, u2) = H(F−1
1 (u1), F

−1
2 (u2)) (3.10)

Note that if continuous random variables u1, u2 with distribution functions as above,

then C is the joint distribution function for the random variables ui = Fi(ui), i=1,....n

which are uniformly distributed (Kolev et al., 2006; Nelsen, 2005).

H(x,y)=C(F(x),G(y))
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3.3.1 Conditional Copulas

Definition 3.2 (Conditional Copulas, Patton (2006b)) Let X, Y, and W be continuous

random variables. The conditional copula of (X, Y)/W where X|W ∼ F and Y |W ∼ G,

is the conditional join distribution function of U = F (X|w) ∼ U(0, 1) and V =

G(Y |w) ∼ U(0, 1) given W.

Hence, the conditional bivariate copula represents the joint distribution of the two

random variables conditionally Uniform(0,1). Generally, 2 dimensional conditional

copula can be obtained from any distribution function such that the conditional joint

distribution of the first 2 variables is a copula for every value of conditioning variables.

Theorem 3.2 (Sklar’s Theorem for Continuous Conditional Distributions Patton (2006))

Let H be the joint conditional distribution function of (X, Y )|W . Let F be the condi-

tional distribution of X|W , G be the conditional distribution of Y |W , and W be the

support of W. Assuming F and G are continuous in x and y. Then a unique conditional

copula C exist such that

H(x, y|w) = C(F (x|w), G(y|w)|w),∀(x, y) ∈ [−∞,∞]2, w ∈ Ω (3.11)

Conversely, if we let F and G be conditional distribution functions of X|W and Y |W

respectively and C be a conditional copula, then function H in equation 8 is a conditional

bivariate distribution function with marginals F and G.

That the conditional variable W must be the same for both marginal distribution and the

copula is the complication that arises from extending Sklar’s theorem to conditional

distribution. For H to be a joint conditional distribution function, the same conditional

variable should be used for F, G, and C.

Conditional copula function

Following Sklar’s theorem for continuous conditional distribution, Let H be the joint

conditional distribution of (X, Y)/W, F and G be conditional distributions of X/W and
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Y/W respectively, and W be the support of W. Assuming F and G are continuous, a

unique conditional copula C exist such that for all x, y ∈ R and w ∈ W ,

H(x, y|w) = C(F (x|w), G(y|w)|w) (3.12)

By differentiating Equation 3.12 we obtain conditional joint density function:

h(x, y|w) = f(x|w) · g(y|w) · c(u, v|w) (3.13)

where c(u,v|w) = ∂2C(u,v|w)/∂u∂v is the conditional copula density.

3.4 Measures of Dependence

A key characteristic of a good measure of dependence for guiding the type of copula

is that it should be scale invariant as described by Nelsen (2006) and should not

be affected by strictly increasing transformations of the data. Linear correlation is

not scale invariant and is affected by the marginal distribution of data. Pearson’s

linear correlation coefficient is said to be not a precise and absolute description of the

dependence between variables (Embrechts et al., 2002). Given the familiarity of linear

correlation as a measure, it is useful to report but we will augment it with the other

measures of dependence.

3.4.1 Linear Correlation

This is a measure of the degree of linear relationship between two variables.

Definition 3.3 Consider two random variables X and Y. The linear correlation coeffi-

cient is defined as

ρ(X, Y ) =
Cov(X, Y )√
V arXV arY

(3.14)

and −1 ≤ ρ(X, Y ) ≤ 1 where Cov(X,Y) is the covariance between X and Y and Var X

and Var Y are the variances of X and Y respectively.

Linear correlation is a reasonable dependence measure in elliptical distributions which

include Normal and Student-t distributions.
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3.4.2 Concordance Measures

Let (xj, yj) and (xk, yk) be two observations from the random vector (X, Y). We say

X and Y are concordant if xj < xk and yj < yk or xj > xk and yj > yk that is

(xj − xk)(yj − yk) > 0.Similarly, X and Y are discordant if xj < xk and yj > yk or

xj > xk and yj < yk i.e (xj − xk)(yj − yk) < 0

Therefore, two random variables X and Y are said to be concordant if small(large)

values of X tend to be associated with small (large) values of Y.

Definition 3.4 (Kendall’s Tau) Let two i.i.d random vectors (Xi, Yi) and (Xj, Yj)

each with joint distribution function H, Kendall’s tau is defined as the difference

between the probability of concordance and the probability of discordance of the two

random vectors.

τ = τX,Y = P [(Xi −Xj)(Yi − Yj) > 0]− P [(Xi −Xj)(Yi − Yj) < 0] (3.15)

Theorem 3.3 Let (X, Y )T be a vector of a continuous random variable with copula C.

Then Kendall’s tau is given by;

τ(X, Y ) = 4

∫ ∫
[0,1]2

C(u, v)dC(u, v)− 1 (3.16)

Definition 3.5 (Spearman’s rho) Let (Xi, Yi), (Xj, Yj) and (Xk, Yk) be independent

random vectors with same joint distribution function H whose margins are F and G.

Spearman’s rho is the difference between probabilities of concordance and discordance

of the vectors (Xi, Yi) and (Xj, Yk).

ρ = ρX,Y = 3{P [(Xi −Xj)(Yi − Yk) > 0]− P [(Xi −Xj)(Yi − Yk) < 0]} (3.17)

If X and Y are two random variables with F and G as their marginal distribution functions

respectively, Spearman’s rho can be said to ordinary linear correlation coefficient of the

transformed random variables F(X) and G(X).
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Theorem 3.4 Let (X, Y )T be a vector of a continuous random variable with copula C.

