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Abstract

In this study,the price dynamics of Certified Emission Reductions were forecasted by comparing

and acquiring the most consistent and accurate forecast model using the diffusion processes:

Geometric Brownian Motion, Vasicek Model and Mean Square Root Process.The assumption

of each model with drift and diffusion component were investigated focusing on the Certified

Emission Reductions prices traded within European Energy Exchange(EEX) between the years

of 2012-2020.The forecasted prices were compared to the actual to evaluate the validity of the

models.

Based on the research findings, Bayesian information criterion, which determined the goodness-

of-fit to assess the performance of the model with respect to how well it explains the data, shows

that vasicek model is the most preferred model among the three models since it has the lowest

Bayesian information criterion (BIC). This study compared the accuracy of the models, Geo-

metric Brownian Motion, Vasicek Model and Mean Square Root Process, in terms of forecasting

the price dynamics of CERs, and concluded the vasicek most is the most accurate among the

three models since the predictive power is high toward a specified time frame proven by the

lower value of mean absolute error and Mean Absolute Percentage Error.

Keywords: Certified Emission Reductions(CERs), Geometric Brownian Motion Process(GBMP),

Mean-Reverting Square Root Process, (MRSRP),Vasicek Model.
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1 Introduction

1.1 Background of the study

In this chapter, the background to the study is discussed, making reference to previous research

at the global and local levels on the understanding of carbon markets and its derivatives. The

extent to which these studies have investigated the problem is examined, noting in particular

where gaps exist in which this study attempts to address. The problem statement is outlined

in this context along with the resulting research objectives. The significance of the study is

also highlighted.

1.1.1 Certified Emission Reductions

Carbon market is an environmental toll whose aim is to address the issue of global warming by

reduction of greenhouse Carbon gases. This type of market involves the buying and selling of

carbon offsets based on a certain set limit by the policy makers. In 1997, the United Nation,

developed the Kyoto protocol, and the carbon trading in its semblance which began with the

Protocol in 2005. The Kyoto protocol [3], provides a framework for trading emission rights and

established explicit and mandatory limits on industrialized and those set by the governments

that wish to ratify the protocol. The idea behind this agreement was because countries will

find it easier and cheaper to reduce emissions than other countries. For example, through

the introduction of energy-efficient technology or carbon sequestration activities such as tree

planting, the protocol allows countries to trade emission rights to reduce the overall costs

of meeting global targets. Countries wishing to emit more that their limit, must purchase

additional rights from others that find it less costly to reduce their emissions.

To meet the set targets, the protocol has set out three potential flexible mechanisms that could

permit emission rights trading: International Emission Trading mechanisms, that is defined in

Article 17 , allows Annex B countries to trade emission permits known as Assigned Amount

Units (AAUs);Joint Implementation (JI), defined in article 6 of the protocol allows countries to

earn Emission Reduction Units(ERUs) through projects in other Annex B countries and Clean

Development Mechanism (CDM), defined in article 12 of the protocol allows the generation

of Certified Emission Reductions(CERs) from projects in non-annex B countries (Developing

countries that are outside the cap regime).
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These allowances and derivatives are traded on many exchanges worldwide, for example, the

European Union Emission Trading System (EU ETS): Powernext, Nord Pool and European

Energy Exchange (EEX), which is by far the largest global carbon market, the Chicago climate

exchange, Australian Carbon Trading Scheme and other upcoming trading schemes. Under this

agreement binding limits, expressed in AAU and measured in tones of Co2 equivalent GHG,

they are imposed on the emissions of participating countries. This study however focuses more

on the CERs which are rooted in international efforts to control GHG emissions, specifically in

the Kyoto Protocol’s country-level, emission reduction targets for the developing countries.

There are restrictions when polluters surrender their permits for compliance. On average, CERs

and ERUs altogether cannot comprise more than 10-20% of all the submitted permits, which

means EUAs should be the major emission rights in the compliance account. The regulations

vary from country to country, and different installations may be subjected to different rules.

Since the use of CERs and ERUs is so much restricted and the supply is abundant, the CERs

and ERUs are thus over-supplied in the market nowadays and their prices are significantly lower

than the EUA prices.

1.1.2 Model Specifications

The movements of prices play an important role in the decision of investment and risk manage-

ment in the financial markets.Diffusion models are a popular class of models which is used for

these purposes, especially in the pricing of carbon derivatives Daskalakis [8]).Diffusion models

are represented by the following stochastic differential equation

dSt = µ(St, t)dt+ σ(St, t)dWt,

where Wt is a standard Wiener process,µ(St, t),σ(St, t) are the drift and diffusion term of the

models The Geometric Brownian Motion is well known for incorporating the random movement

of market prices whereas the Vasicek model and Mean-Reverting Square root process are two

important models of short rate in the class of diffusion models. Although there are many

extensions of these models in the literature, they are still popular because of their tractability

and their closed form solutions for various derivatives. In this work, we will focus on these

three models.

2



1.1.3 Price Dynamics of Carbon Prices

Most market participants especially investors strive to maximize returns or profits, with the

lowest possible risk, and by designing portfolios believed to perform well in the future. One way

to accomplish this is by having a good understanding of different factors that have effect on

specific sectors within a market. Commodities are directly or indirectly essential for all sectors

in the market, thus showing the importance of understanding various commodities connected

to that sector and how it responds to price movements. However, relevant academic research

outside the scope of environmental economics and policy has been sparse despite the size,

growth and importance of the carbon market. The limited empirical research has concentrated

almost entirely on the EU ETS markets since these are by far the largest, most liquid and most

developed.

In support of previous research (see Daskalakis [8]), carbon derivatives thus EUAs based on the

market information, are traded with increasing liquidity within the EU emissions trading scheme

with the main objective being to address explicitly the open issue of correctly pricing carbon

futures and to do an econometric analysis for more understanding of the carbon derivative on

an existing market. Although, option pricing problem is one of the predominant concerns in

the financial market. Since the advent of the Black-Scholes option pricing formula in Black

and Scholes(1973), there has been an increasing amount of literature describing the theory and

its practice. Due to drawbacks of the Black-Scholes model which cannot explain numerous

empirical facts such as large and sudden movements in prices, heavy tails, volatility clustering,

the incompleteness of markets, and the concentration of losses in a few large downward moves.

Many option valuation models have been proposed and tested to fit those empirical facts. Jump-

diffusion models with stochastic volatility could overcome these drawbacks of the Black-Scholes

model. Based on those advantages, the research will examine the ability of various popular

diffusion continuous-time processes suggested by Daskalakis in capturing the dynamics of the

CERs market prices and the adequacy of the models capturing price behaviours.

3



1.2 Problem Statement

Certified Emission Reductions are rooted in international efforts to control carbon emissions.Unlike

EUAs,CERs are the only commodity that enables developing countries to be part of the global

market under the Kyoto protocol. One of the major benefits of carbon trading market to devel-

oping countries like Kenya include; providing a flexible and profitable mechanism in combating

climate change and help them reach their sustainable development goal.Further,reducing their

financial burdens in the public sectors and need of funds spurs their development.

Despite of all these benefits, it is projected that less than two per cent of projects are hosted

in Africa (Reddy[14]), and less than 30 per cent of revenue streams from carbon trades go to

the developing countries. Beneficiaries of a large portion of the funds being brokers, bankers,

investors, and consultants in rich countries. This is because, there is lack of transparency,

accountability and integrity of the system that is aimed at achieving professed goals of climate

change (Reddy [14]).

Motivated by previous studies, the research investigates the appropriability of the diffusion

processes under study in predicting the price dynamics of CERs.This is achieved by compara-

tive study the diffusion processes under study.Specifically, we employ the Geometric Brownian

Motion process,Mean-Reverting Square Root process and the vasicek model to identify best

model in predicting of CERs prices.The research will also explores on the effectiveness of the

best model to developing countries on trading of CERs within the global market. Therefore,

this research aims at filling this gap by studying the price dynamics of CERs traded in a global

carbon market.