Then Spearman’s rho is given by;

ρ(X, Y ) = 12

∫ ∫
[0,1]2

C(u, v)duv − 3 (3.18)

Kendall’s tau and Spearman’s rho are both symmetric measures of dependency-taking

values in the interval [-1,1].

3.4.3 Tail Dependence

The tail dependence concept is associated with the measure of dependence of random

variables X and Y in the lower joint tail or upper joint tail of a bivariate distribution.

Definition 3.6 The upper tail dependence is defined as

λU lim
q→1

Pr[X ≥ F−1(q)/Y ≥ G−1(q)] (3.19)

where X and Y are two continuous variables with distribution functions F and G

respectively and copula C

Nelsen (2006) shows that the coefficient of upper tail dependence can be defined from

the copula C using

λU = lim
q→1

1− 2q + C(q, q)

1− q
(3.20)

Definition 3.7 The lower tail dependence is defined as

λL lim
q→0

Pr[X ≤ F−1(q)/Y ≤ G−1(q)] (3.21)

where X and Y are two continuous variables with distribution functions F and G

respectively and copula C

Nelsen (2006) shows that the coefficient of lower tail dependence can be defined from

the copula C using

λL = lim
q→0

C(q, q)

q
(3.22)
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3.5 Copula Families

We aim to measure the dependence between Kenyan equity and foreign exchange

returns; therefore, we consider bivariate copula specifications. We use parametric

copulas; two elliptical copula (Gaussian and Student-t copula), three Archimedean

copula (Frank, Gumbel,and Clayton). Each of these copulas describes a different

dependence structure. The time-varying versions of the student-t copula and Gaussian

copula are also considered.

Elliptical Copulas

Elliptical copulas are copulas of elliptical distribution. These copulas share various

properties of multivariate normal distribution and are used to model multivariate non-

normal dependencies and extreme events. They have an elliptical form and therefore

symmetry in the tails. These copulas include Gaussian and the Student-t copula

Normal(Gaussian) Copula

It is derived from the bivariate normal distribution and is written as:

C(u, v; ρ) =

∫ Φ−1(u)

−∞

∫ Φ−1(v)

−∞

1

2π
√

1− ρ2
exp

(
2ρrs− r2 − s2

2(1− ρ2)

)
dsdt (3.23)

where ρ is the linear correlation coefficient and Φ−1 is the inverse of standard normal

cumulative distribution function.

Patton (2006b) evolution equation will be considered to allow for time-varying depen-

dence. The equation is written as;

ρt = Λ̃(ωρ + βρ · ρt−1 + α · 1

10

10∑
j=1

Φ−1(ut−j) · Φ−1(vt−j) (3.24)

where Λ̃(x) ≡ (1−e−x)(1+e−x)−1 = tanh(x/2) is the modified logistic transformation

to keep ρt in (-1,1) interval.
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The student-t Copula

Student t copula allows for joint fat tails and exhibits upper and lower tail dependence.

It is defined as

Ct(u, v; ρ,V) =
∫ t−1(u;V)

−∞

∫ t−1(v;V)

−∞

1

2π
√
1− ρ2

(
1 +

s2 + t2 − 2ρst

V(1− ρ2)

)−V+2
2

dsdt

(3.25)

where ρ denotes the linear correlation coefficient and V is the degree of freedom. The

time-varying t-copula function evolution equation is

ρt = Λ̃(ωρ + βρ · ρt−1 + αρ ·
1

10

10∑
j=1

Φ−1(ut−j; v) · Φ−1(vt−j; v) (3.26)

The relationship between upper and lower tail correlation coefficient and the parameter

is given as follows,

λU = λL = 2(1− tv+1

√
v + 1

√
1− Pt√

1− Pt

) (3.27)

Λ̃(x) = 1 + x2

3.5.1 Archimedean Copulas

Archimedean copulas are commonly applied, because of their ease of construction.

In comparison to Elliptical copulas, Archimedean copulas have only one dependency

parameter and offer a wide range of forms. In contrast to elliptical copulas, most of

the Archimedean copulas have closed-form solutions and are not derived from the

multivariate distribution functions using Sklar’s Theorem

Definition 3.8 (Nelsen (2006)) let ψ be a continuous strictly decreasing function from

[0, 1] to [0,∞] such that ψ(1) = 0.We define the pseudo-inverse of ψ as the function

ψ[â′1] with Domψ[â′1] = [0,∞] and Ranψ[â′1] = [0, 1] given by;

ψ[−1](u) =

 ψ−1(u) 0 ≤ u ≤ ψ(0)

0 ψ(0) ≤ u ≤ +∞
(3.28)

The different forms of Archimedean copulas have nice properties and can be easily

constructed.
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Clayton Copula

Clayton (1978) copula is an asymmetric copula that exhibits higher dependence in the

lower tail than in the upper tail. Its distribution function is defined as;

Cθ(u, v) = max([u−θ + v−θ − 1]−
1
θ , 0) (3.29)

and its generator is

φ(x) =
1

θ
(x−θ − 1) (3.30)

where θ ∈ [−1,∞)\{0}.

The relationship between the Clayton copula parameter and Kendall’s tau is given by

θ̃ =
2τ

1− τ
(3.31)

For θ = 0 in the Clayton copula, the random variables are statistically independent. The

coefficient of lower tail dependence is given by λL = 2−
1
θ .

Gumbel Copula

Gumbel copula exhibits higher dependence in the upper tail than in the lower tail (?).

Its distribution function is defined as;

C(u, v; θ) = exp(−((− lnu)θ + (− ln v)θ)
1
θ (3.32)

and its generator is

θ(x) = (− lnx)θ (3.33)

where θ ≥ 1.

The relationship between the Gumbel copula parameter and Kendall’s tau is given by

θ̃ =
1

1− τ
(3.34)

The coefficient of upper tail dependence is given by λu = 2− 2
1
θ

Frank Copula

The Frank Copula (1979) does not include tail dependence and belongs to the symmetric

copula family. Its distribution function is defined as;

C(u, v) = −θ−1log{1 + (e−θu − 1)(e−θv − 1)

[e−θ − 1]
} (3.35)
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and its generator is

φ(u) = −log[e
−θu − 1

e−θ − 1
] (3.36)

3.6 Parameter Estimation

The bivariate dynamics of the returns x and y are determined by three functions f(x|w),

g(y|w), and c(u, v|w). When separate parameters denoted as θx, θy and θc are used in

the functions f,g, and c respectively, parameter estimation is straight forward (Bartram

et al., 2007). Therefore the log-likelihood is given as;

log h(x, y|w, θ) = log c(u, v|w, θc) + log f(x|w, θx) + log g(y|w, θy) (3.37)

with θ = [θx, θy, θc].

Equation 3.37 can therefore be stated as

Lx,y(θ) = Lu,v(θc) + Lx(θx) + Ly(θy) (3.38)

The log-likelihood function 3.37 is maximized by the maximum likelihood function

simultaneously over all parameters to yield parameter estimates. However, the maximum

likelihood estimation method, in some situations may be difficult to implement because

of the complexity of the model or a large number of unknown parameters. Therefore

we will use the Inference function of margins

In the first step, parameters pertaining to the marginal distribution are estimated from

univariate time series as

θ̂x ≡ argmax
∑

log f(x|w, θx) (3.39)

θ̂y ≡ argmax
∑

log g(y|w, θy) (3.40)

In the second step parameters pertaining to the copula density are estimated by

θ̂c ≡ argmax
∑

log c(u, v|w, θc, θ̂x, θ̂y) (3.41)

Thus the estimate of the dependent parameter θ̂c. Patton (2006b) demonstrated that the

IFM method yields asymptotically normal and efficient parameter estimates.
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3.7 Model Selection

The best copula model is selected by using the AIC and BIC. AIC is calculated as,

AIC = 2(negativelog − likelihood) + 2k (3.42)

where k is the number of parameters. AIC must consider the information lost as well

as the model’s complexities. The best copula model is determined by the lowest AIC

value.

The BIC formula is given as;

BIC = −2log(likelihood) + k · log(n) (3.43)

where k denotes the number of parameters used in the given model and n is the sample

size. The formulation of AIC and BIC is very similar. However, BIC penalizes model

complexity more severely. The lowest value of BIC indicates a better fit of the model.

3.8 Portfolio VaR Estimation

VaR is a metric that describes how a portfolio of assets is likely to decline over a specific

period. We define portfolio VaR at a time t with a confidence level (1 − α), where

α ∈ (0, 1) as;

V aRt(α) = inf{s : Ft(s) ≥ α} (3.44)

where Ft is the distribution function of the portfolio return at time t. Let Zp,t be our

portfolio return composed of a two-asset return denoted as z1,t and z2,t. The portfolio

return is therefore calculated as follows;

Zp,t = wz1,t + (1− w)z2,t (3.45)

where w and (1− w) represent the portfolio weights of assets 1 and 2. We therefore

define the portfolio VaR as follows;

P (Zp,t ≤ V aRt(α) | Ωt−1 = P (wz1,t + (1− w)z2,t ≤ V aRt(α) | Ωt−1

= P (z1,t ≤
V aRt(α)

w
− 1− w

w
z2,t | Ωt−1 = α (3.46)

This means we have 100(1− α)% confidence that the loss will be less than VaR in the

period ∆t, where Ωt−1 represents the information set at time t-1.



31

In our study, we consider the 2 assets to be equal in weight. We introduce Sklar’s

theorem in the VaR estimation as follows

P (Zp,t ≤ V aRt(α) | Ωt−1 =

∫ ∞

−∞

∫ V aRt
w

−z2,t

−∞
f(z1,t, z2,t | Ωt−1)dz1,tdz2,t

=

∫ ∞

−∞

∫ V aRt
w

−z2,t

−∞
c(F (z1,t), F (z2,t | Ωt−1), f(z1,t | Ωt−1)× f(z2,t | Ωt−1)dz1,tdz2,t

(3.47)

3.8.1 VaR Estimation Procedure

Understanding the multivariate distribution of assets is crucial when estimating portfolio

Value at Risk (V aRα ), which is why copulas are employed. We will utilize the Monte

Carlo simulation method to estimate V aRα for the portfolio. By employing the copula

methods presented, we estimate V aRα as follows:

1. Fit an ARMA(1,1)-GARCH(1,1) model with a Student-t distribution to both

datasets and acquire the standardized residuals.