1.3 Research Objective

The research objective of this study is to do a comparative modelling of price dynamics of

Certified Emission Reductions prices using the diffusion processes under study.

1.3.1 Specific Objectives

Based on the above objective, the specific objectives of the study are:

1. To calibrate parameters of the diffusion processes under study.

4



2. To determine how well the the models are fitted to the data set.

3. To assess the fit of the three models, Geometric Brownian Motion, Vasicek and Mean-

Reverting Square Root process and to compare their forecasting accuracy.

1.4 Significance of the Study

By investigating the research objectives outlined above, the research will make unique contri-

butions to the existing literature in the following respects:

• It will establish the link between CERs and the perceptions about the global carbon

market by outlining the dynamics driving the CERs in the global markets, attention been

increasingly drawn to the econometric analysis of carbon allowance prices.

• The study will contribute to existing literature in the ways developing countries especially

those in Africa can be part of the initiative and the markets benefits.

• The determined price behaviors of CERs will be helpful to the market participants(Private

Sector, NGOs, Private Corporations, Governments) in implementing carbon management

strategies, discerning trends (Buying and selling of CERs), hedge future carbon liabilities

e.g carbon taxes and have a prospect of attracting competing offers (suppliers).

• Having a reliable pricing and forecasting model will allow companies, investors and traders

to realize effective trading strategies, risk management, and investment decisions in the

carbon market.

5



1.5 Scope of the study

The scope of this study it to determine the price dynamics of CERs, and the impacts they have

on trading of CERs in the global market. The study will focus on CERs traded under European

Energy Exchange (EEX) and will examine the approaches by conducting an in- sample and

out-of-sample forecasting analysis, and by comparing the results to alternative approaches.

1.6 Organization of the thesis

This thesis study is organized in five chapters. Chapter 1 briefly introduces the study and

objective of the thesis. Chapter 2 explains price dynamics of Certified Emission Reductions

forecasting models in the literature. Chapter 3 gives the general review to the panel data

and explains GBM, Vasicek and MRSP data analysis methodology in detail. Estimation and

forecasting strategies to be used for each model are expressed in this chapter. Chapter 4

describes the data, shows empirical results and forecast results of the models and compares the

results. Finally; Chapter 5 presents the summary of the study and conclusions based on the

forecast results. Moreover, it gives some perspectives about future investigation.

6



2 Literature Review

2.1 Introduction

This chapter outlines a review of literature on price dynamics of Carbon emission allowances

of various research, which have mainly been focused on the EU ETS.

The precise area of focus will be empirical studies relating to various models which have been

considered appropriate in capturing different behaviors of the commodity. As a basis on why

this research preferred a comparative analysis of diffusion and jump diffusion processes in

determining the dynamics of CERs, will also be discussed.

2.2 Empirical Review of the study

Carbon pricing is a cost levied by governments to encourage polluters to reduce the amount of

greenhouse gas they emit and provide cleaner options. It helps reveal the true cost of unclean

energy, making clean energy even a better value, Unilever [17]. More specifically, carbon trad-

ing is seen as a useful vehicle to help member state government of the Kyoto protocol (which

amended the UNFCCC by assigning mandatory Carbon emission reduction targets) in achiev-

ing their targets instead of using the old command and control approach such as environmental

taxes.

Despite the size, growth and importance of the carbon market, relevant academic research out-

side the scope of environmental economics, the policy has been sparse. The limited empirical

research has concentrated almost entirely on the EU ETS markets since these are by far the

largest, most liquid and most developed. According to Nel [12], the EU ETS is referred to as

a Cap-and-trade system. The cap indicates a limit which lowers over time whereas the trade

refers to trading, which in this case are the carbon credits that gives the holder the right to emit

one tone of CO2. The EU ETS determines the amount of CO2 credits each of their industry

sectors and ultimately companies will receive. However,the cap on the total number of credits

granted or auctioned to companies that participate in the EU ETS is what creates the scarcity

in the market. Making the cap and trade one of the approaches to which the carbon prices are

set. Another approach that few countries especially in Africa, for example South Africa is to

tax the distribution based on the carbon content of fossil fuels. See Shi et.al [16].

According to World Bank, price on carbon is an aspect that every country and business is on

7



the verge to incorporate with the aim of a favorable climate change. However, price on carbon

has helped shift the burden for the damage back to those who are responsible for it, and who

can reduce it. In this way, the overall environmental goal is achieved in the most flexible and

least cost way to society. The carbon price has also stimulated clean technology and market

innovation thus providing low-carbon drivers of economic growth to both developed and devel-

oping countries.

Although the United Nations Climate Change Framework Convention on Climate Change (UN-

FCCC) is responsible for maintaining a global registry for many types of carbon units around

the globe, various regulatory bodies at the national and regional level for example the World

Bank group and the European Union, oversee and monitor transactions in this market. How-

ever, there are a number of major exchanges where carbon allowances and credits trade in real

time.

Similarly, various market mechanisms were put into place under the Kyoto protocol including

the Clean Development Mechanism (CDM), which is a project-based, whose objective is to

reduce the global cost of carbon mitigation by opening up the market for those countries with

legally binding emission reduction targets to gain from trade with countries that do not have

legally binding targets. Aiming at helping the developing countries to be part of the global

carbon market.

Despite the fact that developing countries would benefit from Clean Development Mechanism

projects, only few developing countries like South Africa, and Ethiopia have developed its na-

tional policies to tackle climate change as they are considered the countries with the highest

number of CDM projects. The main aim of CDM to some of these countries has contributed

in diversifying the energy system and creating human and institutional capacity for carbon

governance (Friberg.L [9])

In 2011, total value of the markets stood at more than 175 billion dollars, which is over 20 times

higher than in 2005 (World Bank [4]), and business activities in all sectors of the economy were

influenced by carbon emission trading(Calel [6]). Given the importance of the carbon emission

markets, there has been a growing body of literature studying the characteristics of carbon

emission allowance prices and the financial markets for carbon assets. The most important

carbon emission market, the European Union emission trading scheme (EU ETS), which is

a “cap-and-trade” system requiring firms to surrender a certain amount of tradeable permits

corresponding to the firms GHGs emissions by a specific deadline, to avoid incurring a penalty.

However, under the Kyoto protocol the EU ETS has three commitment periods: Phase I: 2005-

2007; Phase II: 2008-2012; Phase III: 2012-2020), among which each portrays a different trait

8



based on the behavior of the carbon allowance during that phase. This research will focus on

the issues associated with the third phase of the EEX, which is ranked one of the main carbon

markets in Europe.

As it is important to understand the underlying dynamics driving the carbon emission markets

where attention has been increasingly drawn to the econometric analysis of carbon allowance

prices. For example, Paolella and Taschini [13], analyzed the time series properties of car-

bon allowance prices and examined the fitness of a series of GARCH models. Based on their

findings, they found out that the GARCH model with generalized asymmetric t distribution

performs best in the in-sample fitness; however, none of the models considered can provide ac-

curate value of risk (VaR) forecasting. Other studies have focused on determining the stochastic

properties of on carbon emission allowances in carbon emission markets by modelling the rela-

tionship between carbon spot and futures prices (e.g. Chevallier [7];Rittler[15]).In other studies

(e.g.Daskalakis et al [8];Benz and Trück [5])they have shown that carbon allowance prices ex-

perience price jumps, spikes, high volatility, and are very sensitive to government policies. In

addition to a very important issue, the impact of this policies carbon emission markets on the

characteristics of carbon allowance prices and the implications they have on special proper-

ties for hedging, arbitrage and other trading activities in carbon emission markets. Therefore,

highlighting the importance of modeling the price dynamics of carbon spot and futures markets

by considering the special characteristics of carbon emission markets, and analyses how these

models can be applied to trading.

2.2.1 International Carbon-Reduction Policies

According to Zhang et.al, [19], at different phases of the Kyoto Protocol,CERs portray dif-

ferent characteristics. The CDM set down in the first commitment period had promoted the

development of carbon market, but the price of CERs started declining due to slow progress

of climate policy negotiations and uncertainties, Nazifi[11]. In the second commitment of the

Kyoto Protocol, most countries have not yet reached agreement on targets reductions. At the

same period CDM faces some down fall due of some of the main emitters like the United States

exiting the market. This means that the demand for CERs may reduce, leading to lower price

of CERs in the market.

More specifically, new CERs are only allowed if they originate from the developing countries in

Phase III of EU ETS,World Bank [4]. Consequently, the policy changes should rather reduce
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the number of available CERs, which may have a positive impact on the price of CERs if de-

mand remains constant. Therefore, to capture the influence of carbon-reduction policies, this

research will investigate the CERs price volatility change of Phase III to observe and captured

by the alternative processes rather than those used by previous studies.

2.2.2 Carbon Price Determination

Price determination theory, is a principle that uses the concept of supply and demand to

determine the appropriate price point for a given good or service. In a carbon market set up

the main determinants of price are the market participants (that is, Investors) and governments.

According to Ji et.al[10], several factors may affect the quantity of demand, such as the price

of the commodity, consumer’s income level,consumer’s preferences and expectations of the

product, the number of consumers, the weather, and political factors. However, the price

of the commodity have negative effects on the demand, while factors such as the consumer’s

income level and the consumer’s preference have positive effects on the demand of the product.

Therefore, if consumers expect future prices will rise, they will also have to increase the current

demand on the supply-side factors that might affect the price of the product, the cost of

production, the product’s technical level, the producer’s expectations in the future, the price of

the relevant product and the number of producers. Specifically, factors such as the price of the

product, the production technology, the price of the complementary product, and the number

of producers that have positive effects on the supply, while others such as the cost of production

when the price is constant, the price of the substitutes and the expected future price of the

product have negative effects.

2.2.3 Review of modeling approaches of the study

Diffusion models are generative models that are flexible and analytical in evaluating the dis-

tribution of a quantitative data.Each model studied plays an important role in prediction of

market price movements both in the current state and in the future.Therefore this study ex-

plores different models namely: Geometric Brownian Motion, Vasicek Model and Mean Square

Root Process in predicting CER prices.
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Agbam et.al,[2]describes the GBM as a model that incorporates the idea of random walk in

market prices through its uncertain component along the idea that prices maintain same trend

over time as the certain component.However it assumes that the returns and profits incurred

on market are independent and normally distributed but due to its unpredictable path it makes

it difficult to outperform a market without assuming additional risk.

Vasicek Model and Mean Square Root Process on the other hand describes the evolution of

interest rate based on time and market risk.However both model exhibit a mean reversion which

helps predict future interest rate movements.Zeytun et.al,[18] studies the basic features of the

two models and did a comparative study to see how their parameters affect the dynamics and

pricing of bonds evaluated using the two models.The study showed that the Vasicek model can

be given an edge over the CIR model, due to the tractability of the model and also the availabil-

ity of closed form solutions even for more complex financial interest rate derivatives.However, if

the interest rates are closer to zero then working with the Vasicek model can become cumber-

some due to the possibility of negative interest rates which can yield some unreasonable results

and prices. In recent research,Daskalakis et al, [8], Benz, and Truck, [5], research has shown

that carbon allowance prices experience frequent jumps and spikes and that the volatility of

carbon emission markets is high compared to other financial markets. Thus, managing the

financial risk in carbon emission markets is important for market participants.

The work of Daskalakis et al, [8] was evaluated in terms of both statistical accuracy and

model parsimony. By estimating parameters and corresponding t-statistics, the log-likelihood

values (I) and the Bayesian Information Criterion (BIC) for both the diffusion(GBMP and

MRSRP)and jump diffusion processes(GBMPJ and MRSRPJ). They concluded, that EU-ETS

markets observe that the GBMPJ is better than competing models in terms of parameter signif-

icance, log-likelihood and the BIC. Second, the addition of mean-reversion appears to decrease

the goodness-of-fit, especially in the case of the jump-diffusion models. For the diffusion pro-

cesses, GBMP is only slightly better than MRSRP. Thirdly, the addition of jumps improves

performance significantly since all jump diffusion processes outperform their diffusion counter-

parts.

The findings indicate that EUA spot prices have a proportional, non-mean reverting structure

with jumps, i.e., they are subject to large movements that cannot be explained by standard

diffusion processes. These three main conclusions are supported by all the criteria they used.

However, they were consistent with the descriptive analysis findings which concluded that the

existence of jumps, the non-normality of returns, and the non-stationarity of the price process.

A further investigation of the two best performing models, that is, the GBMPJ and MRSRPJ,
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was also done showing that the addition of mean reversion almost doubles the diffusion volatil-

ity parameter. However, it was noted that both mean reversion parameters kappa and theta

are not statistically significant. A comparison between the best performing diffusion and jump-

diffusion process, respectively that is the GBMP and GBMPJ. On the other hand, it indicated

that the addition of jumps leads to a lower expected mean and volatility.

2.3 Summary of Literature Review

Motivated by previous findings in the literature(Daskalakis et al[8]), this research shall evaluate

both statistical accuracy and model parsimony of the diffusion processes (GBMP and MSRSP)

for the CERs traded in the EEX in order to define the price dynamics of this type of commodity

in a global market and determine the impacts this dynamics have on trading of CERs in the

global market.
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3 Research Methodology

3.1 Introduction

In this section, we investigate the appropriateness of the suggested time series models for log

returns of daily Certified Emission Reduction (CER) prices. The considered time period is

from January 3, 2008 - December 30, 2020. Hereby, the data from period January 3, 2008 -

December 30, 2012 will be used for the calibration of the models, while the period January 3,

2013 - December 29, 2020 is used for out-of-sample testing.

3.2 Data Description

The data set used in this research will be quantitative Secondary data from the European

Energy Exchange (EEX) under the Intercontinental Exchange(ICE) recorded on a daily basis.

ICE is an electronic exchange platform designed originally for the trading of energy related

products, but which has expanded to offer trading in other commodities.

In this section we shall investigate the appropriateness of the suggested time series models for

daily Carbon Emission Reductions(CERs) prices traded in EEX. The considered time period

will be from January 3, 2008–December 30, 2020(Second, and the third Commitment of the

Kyoto Protocol). Hereby, the data from period of January 2, 2013 - December 30, 2016 will be

used for the calibration of the models,while the period of January 2, 2017 - September 9, 2020

will be used for out-of-sample testing.

3.3 Descriptive Analysis

Analyzing prices from different trading periods allows us to investigate the potential effect of

different trading platforms and of local market conditions. Several descriptive statistical tests

will be performed on the stock return series which include reporting on the mean, skewness,

kurtosis and the test for normality and mean-reversion. The purpose of this is to check the

distributional properties of CER spot prices (P) and logarithmic returns (LR).

The return is estimated as follows.

Rt = LnSt − LnSt−1,
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where Rt are the daily returns for period t. St And St−1 are the share indices for days t and

t-1 and Ln is the Natural logarithm

3.3.1 Tests for Normality

Normality test are used to determine if the given data set is well-modeled by a normal distri-

bution and to compute how likely it is for the random variable underlying the data set to be

normally distributed. In this research QQ plots and histogram will be used. QQ plots: test for

normality and randomness of the data. Normality can be checked more carefully by plotting

the normal scores on the QQ plots. Such a plot displays the quantiles of the data and compares

them to the theoretical quantiles of a normal distribution. With normal distributed data, the

QQ plots look approximately like a straight line and hence the values are expected to fall along

or close to the line otherwise the data is not.

In addition to the above tests, Jarque bera test, which is a goodness-of-fit test of whether

sample data have the skewness and kurtosis matching a normal distribution. Data that is nor-

mally distributed has a skew of zero (perfectly symmetrical around the mean), and a kurtosis

of three, whereby kurtosis tells us how much data is in the tails and gives us an idea about

how peaked the distribution is. Therefore,the null hypothesis for the test is that the data is

normally distributed and the alternate hypothesis is that the data does not come from a normal

distribution.