2. Transform the standardized residuals into uniformly distributed samples

3. Estimate the dependence structure of two sets of uniformly distributed residuals

using copula modeling. Several copulas are estimated for each set of transformed

data vectors, and the suitable copula is selected based on model selection criteria.

4. Generate N random samples using the most appropriate copula model obtained

through estimation by Monte Carlo simulation.

5. Obtain the (simulated) standardized residuals by applying probability integral

transformation. Subsequently, calculate the (simulated) asset returns by using the

standardized residuals and the forecasted means and variance from step 1.

6. Given the simulated returns, we calculate the VaR of different portfolios. The

estimation of VaR could be done at different levels of confidence intervals.
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CHAPTER FOUR

RESULTS AND FINDINGS

4.1 Data

In this paper, we investigated the dependence structure of the stock and foreign exchange

markets in Kenya. Specifically, we will analyze the daily stock prices of the NSE 20

index and foreign exchange rates (KES/USD) from January 3, 2011 to December 31,

2022. The total number of observations is 2982.

4.2 Preliminary Study

Figure ?? represents time series plots for stock prices and exchange rates. From the plot,

the stock market generally showed a downward trend while the exchange rate market

showed an upward trend. We empirically investigated the dependence between Kenyan

Figure 4.1: Daily prices of Stock and Foreign Exchange markets

stock market returns and foreign exchange rate returns. The stock and exchange rate

returns were calculated by subtracting the logarithm of two consecutive trading days

The daily return is defined as,

rt = log

(
Pt

Pt−1

)
= logPt − logPt−1 (4.1)

where Pt is the closing price at time t.

As observed in Figure 4.2, it is clear that there was an emergence of a cluster of return
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Figure 4.2: Daily Returns of Stock and Foreign Exchange markets

volatility in Kenyan stock returns and exchange rate returns. From Figure 4.2 we realize

that the log returns fluctuate around their means. This implies that the time series of the

log returns of these assets might appear to be stationary. We employed the Augmented

Dickey-Fuller statistical test (ADF test) to check whether our log returns series are

stationary. The results in Table 4.1 show that all return variables are stationary.

Table 4.1: Test of Stationery by Dickey-Fuller

Returns t-statistics Lag P-Value

Stock -13.059 14 0.01

Forex -13.226 14 0.01

Table 4.2: Descriptive Statistics

Min Max Mean Std.Dev Skewness Kurtosis

Stock -0.0860 0.08634 -0.0003310 0.0069 -0.3627 19.8076

Forex -0.0312 0.03297 0.0001420 0.0027 -0.4333 31.3525

We first look at the summary statistics of the returns displayed in Table 4.2. The mean

of both returns is very close to zero as observed in Figure 4.2 and the mean of forex

return is slightly higher than that of stock returns. It is also observed that the standard

deviation, the minimum, and maximum returns of the assets are relatively similar in size

and significantly smaller and close to zero indicating that the values of the dataset are

clustered around the mean, signifying low variability. As discussed in Section 1, asset
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returns tend to display excess kurtosis and non-zero skewness. Kurtosis is a measure

of whether the asset returns exhibit light or heavy tails when compared to a normal

distribution which has a kurtosis of 3. Skewness measures asymmetry. A skewness of

zero denotes symmetry, as seen in normal distribution. Positive skewness suggests a

distribution with a longer right tail relative to the left, while negative skewness shows

the reverse. We observe that the assets’ returns have all estimated kurtosis that are

greater than 3. Hence, this implies that the distributions of the assets’ returns have

heavier tails than those of a normal distribution. However, when extreme outliers are

present in a dataset, the estimates of kurtosis have the potential to become exceedingly

large. As a result, providing a meaningful interpretation for these elevated kurtosis

values is difficult, as it is unclear whether the true measure of kurtosis is substantial or

if the inflated values are primarily influenced by the presence of outliers. The summary

statistics also suggest that the returns of both assets are negatively skewed showing that

the left tails are fatter than the right tails. The estimates of kurtosis and skewness tend to

suggest that the returns do not follow normal distribution. As a result, the Jarque-Bera

test is implemented to check for the normality of the assets’ returns. From Table 4.3,

Table 4.3: Jarque Bera Statistics

Jarqbera.test df P Value

Stock 48873 2 < 2.2e− 16

Forex 122368 2 < 2.2e− 16

we observed that all statistical p-values are significantly less than 0.05. Therefore, the

Jarque-Bera test rejects the null hypothesis of normality for the daily log-returns stock

and foreign exchange markets.

4.2.1 Correlation Analysis

Next, we turned to examining the relationship between the stock and foreign exchange

returns by examining the linear correlation and the empirical rank correlations, Spear-

man’s rho, and Kendall’s Tau. From Table 4.4, we see that the correlation between the

Kenyan stock and foreign exchange returns was significantly negative for Kendall’s

tau and Spearman’s rho while for linear correlation, it was not significant. The non-
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Table 4.4: Correlation between Kenyan Stock and Foreign Exchange Returns

Linear Correlation Kendall’s Tau Spearman’s Rho

Stock Forex Stock Forex Stock Forex

Stock 1 -0.0336 1 -0.0245 1 -0.0361

Forex -0.0336 1 -0.0245 1 -0.0361 1

P-Values 0.06638 0.04537 0.04855

significant linear correlation suggests a nonlinear relationship between the variables

hence linear model does not provide a good fit for the data. We therefore consider the

rank correlation results. Kendall’s tau and Spearman’s rho measure the strength and

direction of the monotonic relationship between two variables. The negative values

indicate that as one variable increases in rank, the other tends to decrease. Therefore

negative results indicated that the decrease in Kenyan stock was the depreciation of

the Kenyan shilling against the USD. Overall, the negative values for Kendall’s Tau

and Spearman’s Rho suggest a weak negative relationship between the equity and

forex return series, with potential implications for diversification and risk management

strategies.

4.3 Arch Effects Test

A consistent empirical finding in financial log returns is that while they exhibit a low

correlation between successive periods, indicating a lack of linear dependence, there is

notable serial dependence observed. This is evident in the high correlation observed in

the squared returns, highlighting a distinct level of serial dependence in the volatility of

returns over time. This phenomenon is termed the ARCH (autoregressive conditional

heteroskedastic) effect, signifying the presence of conditional heteroskedasticity or

autocorrelation in the squared series of an otherwise uncorrelated time series. The

primary rationale for employing the GARCH(1,1) model in finance is to identify and

address conditional heteroskedasticity within time series data. Hence, it is essential to

evaluate the significance of ARCH effects to ascertain the appropriateness of applying

the GARCH(1,1) model to a given time series. The ACF is used to test for linear

dependence at different lags.
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Figure 4.3 shows the autocorrelation of the daily log returns of stock and foreign

Figure 4.3: Autocorrelation Plot for Log-Returns of the Assets

exchange markets. On the stock graph, we observe that the spikes are very close to zero

except for the spikes at lag 1,2,3 and 4 which rise above the dashed blue line and this

suggests that most of the spikes are not statistically significant. In other words, this

suggests that the serial correlation of the daily stock log returns is negligible. On the

Foreign exchange graph, we observe that the spikes are also close to zero with several

spikes rising above the dashed blue line in several lags compared to stock. However, the

serial correlation is not significant. All the returns appear to have arch effects during

the first few lags but the serial correlation decreases with an increase in lags. The decay

in serial dependence might be related to the decline in volatility, particularly driven

by reduced speculation. In other words, investors may aim to secure long-term gains

through strategic buying or selling of particular assets. This behavior contributes to a

stabilization of prices, resulting in diminished fluctuations and a subsequent reduction

in overall market volatility. Consequently, this decline in volatility is associated with a

decrease in correlation among asset returns at different time lags.

Figure 4.4 shows the ACF plots for the squared daily log returns of stock prices and

foreign exchange rates. Specifically, we observe that all the spikes exceed the blue

dashed line on the foreign exchange graph. This indicates that the spikes hold statistical

significance, or in simpler terms, the squared returns of foreign exchange rates exhibit

correlation with one another. However, the spikes in the stock price graph are very close
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Figure 4.4: Autocorrelation Plot for Squared Log-Returns of the Assets

to zero with spikes at lag 1,6, and 7 slightly exceeding the blue dashed line. The serial

correlation in the case of squared returns of stock prices is negligible. We, therefore,

used Lagrange multiplier tests to test for the arch effect in the mean of daily returns.

The results from Table 4.5 indicate statistically significant findings. The p-values are

Table 4.5: Langrage multiplier test for Arch Effects

ARCH-LM df P-value

Stock 4409.7 1 < 2.2e− 16

Forex 11396 1 < 2.2e− 16

below 0.05 which supports the alternative hypothesis that the returns are heteroscedastic,

implying the presence of conditional heteroskedasticity in the data. Based on these

findings, we opted to employ ARMA-GARCH models to adequately model the marginal

distributions of both returns. We considered three different innovation distributions for

these ARMA-GARCH models.

4.4 ARMA (1,1)-GARCH (1,1)

When configuring a copula model, accurate marginal distribution specification may seem

unnecessary. However, it’s essential to conduct tests for marginal distribution models as

they are crucial for constructing a copula model. If the model for marginal distribution
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is misspecified, the probability integral transformations wouldn’t be independent and

identically distributed (i.i.d.), leading to inaccuracies in any copula model. Before

copula model estimation, the marginal distributions are separately estimated and the

results are used to get the probability integral transforms, u and v. To model the

marginal distribution, ARMA is used to address the conditional mean while GARCH is

the conditional variance. Hence we develop an ARMA-GARCH model. The choice of

ARMA(1,1)-GARCH(1,1) models for the two sets of return series was made considering

their effectiveness in capturing the typical volatility patterns found in financial time

series. Following this, the parameters of the GARCH models were determined using

the Maximum Likelihood method, and this estimation process involved three distinct

innovation distributions.

Table 4.6: Estimates of ARMA(1,1)-GARCH(1,1) parameters under various innovation

distributions for stock returns

Normal t Skewed t

Parameters Estimates P-value Estimates P-value Estimates P-values

µ -0.0002 0.3375 -0002 0.1651 -0.0003 0.1071

ϕ 0.7062 0.0000 0.6632 0.0000 0.6641 0.0000

θ -0.4975 0.0000 -0.4551 0.0000 -0.4560 0.0000

ω 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

α 0.1577 0.0000 0.1797 0.0000 0.18085 0.0000

β 0.7644 0.0000 0.5920 0.0000 0.5884 0.0000

ν 5.8825 0.0000 5.8691 0.0000

ξ 0.9824 0.0000

LL 10968.28 11126.46 11126.69

AIC -7.3548 -7.4602 -7.4597

BIC -7.3427 -7.4461 -7.4436

ARMA(1,1)-GARCH(1,1) models were applied to model the volatility of both stock

and forex returns. The comparison of different GARCH model specifications for each