3.3.2 Testing for auto-correlation-Ljung-Box test

Ljung-Box test will be to test whether series have significant auto-correlation or not. The test

can also be used as a diagnostic tests which is performed on the residuals of the estimated

models to establish whether the model has been correctly specified and guard against spurious

inferences. Diagnostic tests checks for non-linearity in the residuals. The common principle

behind these tests is that once a model has been generated non-linear structure is removed from

data and the remaining structure should be due to an unknown linear data generating process

(Addelaal et.al, [1]).

The hypothesis is:

Ho : data are not correlated.

H1 : data are correlated (not random).
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Ljung-Box test statistic for a number of tested lags is:

Qk = N(N + 2) +
k∑
i+1

(
ρ2i

N − i
),

where N is the sample size, ρ2 is the sample auto correlation at lag

Null hypothesis is rejected at α% significance level if:

Q(k) > χ2
1−α,k

where: χ21− α, k

α is a quantile of the chi-square distribution with k degrees of freedom.

3.3.3 Test for stationarity

Augmented Dickey-Fuller(ADF)test for stationarity. ADF tests will be used to determine

whether a data is stationary or, specifically whether the null hypothesis of a unit root can

be rejected.

Consider the model:

Yt = αY t− 1 +Xt,

where where, Yt is the value of the time series at time ‘t’ and Xt is an exogenous variable

(a separate explanatory variable, which is also a time series). For t=1,2· · · Xt is a stationary

process, process Yt is non-stationary if the coefficient α = 1 but it becomes stationary if the

absolute α < 1.

This means that,the presence of a unit root means the time series is non-stationary.Therefore,

the number of unit roots contained in the series corresponds to the number of differencing

operations required to make the series stationary. Suppose that Xt is an AR(k) process

X(t) = αXt−1 + ......+ αXt−k + εt,

Under the null hypothesis that: α = 1; Xt = Yt − Yt−hXt, Letting α = α− 1, We have

Yt − Yt−1 = (α− 1) + Yt−1 +Xt,

= αYt−1 + α1Xt−1 + ....+ α1 +Xt−k + εt,

= αYt−1 + α1(Yt−1 − Yt−2) + · · ·+ α1(Yt−k − Yt−k−1 + εt),
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where y(t-1) = lag 1 of time series and αY (t − 1) = first difference of the series at time (t-1)

Test statistic is basically a t-statistic

t∗ =
α̃

s.eα̃
,

For the hypothesis testing:

H0:α = 0 (the data is not stationary (unit root))

H1:α < 0 (the data is stationary (no unit root))

Decision rule:

If t∗ > ADF critical value, we do not reject null hypothesis, i.e., unit root exists.

If t∗ < ADF critical value, we reject null hypothesis, i.e., unit root does not exist. This will

call for differencing if it is found that P − value > α = 0.05 then we conclude Ho that the data

is not stationary. The lag structure in the ADF test will be selected automatically on the basis

of the Bayesian Information Criterion (BIC).

3.3.4 Test for Mean Reversion

Mean reversion processes, assumes that the process has a tendency to revert to its average level

over time. This average level is usually determined by physical or economical forces such as long

term supply and demand. Prices might deviate from that long term mean due to sentimental

or short-term disturbances on the market but eventually will revert back to its intrinsic value.

To test for mean reversion, in this study we shall consider two methods: Mean-reverting Test

using t-statistics and mean-reverting test using gamma component.

For the mean-reverting test using the t-statistics, considering the data under study, we accept

the null hypothesis if the calculated value of the t-statistics is greater than the critical value

at a given confidence level. On the other hand,the data is considered mean-reverting if the

gamma is negative. For both methods:

H0: The data does not have a mean reverting time-series

H1: The data has a mean reverting time-series.
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3.4 Model Description

Uncovering the continuous-time dynamics of spot prices is a necessary step for choosing the

appropriate option pricing model. Under the real probability measure P, the candidate processes

considered are nested in the following stochastic differential equation:

dSt = µ(St, t)dt+ σ(St, t)dWt,

where: St is the CER spot price at time t, Wt is a standard Wiener process,µ(St, t) is the drift,

and σ(St, t) is the diffusion coefficient. The drift are the diffusion coefficients are assumed to

be general functions of time and the CER spot price.

dSt = µStdt+ σStdWt,

The Geometric Brownian Motion(GBMP)has been very popular for modeling the evolution of

stocks, commodity prices and indices and basic for most option pricing models.

The GBM Model’s drift term exhibits drift parameter µ,volatility σ functions on the random

variable St.dWt is the change in the Brownian motion over a short period of time.

This model, says the percentage change in the random variable St is normally distributed with

instantaneous mean µ and instantaneous variance σ2

By applying Ito on f(t, dt) = LnS(t). The solution of the above model will be

S(t) = S(0)exp((µ− 1

2
σ2)t+ σW (t)),

which illustrates that stock price has independent growth factors that are log-normally dis-

tributed with expected value and variance given by:

E(St) = S0e
µt,

V ar(St) = S2
0e

2µt(eσt − 1),
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3.4.1 Vasicek Model

dSt = κ(Θ− St)dt+ σdWt,

The Vasicek Model’s drift term exhibits mean reversion, meaning that interest rates will con-

verge to the mean reversion level Θ with speed κ over time.When the short rate wanders above

the long term rate it is pulled down and likewise when it drifts below the long term rate it is

pushed up. In the case of carbon emission, the parameter κ is the rate at which the carbon

emission is pulled back to the long term mean,Θ. In that, the bigger the long term mean, the

more the carbon emission.

To solve the SDE, we use Ito formula, by first using an integrating factor eκt. The solution of

the Vasicek SDE will be:

St = Soe
−κt + b[1− e−κt] +

∫ t

0

σe−κ(t−s)dws,

Based on the above solution the Short-term, and Long-term Distribution of the Vasicek model

will be as follows; For the Short-term Distribution:

E(St) = Soe
−κt + b[1− e−κt],

V ar(St) =
σ2

2κ
[1− e−2κt],

Hence,

St ∼ N (Soe
−κt + b[1− e−κt], σ

2

2κ
[1− e−2κt]),

For the long-term distribution,since the t ≥ ∞

E(St) = Θ,

V ar(St) =
σ2

2κ
,

Hence,

St ∼ N (Θ,
σ2

2κ
),

. However, this model has been adapted in credit markets, and useful in modeling stochastic

investments. Just like other stochastic models, the model has its advantages and disadvantages.

Some of its advantages: Used to capture mean reversion of the interest rates movements, may
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be viewed as a short rate model, and used in the valuation of the interest rate derivatives. In

particular, the model is analytically tractable and has an explicit solution since the distribution

of interest rates is normal. On the hand, some of its disadvantages: It has no term structure of

volatility, in that, volatility is assumed constant, it is a one factor model, therefore assuming

that the short rates are correlated and can only cater for parallel shifts in the yield curve, and

some observed short rate terms structures are difficult making it impossible to fit using this

model. Due to Vasicek model shortcomings, it leads to the development of other short term

models i.e Cox, Ingersoll and Ross(CIR) 1985, and Hull-White 1990.

3.4.2 Mean-Reverting Square Root Process

dSt = κ(Θ− St)dt+ σ
√

(St)dWt,

where κ , µ and σ are positive constants and W(t) is a scalar Brownian motion. We assume

that the initial condition S(0) is independent of the Brownian motion and has bounded second

moment. Therefore,For MRSRP , κ is the speed of mean reversion, Θ is the unconditional

long-run mean, and σ the volatility of the asset price. We also assume that S(0) ≥ 0 with

probability 1. It is known that a unique strong solution exists for (1), and that non-negativity

of the initial data is preserved. However, the above process was widely used in mathematical

finance as an alternative to geometric Brownian motion. Most notably by Cox, Ingersoll and

Ross as an interest rate model as it forms the stochastic volatility component of Heston’s asset

price model. Since the SDE nonlinear and non-Lipschitzian and cannot appeal to standard

convergence theory for numerical simulations to deduce that the numerically computed paths

are accurate for small step sizes.