market return was based on the use of AIC and BIC. The model selection process

involved choosing the specification with the lower AIC or BIC values. Based on the

results from Table 4.6 and 4.7, models utilizing t and skewed t distributions offer better
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Table 4.7: Estimates of ARMA(1,1)-GARCH(1,1) parameters under various innovation

distributions for Forex returns

Normal t Skewed t

Parameters Estimates P-value Estimates P-value Estimates P-values

µ -0.0002 0.0000 -0003 0.0000 -0.0003 0.0000

ϕ 0.2459 0.1436 0.3529 0.0000 0.3580 0.0000

θ -0.0095 0.9574 -0.0620 0.4481 -0.0693 0.3974

ω 0.0000 0.9662 0.0000 0.9954 0.0000 0.9949

α 0.1519 0.0000 0.0900 0.0000 0.0945 0.0000

β 0.8447 0.0000 0.8878 0.0000 0.8827 0.0000

ν 5.8825 0.0000 4.0810 0.0000

ξ 1.0270 0.0000

LLF 15457.42 15903.6 15907.23

AIC -10.367 -10.665 -10.667

BIC -10.355 -10.651 -10.651

fits compared to the model assuming a normal distribution. This is evident in the higher

likelihoods and lower AIC and BIC values associated with the t and skewed t distribu-

tion models. We, therefore, select ARMA (1,1)-GARCH(1,1) with t distributions as it

fits better than models with the other distributions.

The summary of margin estimation results in Table 4.6 and 4.7 reveals that the estimated

GARCH coefficient β and ARCH coefficient α are predominantly statistically signifi-

cant at the 5% level across all assets’ returns. This indicates the existence of volatility

clustering phenomena in stock returns and foreign exchange returns. Furthermore, it

is observed that the conditional variance equations α + β are consistently less than 1

for all instances. This suggests that the series of market returns satisfies the stationary

condition. Additionally, it is noteworthy that the sum of (α + β) is very close to 1.

Volatility exhibits persistence when α+ β = 1, shows less persistence when α+ β < 1,

and demonstrates explosiveness when α + β > 1. Forex returns have high volatility

persistence α + β = 0.9778 compared to stock returns which have a lower volatility

persistence α + β = 0.7717. Moreover, the degrees of freedom parameter ν for both

returns are strongly significant, implying that the residual distribution deviates from nor-
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mality and that employing the t distribution is appropriate for our ARMA(1,1)-GARCH

(1,1) model.

4.4.1 Goodness of Fit Tests for Marginal Models

In the context of constructing a copula model, accurate specification of the marginal

distributions is essential. Using an incorrectly specified model for the marginals could

lead to non-i.i.d. probability transforms, resulting in a misrepresentation of the copula.

Assessing the goodness-of-fit for the marginal model is crucial in ensuring the reliability

and accuracy of the copula model.

Following the estimation of the ARMA-GARCH models, we computed the standard-

ized residuals. To assess the adequacy of the fit of these standardized residuals, we

employed the Ljung-Box test to investigate the autocorrelation at lags 1, 5, and 9 for

the ARMA(1,1)-GARCH(1,1)-t model, utilizing a significance level of 5%. Engle’s

ARCH-LM test was used to assess heteroscedasticity problems. Table 4.8 provides

Table 4.8: Weighted Ljung-Box Test and Arch LM Test on the Marginal Distribution

Models

Stock Forex

Lags Statistics P-Value Statistics P-Value

Ljung-Box

1 0.003273 0.9544 4.242 0.0394

5 2.803279 0.5977 19.572 0.0000

9 4.1437 0.6570 33.362 0.0000

Arch LM

3 0.1506 0.6980 0.5225 0.4698

5 0.3173 0.9356 0.6407 0.8415

7 0.8356 0.9388 1.5915 0.8028

the results for Arch LM and Ljung-Box tests. We observed that the p-values of the

Ljung-Box test exceed 5% for the stock residuals. This indicates that at lags 1, 5, and 9,

the null hypothesis of no autocorrelation cannot be rejected. However, in the case of
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exchange rate residuals, the p-values of the Ljung-Box test remained below 5% at all

lags. This suggests that we reject the null hypothesis of no autocorrelation at all lags.

The p-value from the Ljung-Box test for residuals in the exchange rate data suggests

the existence of serial dependence in the residuals. According to Engle’s ARCH-LM

test results, the p-values consistently exceed the 5% threshold for all the residuals. This

suggests that there is no evidence to reject the null hypothesis, suggesting the absence

of an ARCH effect at any lag. We opt to utilize the bivariate standardized residuals

assuming they are independent and identically distributed.

4.5 Copula Modeling

After obtaining standardized residuals from the ARMA(1,1)-GARCH(1,1)-t model, the

subsequent stage was to model the marginal distributions using copula. Each variable

within the copula model exhibits a marginal probability distribution that follows a

uniform distribution over the interval (0,1). Hence, the marginal distribution needs to be

transformed to be uniform (0,1). To transform the standardized residuals, we used the

cumulative student t function. The series of univariate probability integral transforms

ut is obtained using the formula:

ut = Ft(εt, ν) (4.2)

where ut represents independent and identically Uniform (0,1) distributed variables

and Ft denotes the cumulative distribution function (CDF) of the t distribution. Patton

(2006a) introduced the Lagrange Multiplier test for assessing serial independence in the

probability integral transforms. More specifically, ut and vt are the probability trans-

forms derived from the cumulative distribution functions of the standardized marginal

distributions of the two returns. The Kolmogorov-Smirnov tests were conducted to

examine whether the transformed series conforms to a uniform distribution over the

interval (0,1). The results in Table 4.9 show that the transforms are independent and

identically distributed. The results also show that the values are within the intervals

(0,1). As a result, we conclude that the marginal distributions adequately account for

each market return.

After the estimation of the parameters for the marginal distribution Fi, the subsequent

step involves copula parameters estimation, as detailed earlier. In our analysis, we
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Table 4.9: Caption

LM df P-value Min Mean Max K-S test

ut -432.5 1 1 0.00015 0.4996 0.9999 < 2.2e− 16

vt -400.1 1 1 0.001897 0.4857 0.9990 < 2.2e− 16

employ five different copula functions.Using Inference Function for Margins (IFM)

methods, the chosen copula functions are fitted to the respective residuals series. The

results of the copula modeling process are presented in Table 4. This table displays the

outcomes derived from the IFM method. AIC and BIC functions were used to determine

the best-fit copula. The results for the estimated copula parameters are presented in

Table 4.10: Copula estimates of Kenyan stock-exchange rate

θ̂1 θ̂2 Kendall’s Tau Lower Tail Upper Tail AIC BIC LLF

Gaussian -0.05 -0.03 0 0 -0.7 5.3 1.35

Student’s t -0.05 5.22 -0.03 0.04 0.04 -41.17 -29.17 22.58

Clayton 0.01 0.01 0 0 1.96 7.96 0.02

Gumbel 1.01 0 .01 0 0.01 1.66 7.66 0.17

Frank -0.29 -0.03 0 0 -1.5 4.5 1.75

Table 4.10. The best fitting copula for the Kenyan stock-forex pair is the student-t

copula. These results are similar to those in (?). It is crucial to emphasize that the

copula function models the dependence structure between market returns. Therefore,

the choice of the most appropriate copula should be based on the observed characteris-

tics of dependence between these returns. To get a better picture of this dependence,

Kendall’s tau and tail dependence were computed as shown in Table 4.10. The Kendall’s

tau based on the best-estimated copula was negative. The negative value was close

to the value estimated in Table 4.4. This indicates that there is a negative correlation

between Kenya’s stock returns and exchange rate returns. The parameter estimates for

the symmetric tail dependence in the Student’s t copula are consistently low, with the

value being 0.04. This suggests that there are limited extreme dependencies in the stock

and exchange rate pair. Specifically, it implies that extreme movements in the exchange

market have a relatively modest impact on the extreme movements of the stock markets.
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For copulas that account for the asymmetric dependence tail dependence, the upper tail

dependence value for the Gumbel copula was very weak and the lower tail dependence

value for the Clayton copula was zero.

4.6 Time Varying dependence and Conditional Copula estimation

We estimated time-varying dependence parameters utilizing dynamic copulas. Table

4.11 shows the parameters associated with the time-varying dependencies of the selected

copula. In this context, the parameter ω0 signifies the levels of dependence, ω1 denotes

the degree of persistence, and ω2 captures the adjustments in the dependence process.

The Gaussian copula was selected highlighting the symmetry in the co-movements of

these returns. On the other hand, the t copula was chosen suggesting that the connection

between the two variables is more pronounced during extreme market conditions. As

shown in Table 4.11, the dynamics of the dependence parameter demonstrated an

enhancement in the performance compared to the corresponding time-invariant models.

This improvement was evident when considering the Akaike Information Criterion

(AIC). Notably, the results indicated that a time-varying student-t copula emerged as

the most effective dependence model, providing a better description of the dependence

structure between Kenyan stocks and the exchange rate.

4.7 Portfolio VaR Estimation

To assess the portfolio risk, VaR was introduced as the most widely used method. We

considered an investor who can only invest in the equities market and the forex market.

The student’s t-copula is selected as the most suitable copula. Using student t copula, we

quantified the portfolio risk in three portfolios, the equally weighted portfolio, the global

minimum variance portfolio, and the mean-variance portfolio. The equally weighted

portfolio assumes the weight of the assets is the same. The equally weighted portfolio

can be defined as follows;

w1 = w2 =
1

2
(4.3)

In the Global Minimum Variance portfolio, the investor aims to minimize portfolio

risk without imposing any constraints on the portfolio return. The Global Minimum
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Table 4.11: Time Varying Copula estimates of Kenyan stock-exchange rate

Copulas stock-exchange rate

Gaussian ω -0.1087

β 1.5539

α 0.1994

AIC -0.7376

Student’s t ω -0.1766

β 0.6507

α 0.3059

ω2 -1.9276

β2 -0.3280

α2 1.1223

AIC -44.7251

Variance Portfolio is defined as follows;

Minw w′Σw

Subject to w′1 = 1
(4.4)

For a portfolio containing two securities

Min{w2
xV ar(x) + w2

yV ar(y) + 2wxwyρxyσxσy}

Subject to: wx + wy = 1

w ≥ 0

(4.5)

Markowitz (1952) established the Mean-Variance portfolio where one assumes that

a rational investor seeks to maximize the expected return for a given level of risk or

minimize risk for a given level of return. In our case, we sought to minimize the risk

and maximize the expected return. We, therefore, represent the mean-variance portfolio

optimization problem as follows;

Maxw w′µ− λ · w′Σw

Subject to w′1 = 1

w ≥ 0

λ = 0.01

(4.6)
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where λ is the risk aversion parameter and w′Σw represent variance-covariance where

Σ is a covariance estimate of the assets.