A numerical method applied to SDE above may break down due to negative values being

supplied to the square root function we replace the SDE by the equivalent, but computationally

safer, problem:

dS(t) = κ(Θ− S(t))dt+ σ
√
|S(t)|dWt,

. Given that;

E[st|s0] = s0e
−κt + Θ(1− e−κt),

,so the long term is Θ.

V ar[st|s0] = s0
σ2

κ
(e−κt − e−2κt) +

Θσ2

2κ
(1− e−κt)2,
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. Therefore,given a step size ∆t > 0, the Euler–Maruyama (EM) method applied to the above

SDE sets s0 = S(0) and computes approximations sn ≈ S(tn), where tn = n∆t, according to:

sn+1 = sn(1− κ∆t) + κ∆tµ+ σ
√
|sn|∆Wn,

where

∆Wn = W (tn+1)−W (tn),

provided the εt is n.i.i.d(0,1)

3.5 Model Estimation and Simulation

In this research the parameters of the models shall be calibrated using the MLE. Using the

empirical data, the MLE will perform parameter estimation for the specified model. In this

case our models specifications will include: drift(µ), volatility(σ), intensity of the compound

Poisson process(λ), long term mean(κ), mean reverting size (Θ). Through the summary, we

will also be able to visualize other statistics such as trends and mean reversion and ultimately

we will simulate a plot from randomly generated model sample paths.

For model evaluation, we shall examine the log-likelihood values, the information criteria such

as the Akaike information criterion (AIC) and the Bayesian information criterion (BIC) for

each one of the models under study. The AIC or BIC for a model is usually written in the form

[−2logL+ kp], where L is the likelihood function, p is the number of parameters in the model,

and k is 2 for AIC and Ln(n) for BIC. In this case, AIC estimates a constant plus the relative

distance between the unknown true likelihood function of the data and the fitted likelihood

function of the model, so that a lower AIC means a model is considered fit. On the other hand,

BIC estimates a function of the probability of a model being true, under a certain Bayesian

setup, so that a lower BIC means that a model is considered to be more likely to be the true

model.Then use, the estimated parameters to simulate the out-of-sample data.Based on the

results, conduct out-of-sample forecasting analysis and by comparing the results to alternative

approaches to determine the best model for forecasting the prices. Evaluate forecast accuracy

using RMSE and MAPE.

The mean absolute percentage error (MAPE), is the average of the absolute percentage errors
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of forecasts which is defined as:

MAPE =
1

n

n∑
t=1

|(Ai − Fi)
Ai

| ∗ 100,

where n is the number of observations, Ai,is the observed values and Fi,is the predicted values.

Therefore, the smaller the MAPE the better the forecast accuracy of the model.

The Root Mean Square error, measures measure the error of a model in predicting quantitative

data, without considering their direction which is defined as:

RMSE =

√√√√ n∑
t=1

|(Fi − Ai)|2
n

,

Therefore, the smaller the RMSE the better the forecast accuracy of the model.
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4 Data Analysis and Results

In this chapter, we calibrate the models considered in the previous chapter to the data set used

in this research from the European Energy Exchange (EEX) this research. We simulate them,

and show how the models can be compared in terms of accuracy by comparing the measures of

fit obtained for the prediction of each model. We break the data into two subsets: January 2,

2013 to December 31, 2016 and January 3, 2017 to September 09, 2020 and perform econometric

analysis on the first set and the calibrations and simulations separately on second set. In this

chapter,we also make use of a user-friendly software package: R for testing, calibration and

simulation.

4.1 Data Description

This research uses the certified reduction emissions daily data as a proxy to estimate the

parameters of mentioned diffusion and jump-diffusion process. The sample is a data set of

2620 daily observations covering the period from January 2013 to September 2020. The data

is provided European Energy Exchange.

Studying the graphical representation of the CER price shown in Figure 4.1.1 for the period

covered, we notice a persistent increase in price since 2015 to 2016 followed by a persistent

decrease until 2017. The highest price of the CERs for the period covered was observed in

2016.

The daily returns (St) are calculated as the continuously compounded returns which are the

first differences of log prices of EEX CER prices all of successive days under study:

LP = ln(
St
St−1

),

. where St and St−1 are respectively the closing market prices of CERs at the current day and

previous day.
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(a) EEX CER Spot Prices (b) EEX CER Log Prices

Figure 1: Corresponding trends for spot prices and logarithmic prices Jan-2012 to Sep 2020
traded in EEX

From Figure 1 the closing prices are very irregular with varied degree of fluctuations. The

time plots clearly shows a drop in prices from a high value in 2016 to a low value in 2017, the

high level were due to most countries especially developing countries who got ratified into the

agreement by investing fully in the carbon market. But in 2017 some of the great emitters like

USA and Canada pulled out of the agreement thus affecting the demand of the carbon offsets.

Therefore, the series such as these cannot be used for further statistical inferences because of

their implications (Gujarati, 2004), thus the need to transform them to log returns. The plots

of daily returns of EEX CERs is presented in Figure 1(b). The plot clearly shows that the log

returns are stationary and exhibit no trend.
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4.2 Descriptive analysis of the data

Table 1 below shows summary statistics for daily closing price of a CERs and the daily log-

arithmic prices of CERs at the end of the day t. The results for the log returns indicate high

volatility and the risky nature of the market since the standard deviation of the market returns

is high in comparison with the mean. Both price series have positive skewness implying that

the distribution has a long right tail. On the other hand, the kurtosis both price series is high

(above one) implying it is leptokurtic.

Table 1: Descriptive statistics of EUA spot prices (P) and logarithmic returns (LR)

4.2.1 Normality Checks

Statistical analysis should satisfy the assumption that the population follows a normal distri-

bution with a common variance and additive error structure. When the relevant theoretical

assumptions are approximately satisfied, the usual procedures can be applied in order to make

inferences about unknown parameters of interest. Before starting the confirmatory analysis, we

have created histogram and normal QQ plot of the daily CER EEX prices in order to have an

idea about normality of data.
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(a) Normal QQ Plot for daily EEX CER spot Prices

(b) Normal QQ Plot for daily EEX CER log returns

Figure 2: QQ Plot for daily EEX CER spot prices (P) and logarithmic returns (LR)
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Figure 3: Histogram Distribution for EEX CER logarithmic returns (LR)

Notice the points fall along a line in the middle of the graph, but curve off in the extremities.

Since our Q-Q plot exhibit this behavior usually the data under study have more extreme val-

ues hence both the histogram and Q-Q plot show that daily CER Prices traded in EEX are

distributed as normal distribution.

Histogram distribution: It was observed that the histogram distribution for the real prices is

right skewed, indicating that most of the prices are greater than the mode. whereas the his-

togram distribution for the log returns is uniform a clear indication of a normal distribution.

For more clarification on normality of the sample data, Jarque-Bera Test is used to test for

normality in the series which are shown in the Table 2 below. The p-values are less than 0.05,

thus we fail to reject the null hypothesis of normality in the data so it can be concluded that

the closing prices stock price is normally distributed and feasible to do stock price forecast on

the data.

Table 2: Jarque-Bera for normality test for EEX CER prices.
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4.2.2 Unit Root Check

A stationary check for both closing prices and returns using Augmented Dickey Fuller (ADF)

test shows that under the alternative hypothesis, unit root is not detected in both price series.

Table 3: Unit Root test for EEX CER prices.

4.2.3 Auto-correlation Check

To be able to see whether the chosen sample data is highly related with our response chosen

models, we use Ljung-Box test given in Table 4 to test whether series have significant auto-

correlation or not.

Table 4: Auto-correlation test for EEX CER prices.

From the above table, it is evident that the sample data under study have a significant

auto-correlation since the p-value ≤ 0.05 thus we reject the null hypothesis.
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4.2.4 Mean-Reversion Check

A market price follows a mean-reverting process if it has a tendency to return to its trend

path over time,which means that market participants and investors may be able to forecast

future returns better using information on past returns to determine the level of reversion to

the long-term trend path.

Mean-reverting Test using t-statistics under ADF

A mean-reversion check for the closing prices understudy using Augmented Dickey Fuller (ADF)

test shows that under the alternative hypothesis, mean-reversion detected in the price series.