This optimization problem aims to find the optimal portfolio weights w that maxi-

mizes the expected return w′µ while considering the trade-off between return and risk,

controlled by the risk aversion parameter λ.

Table 4.12: VaR estimated by student’s t copula

Level,% Equally-weighted Global Minimum Variance Mean Variance

99.9 3.89 3.89 4.01

99 2.10 2.12 2.29

95 1.36 1.36 1.41

90 1.01 1.01 1.05

Weights

Stock 0.5 0.5058 0.6255

Forex 0.5 0.4942 0.3745

The obtained results for V aRα are shown in Table 4.12. Lower quantiles indicate a

more conservative estimate of potential losses, while higher quantiles represent more

extreme scenarios. We obtained V aRα under different confidence levels 1 − α. The

V aRα of the equally weighted portfolio is similar to the Global Minimum Variance

except at confidence level 1 − α = 99%. The optimal portfolio weights under the

Global Minimum Variance and the Mean Variance portfolio are presented in Table 4.12.

Based on the table, if the investor’s goal is to maximize the expected portfolio return

while minimizing risk, allocating more weight to stocks seems advisable. However, if

the investor aims to manage a portfolio containing both assets, investing proportionately

in both, as indicated in the table, is recommended to minimize overall portfolio risk.
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CHAPTER FIVE

CONCLUSION

5.1 Conclusion

In this thesis, we investigated the dependence structure between the Kenyan stock mar-

ket (NSE 20) and the foreign exchange market (KES/USD) and utilized it to estimate

the portfolio risk. To study the dependence between these two markets, we specified the

marginal models for the assets’ returns and a joint model for the dependence. We em-

ployed ARMA(1,1)-GARCH(1,1) with t distributions to model the marginal distribution

for each asset’s return series. For the joint model, we chose eight copulas with different

dependence structures. Using AIC values, we found that the student-t copula was the

best-fitting copula when compared to the other static copulas. However, the student-t

copula was slightly outperformed by the time-varying student-t copula. Several studies

have found symmetric tail dependence between stock and foreign exchange markets

(Ning, 2010; Sewe et al., 2014; Kumar et al., 2019). The student t copula assumes

symmetric tail dependence indicating that the tail dependence between stock and foreign

exchange markets are alike when both markets experience simultaneous booms and

crashes. The negative dependence in the bivariate return series aligns with market

expectations. This aligns with the idea that investors tend to withdraw from a country

when the investment climate in a country worsens, resulting in a downturn in equity

prices, equity index levels, and depreciation of the country’s currency against the global

currencies.

VaR was utilized to measure portfolio risk. The correlation between price move-

ments of financial assets within a portfolio significantly impacts the accuracy of VaR

estimation. However, constraints on the joint distributions of these assets may hinder

VaR performance (Huang et al., 2009). It is therefore crucial for the joint distribution

of the portfolio to be independent of normality assumptions. The assumption of linear

correlation and normality of asset returns is insufficient in capturing the complexity of

dependence structures. This thesis utilized the student-t copula to estimate portfolio

VaR. Copula models can extract the dependence structure from the joint distribution
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function while also isolating this dependence structure from the univariate marginal

distribution. We used Monte Carlo simulations to build a joint distribution by combining

marginal modeling with copula functions. One can choose a portfolio that maximizes

returns while maintaining a specific level of risk measured by VaR. Likewise, one can

minimize risk while targeting a desired level of return. We identified the global mini-

mum variance portfolio and mean-variance portfolio at different confidence levels. We

noted that when minimizing portfolio risk, optimal portfolio weights tend to be almost

similar. Significant tail dependence suggests an increased likelihood of extreme events,

resulting in a higher VaR estimate compared to what a bivariate normal distribution

would imply (Wang et al., 2013). Neglecting the importance of tail dependence could

result in underestimated risks. Accurate tail dependence estimates are therefore essential

for effective risk management and for obtaining a more accurate VaR estimation.

5.2 RECOMMENDATION

The results of this study could contribute to a more accurate evaluation of the dependence

between stock and foreign exchange markets, potentially enhancing risk management.

These findings may assist policymakers in better designing their foreign exchange

management policy and help investors more effectively diversify their portfolios and

manage risks. Our findings hold significant practical implications for cross-market

risk management and asset valuation. In times of stock and foreign exchange market

crashes, investors should explore alternative asset classes, as investments solely in

these markets could result in losses. Put simply, when these markets face downturns,

investors should diversify their portfolios away from the two markets. For instance,

international investors engage in trading equities in foreign markets to achieve global

portfolio diversification. These investors, who hold foreign equities, face exposure to

both equity and exchange rate risks. Additionally, they must factor in the correlation

between equity and exchange rates to effectively manage the risks stemming from this

interdependence.

We have examined the dependence structure between the two markets and estimated

the portfolio VaR of the two assets. We suggest that additional variables such as bonds



48

be included in the study of dependence structure in the Kenyan financial markets. The

estimation of portfolio risk could be extended by comparing the performance of copula-

based methods with the traditional VaR estimation methods, estimating portfolio VaR

using time-varying copulas, and using alternative risk measures other than VaR e.g.

expected shortfall, lower partial moment, etc.
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