Table 5: Mean-Reversion test for EEX CER prices.

From the above table, it is evident that the sample data under study is mean-reverting

since the t-value < the critical values thus we reject the null hypothesis.

Mean-reverting Test using gamma

An alternative to the mean-reversion test described above, is to investigate if the data under

study is a mean reverting series.

If the CERs spot prices is a mean reverting series, and has a negative gamma(γ), then this

shows that the spot prices are mean-reverted to the mean. To calculate the above test and

assess whether the spot prices are mean-reverting, we used R.We found that, the spot prices

are mean-reverting since the calculated gamma is negative (-0.4844466).
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4.3 Parameter Estimation

In this subsection, parameters of the model are estimated using the maximum likelihood esti-

mation method. The parameters of the fitted models are shown in the table 5 below:

In this study Geometric Brownian Motion has been used to find the expected CER price, which

expresses the change in market price using a constant drift µ and volatility σ. Therefore,in vali-

dating a GBM model, it was important to verify that the assumptions for the GBM are satisfied

for the dataset under study, including normality and independence of ratios. Using actual data

for CER prices, we found that the log returns did have a normal distribution. Therefore, a

GBM would be an accurate representation of the price. Estimating the drift and volatility

parameters for a GBM provides insights on future behavior and provide a basis for informed

decision-making.

The Vasicek model predicts where interest rates will end up at the end of a given period of

time, given current market volatility, the long-run mean interest rate value, and a given market

risk factor. In this case,drift term exhibits mean reversion, meaning that interest rates will

converge to the mean reversion level Θ with speed κ over time.

Based on the observation, the parameter κ is the rate at which the CER prices are pulled back

to the long term mean,Θ.In that, the bigger the long term mean, the higher the price of CER

at a defined period(t).

Table 6: ML Estimation results of continuous-time models in-sample data

Parameters Diffusion Models
GBM MRSRP Vasicek

µ 561.931
σ 33.52405 3.28128 3.28128
κ 166.9299 166.9299
α 0.5 0.5 0.5
Θ 0.2939934 0.2939934
ξ -2539.805 -1929.45 133.9488
BIC 5093.768 3895.24 -253.7392
AIC 5083.609 3868.9 -263.8976

From Table 6 above the models were fitted to the data, diagnosed and from the diagnosis and

goodness of fit statistics, the vasicek model was found to be the best choice. Since in order to

check if they are appropriate for modeling price dynamics of CERs. We select the model with

the lowest AIC and BIC. In this case,vasicek model with BIC:-253.7392 and AIC:-263.8976.
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4.4 Model Forecasting

The main objective of this study is limited to the task of modeling. However, since forecasting

is the prime object of modeling, forecasts of the series based on the models chosen have been

generated.

In our analysis, for each model under study the predicted prices are plotted against the actual

prices between the period of 2017 and 2020 which is the out-of sample data. Figure 4, 5, and

6 is a clear representation of this objective. The performance of these estimated models are

determined on the basis of some accuracy measures. In our study, we compute Mean Absolute

Error(RMSE) and the Mean Absolute Percentage Error(MAPE). The results are displayed in

Table 6.

4.4.1 Graphical representation of the predicted CER prices vs Out-of-sample

dataset

Figure 4: Geometric Brownian Motion forecasting

30



Figure 5: Mean-Reverting Square Root process forecasting

Figure 6: Vasicek Model forecasting
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4.4.2 Forecasting Model Accuracy

Table 6 below shows the forecasts. From R output the Mean Absolute Error and MAPE were

as follows:

Table 7: RMSE and MAPE Forecasting Analysis

Parameters GBM MRSRP Vasicek
RMSE 0.3937 NAN 0.2985
MAPE 635.9094 NAN 81.75714

In this study,the Mean Absolute Error (RMSE) and Mean Absolute Percentage Error

(MAPE) are computed to measure the performance of model on the dataset under study.

Mean Absolute Percentage Error (MAPE) being a statistical metric, measures how accurate

a forecast system is; this is measured as the average absolute percent error of actual values

minus predicted values divided by actual values whereas the mean absolute error (RMSE) is a

quantity used to measure how close forecasts are to the eventual outcomes. Therefore, lower

values indicate that the forecasted values are good predictions and the higher they increase in

percentage indicates that forecaster is doing worse predictions.

As shown in table 6, the Vasicek model with MAPE accuracy metric, compared to other models,

has became the best performing one as it has smallest error rate percentage. This proves that

the Vasicek model is the best model to fit our data set with performance rate.

In MRSRP,the square root element
√
|(St)| does not allow for negative rates and the model

assumes mean reversion toward a long-term normal interest rate level.Therefore,under MRSRP,

both measures are ’NAN’ because, of the aspect of the square root element does not allow for

negative rates and the model assumes hence eliminating almost 70% of the predicted values.
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5 Summary, Conclusion and Recommendations

5.1 Summary of the study

This study, studies the price dynamics of CERs traded under the EEX market. The main

objective being getting appropriate model for predictability of CER prices. To achieve this

objective, the analysis involved descriptive analysis, model identification, order, parameter es-

timation, and forecasting. Main focus being the CERs daily returns series over the period

January 2012 to September, 2020 forming a sample of 2621.

To specify the descriptive properties of CER daily returns over the period under study, descrip-

tive analysis are calculated and reported using R in Table 1. According to results in table 1,

the mean of the CER daily returns is -0.0009588 with a standard deviation of 0.0305535. The

results indicate high volatility and the risky nature of the market since the standard deviation

of the market returns is high in comparison with the mean. The results also indicate a positive

skewness of 0.0084 implying that the distribution has a long right tail. A high value of kurtosis

of 5.22 is also observed implying a leptokurtic distribution or heavy tailed since the value is

above three. According to the JB test, the log returns are normally distributed which we fail

to reject normality at 0.05 level.

From Figure 2, the closed prices and returns are stationary which is in support of normal-

ity test, the histogram distribution of the log returns is uniform with a mean of zero. The

quantile-quantile (Q-Q) plot shows that the CER log return series are normal supporting the

Jarque-Bera test indicated in Table 1. There is little evidence of significant correlation in the

return series according to the Ljung-Box in Table 4. In addition to investigations about the

data stationarity, the level of series are also defined. Augmented Dickey-Fuller (ADF) statistics

clearly reject the hypothesis of a Unit Root at the 0.05 level of significance for the CER log

return series. Table 3 summarizes the ADF test results.

The first and second specific objective was achieved by performing parameter estimation for

each model using the Maximum Likelihood method and evaluated the models using the Infor-

mation criteria and the fitted the likelihood function of the models under study.

From the results outlines in Table 5, it evident that the Vasicek model is the best fitted model

with the lowest BIC of -23.7392, lowest AIC of -263.8976 and the the highest likelihood function

of 133.9488, thus compared to other models in the study. This is because,in order to check the

models if they are appropriate for modeling price dynamics of CERs. We select the model with
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the lowest AIC and BIC.

To assess the fit of each model in the study and compare their accuracy in terms of forecasting

the CERs price dynamics,the Root Mean Square Error(RMSE) and the Mean Absolute Per-

centage Error(MAPE) were computed.Based on the results in Table 6,the square root element√
|(St)| in MSRSP does not allow for negative rates resulting in ’NAN’.Therefore, it is evident

that the, Vasicek model is the best performing model in terms of forecasting the price dynamics

of CERs since it has the lowest RMSE and MAPE accuracy metric.

From the empirical results, it has been found that USE returns are normal, positively skewed

and stationary. Overall, vasicek model outperformed the other diffusion models(Geometric

Brownian Motion and Mean-Reverting Square Root process)in modeling price dynamics of

EEX CER prices.

5.2 Conclusion of the study

The first step was to analyse the data whereby the descriptive analysis indicated that Certified

Emission Reductions spot prices are likely to be characterized by mean reversion and stationar-

ity. In line with these results, an information criteria amongst continuous time processes showed

that spot prices are better approximated by vasicek model evidence with a lower BIC value

of -253.7392. An empirical evaluation, Figure 1,using actual market price data demonstrated

that the existence of extreme discontinuous variations(movements) in carbon prices meaning

that much caution is needed when dealing with carbon emission derivatives. This will help in

achieving the primary goal of the market, i.e the emission reductions will be achieved at the

least possible cost.

The findings of this study is valuable in designing of other emission trading schemes espe-

cially in the developing countries (which have already ratified the Kyoto protocol). This study

also has several important implications such as risk management practices for both operating

and upcoming emitting firms and the growing community of carbon investors. As with every

market, the ability of carbon market stakeholders to speculate and hedge their positions is of

paramount importance for sustaining a healthy volume and for ensuring market efficiency.
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5.3 Recommendations

These findings are strongly recommended to financial managers and modelers dealing with car-

bon market. It is of value to investors who are interested in investing in carbon market and

wish to avoid large, erratic swings in portfolio returns. They should structure their investments

to produce a leptokurtic distribution. To the management of carbon market, the Investment

relation officers should bear technical skills to understand and interpret issues that determine

the value of the firm in order to disseminate information for their stocks and increase investor

participation.

Further, in emerging markets, diversification and return benefits provided have attracted signif-

icant investors’ interest which have led to significant portfolio equity inflows into these financial

systems, and as a result, motivated the study of various aspects of price dynamics of commodi-

ties in these markets. For that reason, an imperative and contemporary filament of empirical

researches should focus on the calculation of risk an investor or participant is bound to face

in these markets. Future research should examine the performance of multivariate time series

models when using daily returns.

This research is however limited because it considers CERs traded in EEX. Other researchers

can study other markets listed under the ratification of the kyoto protocol putting into con-

sideration markets in the developing countries and consider other alternative models like the

mean reverting logarithmic process and the jump-diffusion processes.
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Appendix

Rcodes used for Analysis

Rcodes used for Descriptive Analysis

#Import data

CER_data<- read.csv("C://Users//Nyaitaha//Desktop//CER Spot Prices.csv")

#Spot_prices<-CER_data$CER.Spot.Price

#Log_Returns<-log(diff(Spot_prices))

Spot.Price<-CER_data$X.t.dt.

n <- length(Spot.Price)

Log_Returns<- log(Spot.Price[-1]/Spot.Price[-n])

#date for data

Time_Period<- as.Date(CER_data$Trading.Date,format = "%m/%d/%y")

##Packages Used

install.packages("zoo")

install.packages("xts")

install.packages("timedate")

install.packages("fitdistrplus")

#install.packages("stats")

install.packages("stats4")

install.packages("MASS")

library(zoo)

library(xts)

library(timeDate)

library(stats4)

library(MASS)

library(fitdistrplus)

#library(stats)

library(tseries)

##Descriptive Analysis

#stationarity Test

ADF_TEST<-adf.test(na.omit(Spot.Price))

ADF_TEST1<-adf.test(na.omit(Log_Returns))

#Tests
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#Is the mean log return significantly different from zero=T test

t.test(Spot.Price)

t.test(Log_Returns)

#Normality Tests

#JB Test

library(AutoSEARCH)

jb.test(as.numeric(Spot.Price))## JB(PValue<0.05)= Accept Ho The data is normally distributed.

library(tseries)

#conduct Jarque-Bera test

jarque.bera.test(Spot.Price)

jarque.bera.test(Log_Returns)

#QQ plots

qqnorm(Spot.Price,ylab="Quantiles of Normal", main="QQ plot of CER Spot Prices");qqline(Spot.Price)

qqnorm(Log_Returns,ylab="Quantiles of Normal", main="QQ plot of CER Prices");qqline(Log_Returns)

ggplot(Spot.Price[-1], aes(Time_period[-1],Log_Returns))+geom_line()+labs(x="Date",y="Log Return",title = " CER Spot Prices")+theme(plot.title =element_text(hjust=0.5))

#Histogram

library(ggplot2)

Datap<-as.data.frame(Spot.Price)

ggplot(aes(x=Spot.Price, y=Time_Period, fill=Time)) +

geom_bar(stat="identity") +theme_bw() +

geom_text(aes(label=Date), vjust=1.6,size=3.5)

#L-Jung Box Test

#serial correlation in the log return series

Box.test(Spot.Price,lag=11,type=’Ljung’)

Box.test(Log_Returns,lag=11,type=’Ljung’)

Rcodes used for Model Estimation and Forecasting

#Importing Data into R

CER_data<- read.csv("C://Users//Nyaitaha//Desktop//CER Spot Prices.csv")

Linear_regression<-lm(X.t.dt. ~ CER.Spot.Price,data=CER_data)

summary(Linear_regression)

plot1<-hist(CER_data$X.t.dt.,main = "Histogram distribution for CER Spot Prices")

PLOT2<-hist(CER_data$Log.Returns,main = "Histogram distribution for CER logarithmic Prices")
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##Original data plotting

Spot_prices11<-CER_data$X.t.dt.

n <- length(Spot_prices11)

Log_Return11<- log(Spot_prices11[-1]/Spot_prices11[-n])

Log_Returns12<-Log_Return11[1:2621]

Time_Period11<- as.Date(CER_data$Trading.Date,format = "%m/%d/%y")

Time.Period12<-Time_Period11

plot(Time.Period12,Spot_prices11,type="l",xlab="Time_period",ylab="Spot_prices",col="blue", main="EEX CER Spot Prices")

plot(Time.Period12,Log_Returns12,type="l",xlab="Time_period",ylab="Log_prices",col="blue", main="EEX CER Log Prices")

# Estimating parameters of the original data

## Geometric Brownian Motion model

## dXt=\mu Xtdt+\sigma Xtdwt

#Spot prices

#Spot_prices<-CER_data$CER.Spot.Price[1:1435]

#Log_Returns<-log(diff(Spot_prices))

Spot_prices<-CER_data$X.t.dt.[1:1434]

n <- length(Spot_prices)

Log_Return<- log(Spot_prices[-1]/Spot_prices[-n])

Log_Returns<-Log_Return[1:1434]

#date for data

Time_Period<- as.Date(CER_data$Trading.Date,format = "%m/%d/%y")

Time.Period<-Time_Period[1:1434]

# Estimating parameters of the original data

summary(Spot_prices)#mean of the empirical data

Price_var<-var(Spot_prices)#variance of the empirical data

Delta<-1/252# Converting the daily data to yearly data

##Pre-estimate of GBM parameters

GBM_var<- var(diff(log(Spot_prices)))/Delta

GBM_sd<-sqrt(GBM_var)

GBM_mean <- mean(diff(log(Spot_prices)))/Delta + 0.5 *

suppressWarnings(X<-zoo(Spot_prices,order.by = Time_period1))

# Calibration/Estimating the parameters

Regression_Sum<-summary(Linear_regression)

Coeffi<-Regression_Sum$coefficients

38



Intercept<-Coeffi[1,1]

Gradient<-Coeffi[2,1]

Std_error<-Regression_Sum$sigma

dt<-1/252

Result<-data.frame("mu"=GBM_mean,"sigma"=GBM_sd)

#Simulations

#simulated data

library(Sim.DiffProc)

N<-1187

#N<-2020-2017#Number of simulations

M<-1#Number of paths

dt<-1/252

X<-matrix(0,N,M)

X[1,]<-CER_data$CER.Spot.Price[1435:2621]

for (i in 2:N){

Z<-rnorm(M,0,1)

dw<-sqrt(dt)*Z[1]

X[i,1]=X[i-1,1]*exp(GBM_mean-(0.5*GBM_sd^2))*dt+GBM_sd*dw

}

Predicted_Prices<-as.data.frame(X)

#Packages Used

install.packages("stats4")

install.packages("MASS")

install.packages("fitdistrplus")

library(stats4)

library(MASS)

library(fitdistrplus)

##Goodness of fit

Dist_model<-fitdist(Predicted_Prices, "norm", method = "mle",start=NULL, fix.arg=NULL, keepdata = TRUE)

summary(Dist_model)

plot(Dist_model)

library(ggplot2)

#date for data

Time_Period<- as.Date(CER_data$Trading.Date,format = "%m/%d/%y")
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Time.Period<-Time_Period[1:1434]

Time.Period1<-Time_Period[1435:2621]

Graph<-matplot(Time.Period1,Predicted_Prices,type=’l’, xlab=’time Intervals’,

ylab=’Prices’,main=’Actual and Simulated Data’,col="blue")

lines(Time.Period1,CER_data$CER.Spot.Price[1435:2621],type="l", col="red")

legend("topleft", c("Actual data","Simulated data"),

fill=c("red","blue"))

##forecasting

library(tseries)

#Estimated Mean Equation

library(forecast)

library(lubridate)

library(ggplot2)

#date for data

Time_Period<- as.Date(CER_data$Trading.Date,format = "%m/%d/%y")

Time.Period<-Time_Period[1:1434]

Time.Period1<-Time_Period[1435:2621]

Graph<-matplot(Time.Period1,Predicted_Prices,type=’l’, xlab=’time Intervals’,

ylab=’Prices’,main=’Actual and Simulated Data’,col="blue")

lines(Time.Period1,CER_data$CER.Spot.Price[1435:2621],type="l", col="red")

legend("topleft", c("Actual data","Simulated data"),

fill=c("red","blue"))

library(forecast)

##Accuracy

library(Metrics)

library(class)

library(tidyverse)

library(modelr)

library(broom)

Observed_Prices<-as.numeric(CER_data$CER.Spot.Price[1435:2621])

Predicted_prices<-as.numeric(unlist(Predicted_Prices))

##Goodness of fit

library(fitdistrplus)

Dist_model<-fitdist(Predicted_prices, "norm", method = "mle",start=NULL, fix.arg=NULL, keepdata = TRUE)

40



summary(Dist_model)

MAPE_GBM<-(Predicted_Prices-actual_price)/actual_price

MAPE<-abs(MAPE_GBM)

head(MAPE,n=3)

tail(MAPE,n=3)

library(ie2misc)

MAPE<-mape(Predicted_prices,Observed_Prices, na.rm = FALSE)

RMSE<-sqrt(mean(Predicted_prices-Observed_Prices, na.rm = FALSE)^2)

###########################################################################################

df<-as.data.frame(Time_period1)

##Mean Reverting Square Root Process

# Calibration/Estimating the parameters

a<--(log(Gradient)/dt)

b<-Intercept/(1-Gradient)

vola<-sqrt(((Std_error^2)*2*a)/(1-Gradient^2))

Result<-data.frame("a"=a,"b"=b,"sigma"=vola)

#Simulations

#simulated data

library(AutoSEARCH)

library(Sim.DiffProc)

N<-1187

#N<-2014-1960#Number of simulations

M<-1#Number of paths

dt<-1/252

X<-matrix(0,N,M)

X[1,]<-CER_data$CER.Spot.Price[1435:2621]

for (i in 2:N){

Z<-rnorm(M,0,1)

dw<-sqrt(dt)*Z[1]

X[i,1]=X[i-1,1]+a*(b-X[i-1,1])*dt+vola*prod(sqrt(X[i-1,1]))*dw

}

Predicted_Prices2<-as.data.frame(X)

library(ggplot2)

#date for data

41



Time_Period<- as.Date(CER_data$Trading.Date,format = "%m/%d/%y")

Time.Period<-Time_Period[1:1434]

Time.Period1<-Time_Period[1435:2621]

Graph<-matplot(Time.Period1,Predicted_Prices2,type=’l’, xlab=’time Intervals’,

ylab=’Prices’,main=’Actual and Simulated Data’,col="blue")

lines(Time.Period1,CER_data$CER.Spot.Price[1435:2621],type="l", col="red")

legend("topleft", c("Actual data","Simulated data"),

fill=c("red","blue"))

#Forecasting Accuracy

library(Metrics)

library(class)

#Estimated Mean Equation

library(forecast)

##Accuracy

library(Metrics)

library(class)

library(tidyverse)

library(modelr)

library(broom)

Observed_Prices1<-as.numeric(CER_data$CER.Spot.Price[1435:2621])

Predicted_prices2<-as.numeric(unlist(Predicted_Prices2))

##Goodness of fit

library(fitdistrplus)

Dist_model<-fitdist(Predicted_prices2, "norm", method = "mle",start=NULL, fix.arg=NULL, keepdata = TRUE)

summary(Dist_model)

MAPE_CIR<-(Predicted_prices2-Observed_Prices1)/Observed_Prices1

MAPE1<-abs(MAPE_CIR)

head(MAPE1,n=3)

tail(MAPE1,n=3)

library(ie2misc)

MAPE<-mape(Predicted_prices2,Observed_Prices, na.rm = FALSE)

RMSE<-sqrt(mean(Predicted_prices-Observed_Prices, na.rm = FALSE)^2)

################################################################################################

Coeffi<-Regression_Sum$coefficients
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Intercept<-Coeffi[1,1]

Gradient<-Coeffi[2,1]

Std_error<-Regression_Sum$sigma

dt<-1/252

Result<-data.frame("mu"=GBM_mean,"sigma"=GBM_sd)

actual_price<-CER_data$X.t.dt.[1435:2621]

##Vasicek Model

# Calibration/Estimating the parameters

a<--(log(Gradient)/dt)

b<-Intercept/(1-Gradient)

vola<-sqrt(((Std_error^2)*2*a)/(1-Gradient^2))

Result<-data.frame("a"=a,"b"=b,"sigma"=vola)

#Normalcy test

library(fitdistrplus)

library(stats)

library(stats4)

library(MASS)

library(AutoSEARCH)

#Simulations

#simulated data

library(Sim.DiffProc)

N<-1187

#N<-2020-2017#Number of simulations

M<-1#Number of paths

dt<-1/252

X<-matrix(0,N,M)

X[1,]<-CER_data$CER.Spot.Price[1435:2621]

for (i in 2:N){

Z<-rnorm(M,0,1)

dw<-sqrt(dt)*Z[1]

X[i,1]=X[i-1,1]+a*(b-X[i-1,1])*dt+vola*dw

}

Predicted_Prices3<-data.frame(X)

Standard_Error1<-Predicted_Prices3-CER_data$CER.Spot.Price[1435:2621]
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##forecasting

library(tseries)

#Estimated Mean Equation

library(forecast)

library(lubridate)

library(ggplot2)

#date for data

Time_Period<- as.Date(CER_data$Trading.Date,format = "%m/%d/%y")

Time.Period<-Time_Period[1:1434]

Time.Period1<-Time_Period[1435:2621]

Graph<-matplot(Time.Period1,Predicted_Prices3,type=’l’, xlab=’time Intervals’,

ylab=’Prices’,main=’Actual and Simulated Data’,col="blue")

lines(Time.Period1,CER_data$CER.Spot.Price[1435:2621],type="l", col="red")

legend("topleft", c("Actual data","Simulated data"),

fill=c("red","blue"))

library(forecast)

##Accuracy

library(Metrics)

library(class)

library(tidyverse)

library(modelr)

library(broom)

Observed_Prices<-as.numeric(CER_data$CER.Spot.Price[1435:2621])

Predicted_Prices3<-as.numeric(unlist(Predicted_Prices3))

##Goodness of fit

library(stats4)

library(MASS)

library(fitdistrplus)

Dist_model<-fitdist(Predicted_Prices3, "norm", method = "mle",start=NULL, fix.arg=NULL, keepdata = TRUE)

summary(Dist_model)

MAPE_Vasic<-(Predicted_Prices3-actual_price)/actual_price

MAPE2<-abs(MAPE_Vasic)

head(MAPE2,n=3)

tail(MAPE2,n=3)
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install.packages("ie2misc")

library(ie2misc)

MAPE<-mape(Predicted_Prices3,Observed_Prices, na.rm = FALSE)

RMSE<-sqrt(mean(Predicted_prices-Observed_Prices, na.rm = FALSE)^2)
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